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PREFACE 


The last thirty years have seen the beginning and development 
of a new period in physics and chemistry, namely the atomic 
period. In contrast to the period preceding it where nature’s 
processes were described in terms of continua, recent develop- 
ments have emphasized the discrete structure of the submicro- 
scopic universe. Thus, today one hears of the atoms of matter, 
the atoms of electricity, and even the atoms of energy, the quanta. 
Accordingly the modern physical sciences are demanding and 
constantly using atomic terminology, concepts, and methods of 
analysis. It is therefore important that the physicist and 
chemist have available a fairly complete understanding of these 
methods. 

Of all atomic concepts, the atomic theory of matter is the 
oldest and perhaps the most complete. In particular because of 
its relative simplicity the problems of the atomic nature of gases, 
in the form of the kinetic theory of gases has attained the highest 
degree of perfection in this field. Its admirable methods of 
analysis are therefore indispensible not only for prospective 
physicists, but for both chemists and physicists engaged in 
experimental or teaching work. 

When attempting to teach a course on the kinetic theory of 
gases, at the University of Chicago, in the summer of 1922, the 
writer discovered that there was in print but one text in the 
English language on modern kinetic theory. This text was far 
beyond the scope of the average American college student 
including even the first-year graduate students. The lack of 
facility in foreign languages among the students precluded refer- 
ences to texts in foreign languages. Finally, in his own field of 
work, which depends on the kinetic theory, the writer and his 
students have been much hampered by lack of a handy reference 
book containing a collection of the classical and more modern 
aspects of the kinetic theory. This book was written in an 
attempt to meet this situation. 

The purpose of this book is, therefore, to furnish a modern text 
and reference book on the kinetic theory of gases for student, 
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teacher, and investigator in chemistry and physics. The scope 
of the book is to present as concisely as possible the various 
kinetic theory concepts and classical derivations for use by 
students who are beginning their third year of college work and 
on to the more advanced students and investigators who wish 
a handy reference describing more elaborately the phenomena in 
question. It should furnish a useful preparation to the more 
advanced texts and monographs on the subject including those 
dealing with statistical mechanics. It endeavors to develop the 
various concepts as independently of preceding concepts as 
possible, so as to avoid references to earlier chapters. Besides 
a simple introduction of each concept it gives derivations of 
three types, to wit: elementary ones, using little or no calculus; 
more advanced classical derivations; and in some cases the most 
recent developments available. It also contains the comparison 
of the theoretical deductions with modern experiment and a 
critique of the theories. Where possible the experimental 
methods are briefly outlined. It has the added feature of includ- 
ing a complete chapter giving a summary and discussion of the 
kinetic theory of low-pressure phenomena. A complete theoret- 
ical summary of this sort, to the writer’s knowledge, has so far 
not been published. Finally, it contains the application of the 
kinetic theory methods to two more or less recent fields of 
research, that of dielectric and magnetic phenomena in gases 
and of gaseous ionisation. ; 

The writer wishes particularly to acknowledge his indebtedness 
to his colleague Dr. Edward Condon at whose instigation this 
book was undertaken. Dr. Condon originally intended to be a 
collaborator in this work. Lack of time prevented his doing so, 
The writer is indebted to him for the preparation of a large part of 
Chap. II, of the first two thirds of Chap. III, of the collection 
of the material for Chap. VI, and for some of the developments 
therein contained. In fact a large portion of the discussion of 
experimental results in parts 2 and 3 of Chap. VI are due to 
Dr. Condon’s efforts. 

The writer’s thanks are also due to the following authors 
whose kindness and courtesy permitted him to use developments 
of some of the theories used in their texts. They are: Prof. P. 
Debye whose admirable treatment of dielectric and magnetic 
phenomena in gases in Vol. VI “Theory of Electric and Magnetic 
Molecular Properties” of Marx’s ‘‘Handbuch der Radiologie” 


= | 


PREFACE ix 


furnished most of the material for Chap. X; Prof. Clemens 
Schaefer from whose splendid book ‘‘ EKinfuhrung in die Theoret- 
ische Physik” the concise treatment of the Boltzmann derivation 
of the Maxwell distribution law (Chap. IV), and the derivation of 
Van der Waals’ equation from the theorem of the Virial (Chap. 
V) were taken; Prof. E. Bloch for permission to translate the 
small section of his book ‘‘Theorie Cinetique des Gaz’’ dealing 
with the proof of the Maxwell distribution law from the width of 
spectral lines. In this connection the courtesy of Messrs. 
Methuen and Company of London must be mentioned for per- 
mitting the purchase from them of the rights to make a 
translation. 

The writer also desires to acknowledge the assistance and 
information he obtained in setting up some of the derivations and 
in finding useful references, to Prof. G. Jaeger for his admirable 
presentation of the kinetic theory in the section of Wincklemann’s 
“Handbuch der Physik, Vol. III,” and to Prof. K. Jellineck for 
the valuable material and references found in his ‘‘ Lehrbuch der 
Physikalischen Chemie,” including the treatment of the problem 
of evaporation of liquids given in Chap. IX. The latter book is 
a veritable gold mine of information and is notable for the com- 
pleteness of the bibliography. 

Finally, the writer desires to express his appreciation to Miss 
Velma Hutchings without whose patient help in the preparation 
of the manuscript the book would have been impossible. 

Lreonarp B, Lozs. 


BERKELEY, CALIrF., 
February, 1927. 
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THE KINETIC THEORY 
OF GASES 


INTRODUCTION 


Scarcely thirty years ago, before the discovery of X-rays, rapid 
progress in physics had come to a standstill and the physicist 
surveyed a world in which was presented a pretty clearly defined 
system of nature, which could be depicted in terms of classical 
mechanical analogies, although the knowledge in all its details 
was not complete. With the discovery of Réntgen, there 
followed a period of feverish experimentation in which the sole 
aim was to gain new facts about the manifold phenomena sur- 
rounding the electron and the atom. In this search little atten- 
tion was paid to a careful coordination of the new discoveries 
with the fundamental system of mechanics of Newton and of the 
times just preceding 1895. 

It was about twenty-five years ago (1900) that it began to 
dawn on the physicists that, after all, the beautiful mechanical 
explanations which had stimulated so many researches, and had 
seemed so satisfying, were not infallible, and that such analogies 
too closely drawn as to the mechanism of radiation, and as to the 
structure of the ether, were, in fact, wrong. ‘Today physicists 
seem to have come to the point of realizing that many of the 
observed phenomena cannot be included in the mechanical 
concepts of thirty years ago without a complete modification of. 
those concepts. Such a picture as stable non-radiating electron 
orbits in the atom, a picture which one is inevitably forced to 
accept in order to correlate many of the phenomena, appears to 
vitiate the electrodynamics of yesterday. It is possible that a 
mechanism may yet be found by which such a condition is brought 
about, and thus the mechanical analogies may be saved—par- 
tially at least. At present, however, the trend seems to be away 
from all attempts at ‘‘explanation”’ and towards the formulation 


of the observed phenomena in terms of a consistent system of 
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relations, the correctness of which depends on being based on a 
few fundamental experimentally verified axioms and the proper 
mathematical manipulations of the equations derived from these 
axioms. Such formulations are seen today admirably presented 
in the theory of relativity and in the so-called “‘quantum theory.” 
From them, given a particular situation, it is possible to predict 
quantitatively and definitely what phenomena will be observed 
in certain fields. It is thus possible to coordinate, predict, and 
perhaps control the phenomena by these means, but they cannot 
be ‘‘explained.”’ Possibly it will in the end be the ultimate aim 
of science thus merely to describe, and in a measure coordinate, 
the physical phenomena. Perhaps the notion of the ‘‘explana- 
tion”? is a mental immaturity of the past decades of science, 
just as the ultimate ‘‘why”’ which was abandoned in science in 
bygone years was a still greater immaturity that the human 
mind had to outgrow. 

Be that as it may, let it for the present be assumed that the 
notion of the necessity of the ‘‘explanation”’ is an immaturity 
of mind. It will then be much the most satisfying mode of 
procedure for immature but developing (7.e., growing) minds. 
In the world of physics there are today two types of such growing 
minds—those of the students who are just discovering the ideas 
of the last decades (and mentally living through the experiences of 
Joule, of Clausius, of Maxwell, and of Boltzmann), and that of 
the investigator baffled and puzzled by some new phenomenon. 
Both these types of mind have to struggle in unknown territory, 
both have to grasp new relations and new notions, and to both 
the simple expedient of concrete mechanical visualization is the 
most obvious course of procedure. With more maturity in the 
study of physics, or with a clear understanding of the new phenom- 
enon as it is visualized, the more complete and correct formula- 
tion in some general scheme of nature may become possible, nay 
even necessary, because of the failure of the mechanical analogy 
in its details. At any rate, in the process of achieving this 
ultimate goal, that inspiring and stimulating method of mechani- 
cal visualization will have played its réle. It is thus of value to 
the growing mind to be familiar with this mode of procedure, 
and in no domain of physics has the mechanical visualization 
had such a sweeping success as in that field termed the kinetic 
theory of gases. In fact, it is today perhaps the only field of 
physics in which the mechanical picture has not been dimmed 
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by the breakdown of our mechanical concepts. True it is that 
here and there the kinetic theory of gases borders on the peculiar 
mysteries of the quantum relationships, and truer it also is that 
the kinetic-theory concepts must constantly be modified to meet 
details of new discoveries. Yet today the theory stands as per- 
haps one of the most beautiful and satisfying pictures of physical 
behavior, and the analysis of new phenomena by means of its 
fundamental and perhaps crude concepts is now in various 
domains leading to valuable experimental results. So it is hoped 
that the student of this book will receive the same stimulus and 
enthusiasm from its study which inspired the writer when some 
years ago, as a student, he entered the field of physical research, 
under its spell. 

Before proceeding to a consideration of the text a word of 
explanation will perhaps not be out of place. For the sake of 
simplicity, and for the purpose of appealing to the imagination 
of the beginning student, the agreement of the simple relations 
deduced with experiment and the accuracy of some of the laws 
cited may appear to be exaggerated. A careful scrutiny of the 
book as a whole should show that great care has been taken to 
avoid any real misconception without, however, killing the 
enthusiasm engendered by failing to emphasize a successful 
agreement. It must be realized that the writer is thoroughly 
aware of the deficiencies of the kinetic theory, although he is its 
ardent advocate. He regards the advance of scientific discovery 
and its correlating mechanical theory as a series of approxima- 
tions to the true sequence of phenomena. What, for example, 
was a great triumph of yesterday in accounting for the coefficient 


of viscosity of a gas by an expression 7 = ; Nmé? is today, on 


the kinetic theory but a crude approximation which neglects the 
present view of molecules whose apparent average diameter 
determined by intermolecular force fields is necessarily a function 
of their average velocity. Doubtless in years to come the suc- 
cessful and beautiful treatment by Chapman will, in its turn, be 
but a second-order approximation to an even more complicated 
and more precise series of relationships. Such improvements 
are, nevertheless, continual advances rather than revolutionary 
changes. Thus, imperfect as the theory may be today, it is an 
advance over previous concepts and for practical purposes may 
be of incalculable value. It is the endeavor in this book to 
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avoid confusing the student at the outset with a statement of 
all the complexities encountered in more modern work. Accord- 
ingly, the theory will be logically developed from the simplest 
conceptions. As, with increasing knowledge of the facts, the 
discrepancies begin to appear to the student, the weaknesses of the 
theory will be carefully poited out. Then in later chapters, 
when the mind is ready for them, detailed descriptions of the 
difficulties and of the way in which the theory attempts to meet 
them will be given. It is felt that in this way only can the 
best aims of the student be served. The reader is, therefore, 
warned that before he accept a simple assertion as the complete, 
accurate, and final statement of a law he would do well to consult 
the index for references to a more complete discussion in a later 
and more appropriate chapter. In some cases the attention of 
the reader will be specifically called to such discussions in the 
text. With this caution the reader may open the book and 
discover for himself the fascinating romance of the eternal 
motions of the myriads of minute solar systems called molecules 
which constitute that state of matter which is termed the gaseous 
state. 


CHAPTER I 
HISTORICAL* 


Age of Philosophical Speculation.—Nearly 2300 years ago 
(400 B.C.) the Greek philosophers Leucippus, Democritus, and 
their pupils pictured a world made out of minute particles or 
atoms which were in constant motion. Later (95 B.C.), Lucre- 
tius,twho was familiar with the earlier writings, pictured gases 
somewhat as they are pictured today.t However true these 
philosophic speculations may seem today, they were then no 
more than wild guesses. Many another philosopher of that time 
fitted gases into his scheme of nature in a very different manner. 
As these pictures were not in accord with later discovery, they 
were ignored and forgotten. It is, then, because the fortunate 
coincidence that a speculation made 2300 years ago happens to 
agree with an experimental fact of today that a group of persons 
frequently assert that there is nothing new in the world, and that 
the more modern atomic theory was discovered by the Greeks. 
This, of course, is absurd. 

Birth of an Hypothesis.—The kinetic theory of gases could not 
have been legitimately propounded as a theory with any sem- 
blance of reality until the nature of heat was known, and until the 
relationship of heat to work and energy had been established.? 
During the period 1760 to 1800 the views of Black the advocate 
of the caloric theory of heat, still held the scientific stage, whence 
they had evolved from the first measurements on quantity of 
heat. From then on until 1850 the famous experiments of 
Rumford and Joule?’ on the relation between heat and work were 
in progress, so that by 1856 the time was ripe for the two inde- 
pendent papers of Krénig and of R. Clausius (1857), in which 


* Throughout this book numbered references are to references at the close 
of each chapter. 

+ The famous poem “De Nature Rerum,” in which this scheme is pro- 
pounded, is well worth reading. It appears in Everyman’s edition. In 
reading it, it is to be noticed that the scheme of nature devised is a logical 
deduction based on certain crudely observed phenomenon, such as the con- 
servation of matter. (Book I, lines 146-328.) 
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the kinetic theory of gases was proposed and based on an experi- 
mental footing. 

Before these two definite enunciations of the theory there had 
been earlier attempts, none of which were complete enough to be 
included with them. In fact, Clausius admits to having been 
familiar with a paper of Joule’s published in 1831, in which Joule 
computed the gas pressure on the basis of the heat motions of the 
gas molecules. There was an article of a similar nature by a 
practically unknown physicist Herapath, in 1821. Credit must 
also be given to the mathematical physicist and genius Daniel 
Bernouilli, for in his then little known ‘“ Hydrodynamics,” 
published in 1738, he had built up a correct and very complete 
kinetic theory of gases. He had at that time no experimental 
basis for his assumptions, and accordingly his theory must be 
classed among the philosophic speculations. 

Establishment of an Hypothesis.—The deductions of Clausius 
were of sufficient accuracy and completeness so that his paper 
attracted widespread attention, and such master minds as Max- 
well and Kelvin were stimulated to interest themselves in the 
theory from 1860 to 1880. In later years Boltzmann,® O. E. 
Meyer,® Jaeger,’ Jeans,’ Knudsen,® Chapman, Enskog, Suther- 
land,!® and others have also contributed a considerable amount. 
The theory as it was left by Maxwell, Kelvin, and Boltzmann, 
however, remained no more than an hypothesis, for, in spite of 
many quantitative agreements between the theory and the 
behavior of gases, no proof of the separate existence of the 
atoms and molecules had been obtained, nor had any observa- 
tions been made that could really demonstrate the continual 
heat motions of the molecules.!° This left the kinetic theory a 
very successful and interesting analogy, but that was all. 

Retarded Development. School of Energetics—From 1890 
to 1908 the theory suffered a retarded development due to the 
violent attacks on it by Wilhelm Ostwald and his school of 
“Energetics.”’!41213 This was at a period when thermodynamics 
had been found to be a very useful tool of the physicist and 
chemist. At that time, perhaps somewhat as with Relativity 
today, the physicists sought to solve all the problems of the 
universe by thermodynamics. Now thermodynamical reasoning 
does not require a knowledge of the precise mechanism of a 
reaction for its applications. All that is required is a complete 
knowledge of the energy and heat relations of a cycle of opera- 
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tions. Ostwald, accordingly, argued that with the thermodynam- 
ical treatment of a process one knew all that there was essential 
to be known about the process-and that further mechanical 
assumptions as to the mechanism of the reactions were gratuitous 
hypotheses. He was correct in asserting that the mechanical 
assumptions of the kinetic theory were unproved hypotheses. 
He was, however, wrong in urging that the rather sterile thermo- 
dynamical reasoning be substituted for the neat and stimulating 
analysis of the kinetic theory, for, strangely enough, science 
progresses chiefly by the mechanical analogies of nature’s proc- 
esses which occur to the mind of the investigator. And the 
kinetic theory is just such a mechanical analogy. In fact, it 
seems to be the very fallibility of such mechanical pictures which 
makes experimental test imperative and hence leads to further 
investigations and clearer knowledge. Science cannot progress 
much through the manipulations of equations indicating only the 
heat and energy transfers in a reaction, for such manipulations do 
not generally suggest further experiments. 

Birth of a Theory.—Fortunately, these attacks were brought to 
an abrupt end through the brilliant experiments of Jean Perrin™ 
in France in 1908. Perrin succeeded in quantitatively demon- 
strating the existence of the continual heat motions of the mole- 
cules of a liquid by a study of the Brownian movements of 
suspended particles. These proofs, as will later be seen, were of 
such a definite nature that even Ostwald accepted them and 
relinquished his exclusive claims for ‘“‘energetics.’’ Recently, 
these results have been extended to gases with a far higher degree 
of accuracy through the beautiful oil-drop experiments of R. A. 
Millikan.'® 

New Advances.—The final developments in the kinetic theory 
of gases, upon which the closing chapters have not yet been 
written, were due to the new methods of study opened up by the 
discovery of X-rays in 1895. The X-rays led to a study of the 
carriers of electricity in gases, the ions and electrons.'® Now it 
has been shown that the ions are charged molecules or groups of 
molecules of the gases, and the electrons act as essentially 
mathematical point charges from the point of view of the kinetic 
theory.1°!7_ Their electrical charges enable the ions and elec- 
trons to be singled out from the other molecules, and thus permit 
their properties to be studied after encountering the other gas 
molecules under varying circumstances. The result is that the 
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kinetic theory of gases has made much progress in the able hands 
of Langevin and Lenard, J. J. Thomson, Franck, Townsend, and 
Compton,!’ through the additions which have come to it from the 
theory of the gaseous ions. 

Today, then, the kinetic theory of gases can be regarded as 
being far beyond the speculative philosophy of the Greeks, and 
far beyond the kinetic hypothesis of Clausius and Maxwell. 
In fact, it is as well-established a theory (that is, a close working 
mechanical analogy to the real processes) as any theory which is 
accepted by science. 
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CHAPTER II 
THE MECHANICAL PICTURE OF A PERFECT GAS 


1. The Mechanical Equivalent and the Kinetic Hypothesis.— 
In the historical outline it was stated that there could be no 
proper justification of the kinetic-theory hypothesis until the 
relation between heat and work had been established. It is now 
necessary to show why this was so. It will be seen that it was not 
strange that Joule, one of the first to establish the relation 
between mechanical work and heat, should also have been one of 
the first to try to formulate a kinetic theory of gases. 

When a gas like helium is heated in an enclosed vessel so that 
it cannot expand, two things occur: first, it absorbs a given 
quantity of heat per unit mass, and, second, its temperature rises. 
This heat is stored in the gas in some form and is given out again 
on cooling. Furthermore, in absorbing the heat there is no 
appreciable change in the gas except the increase in temperature 
and an increase in pressure. This pressure increase in the gas 
is what would cause the gas to expand and do work corresponding, 
in the ideal case, to the heat put in. The question then arises as 
to how the gas can absorb heat and increase its pressure. 

Assistance is derived in understanding this phenomenon by 
inquiring into the meaning of temperature, and as to how the tem- 
perature is related to the pressure. The experiments of Boyle, in 
1662, showed that for a given temperature the relation between 
pressure and volume of a gas was given by the relation pv = 
constant, where pisthe pressureandvthe volume. Later, Charles, 
Mariotte, and Gay-Lussac studied the behavior of gases at 
constant volume and constant pressure as the temperature was 
increased. It was found that at constant volume an increase in 
temperature of 0° gave a change in pressure represented by the 
equation 

p = po(l + AQ), 
in which p is the pressure at the temperature 9 and p, is the 
pressure at 0° on the thermometric scale used. If v, is the con- 
stant volume of the gas, the equation may also be written as 


DVo = Po.(1 + AP). - 
10 
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In virtue of Boyle’s law, the left-hand side of the equation is 
constant and will remain the same even if v, be changed to some 
new value v. Hence it is possible to write 


pv = pod(l + AO). 
If to p on the left-hand side the value p, be assigned, the 
expression 


v = v,.(1 + AO), readily follows. 

This is the law for the change of volume with temperature which 
was discovered experimentally. Experimentally, it does not hold 
accurately for any gases, for the constant A in the pressure 
equation differs from that in the volume equation (see Sees. 48 and 
51). It is approached more accurately by the gases that are 
furthest from their condensation temperature. For such gases 
the A is nearly the same and the condition in which this is so 
can be called the limiting state to which all gases strive the 
farther they are removed from their condensation temperatures. 
Strictly, it is only a limiting case, and a gas obeying this law is 
defined as an ideal gas. Elementary treatments of the kinetic 
theory which will be derived in this chapter deal with such gases. 

If it be assumed that both equations hold and that A is the 
same for pressure and volume changes, one can proceed to use the 
common equation 

pv = Po.(1 + AO). 

Factoring A out of the parenthesis, the equation becomes 


1 
py = pared 4 + 0) 
This equation gives a new insight into the process of expansion, 
for if © = —1/A, pv = 0, that is, at —1/A either p, v, or both 
are 0. Since 0 is a temperature, 1/A is a temperature, and it is 
the temperature which, if attained below the zero from which 0 
is measured, would make pv equal to zero. Thus, since A is a 
universal constant for the expansion of an ideal gas, —1/A gives 
a new definition of zero on an absolute scale. That is, (1/A)° 
below the zero from which 9 is measured is the absolute zero of 
temperature at which a gas exerts no pressure. On this basis 
1/A + 0 may be replaced by T, calling T the absolute temperature. 
If the constant quantity p.v.A = R, be written with the under- 
standing that v, corresponds to the volume of 1 gram-molecule 
of the gas, the equation of state for an ideal or perfect gas is given 
by 
pv = RT. 


Q 
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This equation will at once aid in understanding the nature of 
temperature.* Its interpretation is aided by means of dimen- 
sional analysis of the left-hand side of the equation. Pressure is 
the ratio of a force to an area, that is, it is a force divided by the 
square of length. Volume is the cube of a length. The product 
pv has thus the dimensions of a force times a length. But, dimen- 
sionally, force times a distance represents work done or energy.f 
Thus RT is dimensionally a work or an energy, and as T increases 
the product RT increases in proportion, and hence the energy 
that is represented by pv in the gas increases. That is, RT is 
proportional to an energy that goes into the gas as it is heated, 
and 7’ is a measure of this energy. When T' is 0 then the energy 
is 0. Now for constant volume p is also increased in proportion 
to the increase in energy and the key to an interpretation of the 


* A moment’s reflection shows that temperature is entirely different from 
the other measurable quantities of physics. The important stages in the 
development of the concept of temperature cannot be overemphasized. 

The notion of temperature has its origin in our sense perceptions of 
warmth and coldness. The sensations of an individual are far too relative 
and crude to serve as a working basis for temperature measurements, and so 
physical means have been developed for the purpose, which are independent 
of the thermal perceptions of the observer. These are based usually upon 
the recognition by the observer of changes in some property of a substance, 
known as the thermometric substance, which is placed in the space of which 
the temperature is desired to be known (e.g., the expansion of liquids, ete. 
which give a purely empirical scale). - 

The utility of the temperature concept in physics is twofold. In the first 
place, the assignment of numbers representing the temperatures of a set of 
bodies makes it possible to determine in what direction heat will flow between 
the bodies if any of them are placed in thermal contact. This use is 
embodied in the statement that heat flows from bodies of higher to bodies of 
lower temperature. Obviously, however, for this purpose any scale of 
temperature suffices so long as larger numbers are always assigned to 
warmer bodies. The other functions of the temperature concept are 
developed in the study of thermodynamics and are concerned with the réle 
played by temperature in conditioning the efficiency of all processes which 
are designed to transform heat into mechanical work. 

It is this second property of temperature which serves to define the 
absolute temperature scale. Rigorously, the absolute temperature scale is 
to be regarded as derived from the second law of thermodynamics. The 
justification for the approach to the subject given in the preceding paragraph 
lies in its historical correctness, and, further, in the fact that the perfect gas 
thermometer is the actual experimental mode of establishing the absolute 
temperature scale. 

+ Force times distance may also represent a torque, but as this does not 
enter into considerations such as these it need not be discussed here. 


THE MECHANICAL PICTURE OF A PERFECT GAS 13 


phenomenon lies in finding a mechanism by which both the 
pressure of the gas and its internal energy are simultaneously 
increased in proportion. 

This was solved by Joule by the assumption that a gas was 
made up of molecules, or particles in constant motion. Such 
particles striking a solid wall and rebounding from it elastically 
will-transfer momentum to it. The rate of momentum transfer 
to the wall gives the force exerted by the particles on the wall and 
represents the pressure. If the pressure be calculated, as will 
be done in See. 5, it will be seen that it depends in a simple way 
on the kinetic energy of the gas molecules. Thus the energy 
represented by the quantity RT is related to the kinetic energy of 
motion of the molecules, while the pressure is also a consequence 
of this. This picture requires, however, that a simple relation 
exists between heat and mechanical energy or work. The idea 
underlying this concept is that, in a gas, heat is nothing else 
than the kinetic or mechanical energy of motion of the gas 
molecules, so that, in expanding, a gas does work at the expense 
of the kinetic energy of its molecules, which represent its heat 
energy. 

The assumptions made by Joule, of the molecular nature of 
the gas, and which form one phase of this picture, were not as 
novel at the time as might be gathered from this discussion, for 
as will be seen in Sec. 8, the molecular nature of a gas had been 
pretty well foreshadowed by Avogadro in attempting to account 
for the laws of chemical combination of gases. Thus, the 
contribution of Joule lay in associating the heat taken up by the 
gas with the increase in kinetic energy of its molecules, and 
showing that this also gave the required pressure change. With 
such an introduction it is possible to proceed to set forth a group 
of assumptions about the molecules and their motions which will 
enable further analysis to be carried on. As will be seen, these 
assumptions apply to an ideal gas. They do not conform to 
reality. They, however, sufficiently simplify the problem to 
make it possible to proceed with an elementary analysis. As the 
understanding of the processes advances, it will become possible 
to alter the simple assumptions to conform to the real gases. 

2. The Numerical Value of R7T.—It is worth while before 
proceeding further to obtain a numerical value for R, the univer- 
sal gas constant. This may be calculated as follows: A gram- 
molecule of gas at 0°C. and 760 mm of Hg (1 atmosphere of 
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pressure) occupies a volume of 22,410 cm*.* The. value of A, 
evaluated with respect to 0°C., is given by experiment as 0.003665 
Since by the above F is given as 
R= pwA, 
then R = 1 X 22,410 X 0.003665 cm* atmospheres per degree 
= 82.07 cm’ atmospheres per degree. 


The cm’ atmosphere is a rather awkward unit of energy. 
More common ones are the absolute C.G.S. unit, the erg, or the 
classical heat unit, the calorie. Making use. of the density of 
mercury and the value of gravity the relation follows: 

1 atmosphere = 1,013,300 dynes per sq. cm. 
Choosing as the definition of the calorie the amount of heat 
required to raise 1 gram of water from 15 to 16°, the value of the 
mechanical equivalent of heat is 
1 cal. = 4.182 X 10’ ergs. 


In view of these results the value of R can be given in mechanical 
or in heat units as follows: 

R = 82.07 X 1.0133 X 10° cm*-dynes per cm? per degree 
8.316 X 107 ergs per degree 
1.988 cal. per degree. 


3. The Model of a Perfect Gas.—In order to carry on the 
analysis, the following simplified picture of a gas must be made. 
The gas is to be considered as an assemblage of particles called 
molecules which move freely in the space occupied by the gas, 
colliding with each other and with the walls of the vessel. 
The assumptions upon which the mechanical picture of a gas is 
founded, and which are introduced in this chapter and elaborated 
and modified in the following chapters may be enumerated as 
follows: 

1. A gas consists of particles called molecules which in a stable 
state and in a given type of gas are all alike. The mass of the 
molecules will be denoted by m. 

2. The molecules are in motion, and as they are material bodies 
Newton’s laws of motion may presumably be applied. 

3. The molecules behave as elastic spheres of diameter co. 
In perfect gases the number of molecules in the space considered 
is small enough so that the mean distance between the molecules 


I 


* The conditions denoted here of 0°C. and 760 mm of Hg will be desig- 
nated at WT.P. hereafter, meaning Normal Temperature and Pressure. 
\ 
a SAa-o oO 
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is large compared to their diameter, and thus for these elemen- 
tary considerations the space they occupy may be disregarded. 

4. In perfect gases no appreciable forces of attraction or repul- 
sion are exerted by the molecules on each other or on the substance 
of the containing vessel. 

(1) The reasons for the assumption of the molecular nature of 
the gas have been introduced in Sec. 1. The assumptions of the 
stable state and similarity of the molecules are introduced to 
simplify the initial calculations. 

(2) That the molecules are endowed with motions follows from 
the fact that they are assumed to have kinetic energies of agita- 
tion and are reflected from the walls, producing pressure. That 
they obey Newton’s laws is a consequence of the assumption 
that they are material bodies in motion, and Newton’s laws are 
assumed applicable to all material bodies. 

(3) The assumption of perfect elasticity is necessary in order 
to account for the reversibility of the absorption and emission of 
heat. It is an essential assumption if the correct relation between 
heat and work is to be maintained for the ideal gas, for if it be 
assumed that they are not elastic, kinetic energy gained on heat- 
ing would go into the deformation of the atoms when inelastic 
impacts took place. Unless this energy could be given back on 
cooling, heat would be lost on heating and cooling, or if the kinetic 
energy were converted into work after heating, less work would 
be obtained than was put in and the relation between heat and 
work would not be fulfilled. Actually, in some gases that are 
chemically reactive, like Cl, and Bro, this elasticity does not hold 
and energy goes to atomic deformation, which may be radiated 
away as electromagnetic radiation, as is shown in Chap. IX. 
In general, the assumption of elastic impacts is, however, justi- 
fied. The assumption of point molecules is a simplifying assump- 
tion which corresponds to reality only as a rough approximation. 
The consequence of the finite size of the molecules is seen in 
Chap. III. 

(4) Gravitational forces do undoubtedly act between the 
molecules. These forces are exceedingly minute. The force of 
gravitation between two bodies of equal mass m is given by 


f= ge; where r is the distance between them and G is the con- 
Py 


stant of gravitation. This force f is 6.658 < 10~* m?/r? dynes, if 
m bein grams andrinem. Since m is of the order of 10-** grams 
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for the Hz molecules and ris of the order of 10-§ em when the 
molecules are in contact, the force is minute indeed. A better 
idea can be gained of the influence of these forces if the kinetic 
energy of the molecules at 0°C. is compared, which by Sec. 11 is 
about 5 X 10-" ergs, with the gravitational potential at contact 
between molecules, which is of the order of 6 X 10~-§ & 10~48/10-8 
or 10-48 ergs for two Hz molecules. The intermolecular forces of 
attraction are, however, much greater and their potential energies 
at molecular contact become comparable to the kinetic energies 
of agitation near the condensation temperatures. For ideal or 
perfect gases they may for simplicity be neglected. Their 
influence, however, is measured for real gases by the term a/v? in 
the Van der Waals’ equation studied in Chap. V. 

4. Molecular Motions.—Preparatory to their use in later 
developments a statement of Newton’s laws of motion will here 
be given. These are fundamental to the classical mechanics on 
which the kinetic theory is based: 

1. A body continues in its state of rest, or of straight uniform 
motion, except in so far as it is compelled to alter that state by 
impressed force. 

2. Change of motion is proportional to the impressed motive 
force, and takes place in the direction in which that force is 
impressed. 

3. Reaction is always equal and opposite to action, that is, the 
mutual actions of two bodies are always equal and take ee in 
opposite directions. 

The statement of the laws is included here mainly for reference 
purposes. Mathematically, the position of a particle is deter- 
mined relative to a Cartesian coordinate system by its coordi- 
nates x, y, 2, which give its position at the time ¢. The velocity 
components are then da/dt, dy/dt, and dz/dt and the momentum 
is defined as having the components mdx/dt, mdy/dt, mdz/dt. 
As the components of the force are F,, F,, Fz, the second law 
yields the equations 


Lads az _ af dy _ af, dn 

Fa = i(m a) Fy = iy(™ a)’ & n(™ ‘hy 
The kinetic theory has frequently to deal with assumed per- 
fectly elastic collisions between individual molecules and between 


a molecule anda wall. The study of elastic collisions as governed - 
by Newton’s laws of motion is greatly facilitated i ae 
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two principles, which are mathematical consequences of Newton’s 
laws, the conservation of kinetic energy and of momentum in the 
collision. In an elastic collision: 

1. The sum of the kinetic energies of the colliding bodies 
before impact is equal to the sum after impact. 

2. The sum of the momenta of the two bodies before impact is 
equal to the sum after impact. 

A simple application of these principles, the result of which will 
be needed later, is to the case of the elastic impact of a spherical 
ball striking a wall at normal incidence. Let m, v1, ve be the mass 
and initial and final velocities of the ball, and M, Vi, Ve these 
same quantities for the wall. Then 


Ls at iMV:? pada fst SMV? 


2 2 
and mv, + MY, = Meo +f M Vo, 
so that m(v2” — v1”) = M(V 2? —= Vir): 


dividing these by, m(v2 — 01) = M(V2 — Vi), 
Cae ve +01 = Vet Vi. 
If the wall be immovable, then V2 + V; = 0, so that 
Doel Is : 

i.e., the ball rebounds with the same velocity as that with which it 
struck the wall. The total change of momentum of the ball is 
2mv, where v is now the common velocity before and after impact. 
This is also the impulse communicated to the wall. 

5. The Kinetic Interpretation of Gas Pressure.—lIn this 
section will be given an extremely simple mechanical deduction 


of the equation of state, substantially as it was first given by 
Joule in 1851. 

The v molecules of the gas are contained in a rectangular box 
of edges A, B, and C (Fig. 1). It is supposed that there is no 
actual streaming, or body motion, of the gas, the motions of the 
molecules being perfectly chaotic. Let u be the mean speed of 
the molecules, and for simplicity’s sake let it be supposed that they 
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all move at the same speed. Owing to the random nature of the 
motions it may be supposed that the motions are equivalent to a 
situation in which one-third of the molecules are moving parallel 
to the length, one-third parallel to the breadth, and one-third 
parallel to the depth of the box.* 

Every time a molecule collides with a wall its direction of 
motion will be reversed (Sec. 4), and so its change of momentum 
will be 2mu. In 1 second a molecule which is traveling parallel to 
an edge of length C will traverse the length of the vessel u/C 
times, and so will collide with each of the end walls u/2C times 
per second. As one-third of the molecules are moving this way, 
the number of collisions per second on an end wall is uyr/6C, 
where vy is the number of molecules in ABC. Thus the total 
change of molecular momentum per second by an end wall of 
area AB is 
uv _ ym? 

CC tee 

But by the second law of motion this rate of change of momen- 
tum of the molecules is equal to the total force exerted upon 
them. By the third law this is also the force which they exert 
on the wall. The pressure on: the wall is equal to this force 
divided by the area, so that 


2mu X 


or 


This equation makes it evident that the value of pv is simply 
two-thirds of the total kinetic energy E of the molecules. Com- 
parison with the equation of state shows how the temperature 
of the gas is simply proportional to the total kinetic energy of the 
molecules of the gas. 

6. Work of Compressing a Gas.—An instructive picture of the 
way in which mechanical work done on a gas is transformed into 


* This apparently natural assumption is one which has a very great 
significance in the kinetic theory, as will be seen in Sec. 91 of Chap. 1X. It 
assumes that if the molecules are great in number and have random motions 
the velocities and hence kinetic energies are equally distributed among the 
three degrees of freedom of motion along the three coordinate axes. It is, 
in fact, an application of the theorem of equipartition of energy to the 
degrees of freedom of motion in gas, to be discussed in Chap. IX. 
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thermal energy of the molecules is obtained by a simple extension 
of the analysis of the preceding section. 

The experimental fact to be explained is that a gas is warmed 
when it is compressed adiabatically (7.e., without loss of heat 
through the walls of the container) and, conversely, is cooled 
when it expands adiabatically. 

Suppose the gas to be contained in a cylinder which is equipped 
with a piston which moves without friction in the cylinder. If A 
is the area of the piston, then pA will be the force which the gas 
will exert tending to drive the piston outward. Hence pA is 
also the force which must be exerted by some external agency 
to maintain the piston in equilibrium. If a greater force be 
exerted by this external agency, the piston will move inward, 
or if a lesser force be exerted, it will move outward. 

It is interesting to consider the effect on the molecular motions 
of steadily pushing the piston in at a speed of a cm/sec. It 
will be supposed that this speed is small compared to the molec- 
ular motions, so that no actual streaming of the gas is set up. 
If C is the length of the cylinder the number of collisions per 
second on the moving piston will be wv/6C as before. But now 
the molecules are striking a moving wall and the effect is different 
from that of the preceding section on this account. 

The simplest way to see the effect of the piston’s motion is the 
following: Consider how a collision of a molecule with the wall 
would appear to a person riding along with the piston. The 
molecule approaches him with a speed u + a and leaves him with 
the same speed after the collision with the wall. But to leave 
the piston with a speed u + a relative to it means to move rela- 
tively to the cylinder with a speed u + 2a. 

The change in kinetic energy at each collision is an increase of 


amount: 


5 m(u -+ 2a)? — simu = 2mua + 2ma? = 2mua( 1 + ak 


Since by hypothesis a/w is small, it may be neglected. Multiply- 
ing by the number of collisions per second, an expression is 
obtained for the amount of kinetic energy imparted to the 
molecules by the piston in a second: 
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In a small time dé piston will move a distance adt and the volume 
of the gas will be changed by dv = Aadt. In this time the energy 
imparted to the molecules will be 
pAadt = pdv. 
It is thus seen that when a gas is compressed adiabatically by 
a slowly moving piston the work done goes into increasing the 
‘energy of the molecular motions, the amount of work thus done 
being simply equal to the product of the pressure which the 
gas would exert on a stationary piston at each successive posi- 
tion by the change in volume. It is evident that all that has 
been said applies equally well when the piston is moved slowly 
outward—in this case the molecules communicate energy to the 
wall at the same rate pdv, and the gas is thereby cooled. 
7. Irreversible Compression.—Students of thermodynamics 
are already familiar with the important distinction in that 
subject between reversible and irreversible processes. Reversible 
processes, such as the reversible compression or expansion of a 
gas, must be carried out in such a way that the forces are in 
equilibrium at all stages of the process and as a result all the 
motions occur with infinite slowness. If the processes be irre- 
versible, it is shown in thermodynamics that there is always an 
attendant degradation of energy from the ‘perfectly available”’ 
mechanical energy to the thermal energy of “limited availability.” 
The discussion of adiabatic compression of a gas, given in Sec. 6, 
admits of an illuminating extension to show the mechanical picture 
of the distinction between reversible and irreversible processes. 
In considering the communication of energy to the walls by the 
molecules, it. was supposed that a was so small that a/w was 
negligible. This is the case in the infinitely slow reversible 
processes. If a/u is not negligible, then it is evident that the 
accurate expression for the energy exchange between the piston 
and the molecules in time d¢ is 


1 mvura a 
eee (1 ze a dt. 
If P is the pressure exerted by the gas against the moving piston, 


then in time dé the force PA will have acted through the distance 
adt so the work done by the piston will be 


PAadt = Pdv. 


Returning to the accurate expression for energy exchange, this 
may be written as ' ? 
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as the amount of energy communicated to the molecules in the 
volume change dv. Equating the two expressions in virtue of the 
law of conservation of energy and dividing by dv: 


P= of + a) 


This indicates that the actual pressure P which a gas exerts 
when it is being compressed is greater than the statical pressure p 
which it would exert against a stationary wall at the corresponding 
stages of the compression. Similarly, during expansion (a is 
negative) the actual pressure P is less than the statical pressure p. 

The obvious result of these conclusions is that if a gas be com- 
pressed at a finite velocity and then expanded to its original 
volume, all of the work of compression will not be regained on 
expansion and so the gas will be left warmer than it originally 
was. Thus the simple kinetic picture clearly portrays a con- 
clusion gained in thermodynamics by rather abstruse reasoning. 

8. Avogadro’s Rule.—In Secs. 1 and 2 the experimental fact 
that R has the same numerical value for all gases when a mol (i.e., 
a gram molecule) of the gas is considered has already been pre- 
sented. This important result calls for more extended discussion. 

The concept of molecular weight as used thus far is a conclusion 
derived originally from the quantitative experimental laws of 
chemical combination. After Lavoisier, in 1774, had enunciated 
the law of conservation of mass in chemical reactions the next 
great step was the formulation by Richter and Proust of the law of 
definite proportions: A definite chemical compound always contains 
the same elements united in the same proportion by weight. 

It was then possible to ascertain the relative combining weights 
of the various chemical elements. Thus if the combining weight 
of hydrogen were taken as unity, experiment showed that the 
combining weights of chlorine, oxygen, and sulphur were 35.5, 
8, and 16 respectively. On the basis of the atomic theory these 
numbers mean, respectively, the weights of the atoms of chlorine, 
oxygen, and sulphur which combine with one atom of hydrogen 
when the weight of the hydrogen atom is taken as the unit. But 
it is important to notice that we are not entitled to conclude from 
these data alone that these numbers represent the relative weights 
respectively, of single atoms of chlorine, oxygen, or sulphur. 
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This will be true only in case a single atom of these elements 
enters into combination with hydrogen in the compound from 
which the combining weights were determined. 

This work was followed by the publication in 1808 by John 
Dalton of the law of multiple proportions, which says that: When 
two elements unite in more than one proportion, for a fixed mass of 
one element the masses of the other element bear to each other a simple 
ratio. Dalton further gave a brilliant explanation of these laws 
on the basis of his atomic theory as presented in his work, “‘A 
New System of Chemical Philosophy.’”’ In the same year Gay- 
Lussac generalized the results of his experiments into the state- 
ment of another important law: When gases combine they do so in 
simple ratios by volume, and the volume of the gaseous product bears 
a simple ratio to the volumes. of the reacting gases when measured 
under like conditions of temperature and pressure. 

Dalton did not understand the applicability of Gay-Lussac’s 
discoveries to his atomic theory and so questioned their correct- 
ness. The Swedish chemist Berzelius was the first to see the 
importance of the volume law, and by making the hypothesis 
that equal volumes of gases under like conditions of temperature 
and pressure contain equal numbers of atoms he made con- 
siderable progress in systematizing the chemical data. 

But there was one great stumbling block which Berzelius could 
not pass. Experiment showed that two volumes of hydrochloric 
acid were formed from the combination of one volume of hydrogen 
and one volume of chlorine. On Berzelius’ view this would mean 
that two ‘“‘atoms’’ of hydrochloric acid result from the combina- 
tion of one atom of hydrogen with one of chlorine. In other words, 
the indivisible atoms must have been divided by the reaction. 

Although his views were not widely known or accepted until 
many years later, the way out of this difficulty was made plain 
by the Italian physicist Avogadro, in 1811. He achieved this 
simply by introducing the distinction between the atoms and the 
molecules of a substance. The molecule of a compound like 
hydrochloric acid was regarded from the first as being made up of 
the atoms of the elements of the substances from which it was 
formed. It was then a natural step to suppose that the units of 
structure in an elementary (7.e., one which is not a compound) 
gas were also molecules containing two or more atoms of the 
elements. This view, due to Avogadro, explains at once Berzelius’ 
difficulty. Thus, if it is supposed that the molecules of hydrogen 
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and chlorine each contain two atoms, the volume relations come 
out just right. 

The hypothesis of Avogadro may, then, be stated as follows: 
Under the same conditions of temperature and pressure, equal 
volumes of different gases contain the same number of molecules. 

From the expérimental point of view the hypothesis is now an 
established fact. The experimental results in support of it may 
be briefly enumerated as follows: 

1. The complete coordination of the structural formulae of 
thousands of chemical compounds. 

2. Correspondence between positive-ray and mass-spectrograph 
measurements of atomic weights with those obtained from vapor- 
density measurements.! 

3. Results as to the masses of hydrogen and oxygen atoms 
obtained by Blackett at Cambridge from the study of forked 
a-particle trails.’ 

4. Concordant values obtained for the number of molecules in 
a gram-molecule from widely different experimental methods, 
such as those of Brownian movements and measurement of the 
charge on an electron.’ 

9. Equipartition of Energy.—The experimental verification of 
Avogadro’s hypothesis, together with the simple kinetic picture 
presented in the foregoing, now point to an extremely interesting 
conclusion. This is that the mean kinetic energy of the molecules 
of all gases is the same at equal temperatures. 

Consider a mol of gas A and a mol of gas B in separate con- 
tainers at the same temperature. Then since the value of R is 
the same for all gases, 

RT = Py.Va = Pav. 


By Sec. 5 this leads to 


1 
sN aM ats? = 3NeMou’. 


Since by Avogadro’s rule VN, = Nz it follows that 


1 1 
gM atia* = gM’. 

Had the gases been ideal and were they in the same volume 
at the same time, the conditions would have been unaltered and 
the equations deduced above would be applicable. Hence the 
conclusion that the mean kinetic energy of the molecules in the two 
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gases is the same. This conclusion is a statement, in a limited 
form, of the principle of equipartition of energy—one of the most 
important principles of the kinetic theory of gases, concerning 
which more will be said later. 

It is to be noticed that in arriving at the equipartition of energy 
use was made of the experimental fact of Avogacdro’s rule and the 
theoretical equation relating the product pv to the mean kinetic 
energy of the molecules. If the kinetic theory is to be fully 
developed as a set of logical deductions from the assumptions 
given in Sec. 3 it is evidently necessary that all conclusions be 
obtained on an entirely theoretical basis. From the discussion 
just given it is seen that if Avogadro’s rule were derived theoret- 
ically, assuming equipartition, then the theory would be in 
perfect and independent accord with experiment. The theoret- _ 
ical deduction of the rule is one of the important mathematical — 
triumphs of the kinetic theory which will be discussed in detail 
later. The theory as usually presented proceeds, it will be 
interesting to observe, in the opposite order from that pointed 
out by experimental developments, in that the equipartition of 
energy is given theoretical discussion, and from this Avogadro’s 
rule is derived instead of conversely. 

10. The Law of Partial Pressures——John Dalton, pioneer 
student of atomic theory, discovered the experimental law 
governing the pressure exerted by a mixture of several gases 
which do not react chemically. The results of his investigations 
in this field may be stated as follows: The total pressure exerted 
by the mixture is equal to the sum of the pressures which the several 
gases would separately exert if each were to occupy the vessel alone. 

In developing the kinetic-theory view of this law it is to be 
supposed that the molecules of different kinds exert no forces on 
each other, other than the elastic forces introduced by collisions. 
Then on making a mixture of gases no kinetic energy will be 
gained or lost provided the impacts are perfectly elastic as 
previously assumed, so that the total kinetic energy will be equal 
to the sum of the kinetic energies of the gases put into the mixture. 

In accordance with the simple theory given, the total pressure 
exerted by the mixture P will be related to the total pean 
energy EH by the equation 
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where v is the volume. On the other hand, the partial pressures 
or pressures which each gas would exert if it alone filled the space 
are given by equations of the same form 
pi = a; Pa ae Da aa ate, 
so that, since 
E=Hi+F,a+#Hs+..., ma 


joy 2) a ay le ee 
which is nothing other than Dalton’s law of partial pressures. 
11. Molecular Speeds.—The results which have been obtained 
already allow the calculation of the mean speed of the molecules. 
From Sec. 6 


it follows that 


I 2 
pv = =vmu’. 


3 


Now vm is the total mass of the gas, so on dividing by v and 
writing p for the density of the gas the result is: 


p 
The density and the pressure of a gas are quantities which are 
known experimentally and so wv may be computed. Thus at 1 
atmosphere pressure and at O0°C. the density of nitrogen is 
0.00125 gram perce. Atmospheric pressure is 760 X 13.6 X 980 
dynes per sq. cm, so substitution in the formula yields 

u = 4.93 X 104 cm per sec. 

Another way of arriving at this result shows the relation between 
the molecular speed, the molecular weight, and the temperature. 
Combining the empirical equation of state with the theoretical 
equation, 


RT = Wamu? 
.. BRT _ 3RT 
eT Num M 


where M is the molecular weight of the gas in grams, R applies 
to a mol, and N, is the number of molecules in a mol. 

In the deductions of this chapter, it may again be emphasized 
that all of the molecules were regarded as having the same 
speed. It will be seen later (Sec. 27) that this is not actually the 
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case, and that when a gas is held at constant temperature and 
pressure the molecular speeds are distributed about their mean 
value in such a way that most of them are very close to the mean, 
but a few are very small and a few are very great. The speed 
which has just been calculated for the molecules is the speed 
which each of the molecules must have in order that the total 
kinetic energy be the same as that actually possessed by the gas. 

Such a speed is a kind of mean speed which is different from 
the ordinary arithmetic mean of the actual speeds of the individ- 
ual molecules. Let v1, v2, v3, . . . v, be the actual speeds of 
each molecule at any instant, then the arithmetic mean of the 
speeds would be simply 


v= Atm tos. . ee 


On the other hand, if u is the single speed which makes the total 
kinetic energy the same as the actual kinetic energy, 

sym? = “m (v1? + ve? + 03? ++. . . + 9,7) 
or 


w= Sor + 0o* + 93? + . . Ge 


From this it is evident that wu is the square root of the arithmetic 
mean of the squares of the velocities. It will hereafter be referred 
to simply as the root-mean-square speed. Numerically, it is 
very nearly the same as the average speed é, as will be shown 
after the distribution of molecular speeds has been studied. 

The molecular velocities are thus seen to be extremely great 
compared with the velocities of ordinary every day experience. 
The velocity of the projectile fired by the 75-mile range can- 
non used against Paris in the World War was 1.7 X 10° em/sec. 
The speed at which a projectile would have to be fired verti- 
cally upward in order to be able to free itself from the earth’s 
attraction (the so-called “velocity of escape’’) is 1.1 X 10° 
em/sec. The velocity of escape from the moon is 2.4 X 10° 
em/sec. Since RT = pv = aN amu’, yu? = oN Here N4 =e 
the number of molecules ina gram-mole. Hence }4 mu? = 5.62 X 
10-"4 ergs at 273° abs. (0°C.) if N4 = 6.06 X 10-*%, the accepted 
value. This is the molecular kinetic energy at 0°C. Another 
speed with which the molecular speeds may be compared is that of 
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the velocity of sound waves in the same gas. In elementary 
treatises on sound waves it is shown that this velocity v depends 
on the pressure and density in the following way: 

P, 

p 

in which 7 is the ratio of the specific heat at constant pressure to 
the specific heat at constant volume. For perfect monatomic 
gases it will be seen later that it is a consequence of the kinetic 
theory, also borne out by experience, that y = 54, so that 


1 
“= fz = 55 = 0.7452, 


U 


v= 


which leads to the interesting conclusion that the velocity of 
sound in a perfect monatomic gas is approximately three-fourths 
of the mean speed of the molecules in that gas. 

Since the theory requires such enormous speeds for the mole- 
cules, the natural inquiry is, why it is that the molecules are not 
observed (by their direct effects) to travel so rapidly? Thus, at 
first sight, it might seem that a little hydrogen released in one 
corner of a large room should be observed in other parts of the 
room a fraction of a second later.4 This seeming contradiction 
was raised against the kinetic theory in its earliest days as a 
serious difficulty. The answer lies in the evaluation of the 
enormous number of the molecules in a cubic centimeter. It is 
thus obvious that the number of collisions experienced by a 
molecule in a short time will be enormous. Each collision 
deflects the molecule from its straightforward course; in fact, it 
may reverse the direction of its motion; so it is easy to see the 
answer to the seeming contradiction of theory and experience. 

The proper development of an explanation for the slowness of 
diffusion of gases and other related matters opens up a whole 
division of kinetic theory—that which deals with the concept 
of the mean free path of the molecules. Discussion of this will 
be reserved for the next chapter. Now, however, the results of 
the further developments may be anticipated by the statement 
that the average distance between molecular collisions will be 

‘found to be about 10-° cm under usual gas pressures. 

12. Exercises.—1. Compute the root-mean-square speed of the mole- 
cules at 298°K. of H», He, Ne, Hg vapor, and of a gas made up wholly of 
electrons, taking the mass of the electron as {4 times that.of the H atom. 


2. Show, from the theory of this chapter, that the Avogadro number 
(i.e., number of molecules in a mol of substance) and the mass of the individ- 
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ual molecules are related to known data in such a way that if either of 
them were determined experimentally the other would be known. 

3. Assuming the Avogadro number to be 6.08 x 102%, compute the mass 
in grams of a hydrogen molecule. 

4. The velocity of escape from a spherical body of mass M and radius r 
(using the earth’s mass and radius as units) may be worked out simply from 
the principle that the escaping particle must initially possess an amount of 
kinetic energy which is equal to the difference between the potential energy 
of the particle at infinity and at the surface of the body. Derive the rela- 
tion and: 

a. Compuie the temperature at which the root-mean-square speed of 
hydrogen molecules is just equal to the velocity of escape from the earth. 

b. Compare the mean speed of mercury vapor molecules at 5000°K. with 
the velocity of escape from the sun. 

5. When a gale of 60 miles an hour is blowing, are all of the air molecules 
moving with the wind at a given instant? If not, what is the average 
backward speed in miles per hour of molecules which are moving in a 
direction opposite to that of the wind? Assume 7’ = 298°K. 
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CHAPTER III 
THE MEAN FREE PATH—CLAUSIUS’ DEDUCTIONS 


13. Concept of Free Path.—Continuing the development of 
the mechanical model of a gas, begun in the last chapter, it is now 
of importance to consider the question, How far do the molecules 
travel, on the average, between their successive collisions with 
each other and with the wall? At the end of Chap. II it was 
foreshadowed that the answer to this question would make clear 
the slowness of gaseous diffusion in the face of the great molecular 
speeds.'° It will also be seen that the heat conductivity and the 
viscosity of gases are intimately tied up with the question of the 
mean free path. 

In the preceding developments, the molecules of a gas have 

-been regarded as perfectly elastic spheres whose diameters were 
vanishingly small compared to the mean distance apart of the 
molecules. The gas molecules were thought of as moving with a 
velocity w such that the total kinetic energy of the translatory 
motion was the same as the total kinetic energy of the actual 
translatory motions (Sec. 11). As the molecules exert no 
forces on each other except during collision, their paths between 
collisions will be rectilinear and described at constant speed. 
At certain times in the life history of a molecule it may happen 
that the molecule will go a comparatively great distance between 
successive collisions, at others two successive collisions will 
come very close together. In other words, the distances traveled 
between successive collisions, 7.e., the free paths, will be widely 
different, but will be distributed around a certain mean value. 
This mean distance traveled by a molecule between successive 
collisions is defined as the mean free path. 

Kinetic theory owes this very fruitful concept to Clausius,® 
who opened up a whole new branch of investigation by its intro- 
duction. He was led to these considerations by the very diffi- 
culty which has already been noted—that of the slow diffusion 


of gases. 
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Let n be the average number of collisions experienced by a 
molecule in a second, then 1/n is the average time between colli- 
sions, and if the mean speed be wu cm/sec., the mean free path L 
in em will be given by 

To 

n 

The evaluation of the mean free path is thereby made to depend 
upon the calculation of the average number of collisions which 
a molecule experiences ina second. This is the mode of approach 
to the problem originally adopted by Clausius. The deduction 
of this number, following the argument of Clausius, will now be 
given. 

14. Number of Collisions.—Let the diameter* of the molecules 
be denoted by o and consider a gas comprised of v molecules - 
occupying a container of volume V and of surface 2. Actuated 
by their thermal motions, the molecules will be moving about in a 
random manner, as often in one direction as in another, with the 
mean speed wu. For simplicity, the molecules will all be supposed 
to have the same speed, as in preceding arguments. 

When a molecule collides with the wall its center comes to a 
distance of se from the wall. When a molecule collides with 
another molecule the minimum distance between the centers of 
the two molecules will be «. If, then, the attention be fixed on 
one particular molecule, it is seen that there are certain regions 
of the containing vessel which cannot be occupied by the center 
of this particular molecule. For convenience, call the center of 
this molecule A. Then A certainly cannot be within a distance 
of a from the wall, nor can it lie within any sphere described 
about the center of any of the molecules with a radius equal to 
the diameter of the molecules. 

It is thus seen that the collisions experienced by the molecule 
A may be discussed by considering the collisions of the’ point A 
its center, with the surface S, which bounds the regions in which 
A canlie. In other words, the question of the collisions of spheri- 
cal molecules with other such molecules or with the walls may 


* For the discussion of the meaning of ¢ the student is referred to Sec, 
19 and Secs, 49, and 52 in Chap. V, 
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be replaced by the equivalent problem of the collisions of a 
point with a surface. 

The surface S may be better visualized by considering how an 
instantaneous picture of the molecules would look. It would 
find each molecule situated at a certain point within the volume V 
(Fig. 2). Surrounding each molecule would be a sphere of radius 
a, these spheres constituting part of the discontinuous surface of 
exclusion S, the remaining part of S being a surface parallel to 


the walls of the vessel but distant xo from them. The point A 


might, then, with equal likelihood, occupy one part of the space 
within this surface as another. The volume available to A 
will be denoted by U. 


Y 


Bia. 2. Fig. 3. 


But all of the equally likely positions of A are not associated 
with equal probability of collision with the surface S. Consider 
an element dS of the surface S toward which the molecule is 
moving in such a direction that its path makes an angle @ with 
the normal to dS (Fig. 3). The chance that the molecule will 
strike dS in the time dt depends on the relative motion of the 
molecule and this portion of S. Regarding the molecule as 
stationary, the element dS will move toward A with a speed u 
sweeping out a volume 

-u-dt-dS-cos 6. 
If at the time ¢ the point A is anywhere within this volume, it 
will collide with dS during the time ¢ and ¢ + dé. As all posi- 
tions of the molecule are equally likely, the probability Pata 
of a collision with dS in time dt may be written: 


Po.aas = aoa Aveta ek 
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This expression depends on the angle of approach of A toward dS. 
This element may be eliminated by averaging over all of the 
equally probable directions of approach. ‘Take the normal to dS 
as the axis of polar coordinates. The probability P of A 
approaching dS in a direction contained between @ and @ + dé 
will be proportional to the solid angle at dS subtended by these 
directions. This element of solid angle is measured by the area 
on a sphere (Fig. 4) of unit radius of the circular zone between 
the angle @.and @ + dé and so is equal to 


2r-sin 6-d 8. 


Fig. 4. 


The total solid angle about a point is 4 7, so the char ete 6 lies 
between 6 and 6 + dé is 

27 sin 6d@ _ sin 6d0 

¢_ 2 — 

But it is evident that a collision of A with dS is 


when @ < x so that the chance of collision of A W 


dt, in a form independent of 6, is 


Tv ° 


Paas = {? cos @sin 0+ dédtds = > 


pa: 
2U 
As this chance is independent of the part ul 
consideration, it may be integrated at once 
uS 


Psa = 40. - dt 


The expression on the right is than! the p D 
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the probability does not depend on the particular instant chosen, 
dt may be replaced by a finite time interval At. Choose At so 
that the probability Ps,, is equal to unity, 7.e., certainty of a 
single collision. ‘The proper value of At is, evidently, 
_ 4U 
ot 
Supposing that the amount of time consumed in a collision is 
negligible, the number of collisions in unit time is then 
Lieu 
At 4U 

15. The Quantities S and U.—In the expression just found for 
the number of collisions in unit time, the quantity S is the total 
area of the surface on which A, the center of a particular molecule, 
might collide. It is made up of two parts: (1) the total area of 
the spheres drawn about all the other molecules with a radius 
equal to the diameter of the molecules, and (2) the total area of a 
surface which is generated as the locus of a point which is at all 


At 


n= 


times distant ” from the walls of the containing vessel. The 


first term is simply equal to 47(v — 1)c?, and since in all cases », 
the number of molecules in V, is enormously great compared to 
unity, this may be taken as 4rvo?. The second term is quite 
negligible in comparison with the first in most cases, so that 
in all cases the much smaller difference between it and 2, the 
total area of the walls of the containing vessel, may be ignored. 
This fact can readily be seen from the following calculation: The 
surface area of a sphere of radius 1 em is 47 cm*. The volume is 


4 
3m em’. This contains, at N.T.P., 2.7 X 10!° molecules per cm, 


each of radius about 1 X 10% cm, and of radii of spheres of 
exclusion of 2 X 10-§ cm. The surface of each sphere is 167 X 


4 
10-16. The total area of the molecules in this volume is 316° x 


219% 10° em, or 5.7 * 10° cm?. . This is. 4.5 K 10* times as 
great as the surface of the spherical vessel with the molecules 
in it. 

The quantity U, it will be remembered, is the total volume 
available to the point A. It is evidently somewhat less than the 
total volume of the containing vessel V. Let the difference be 
denoted by b, so that 

> U=V-—b. 
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This difference b may, like S, be naturally regarded as the sum of 
two parts: (1) the volume from which A is excluded by virtue 
of the presence of the other molecules, and (2) the volume of 
the region within oe of the walls of the container. Further 
consideration of the value of b will be undertaken later (Sec. 19). 
16. Approximate Free Path.—Introducing the expressions for 
U and S in the formula for the mean number of collisions per sec- 
ond of a given molecule, 
ame: (2 + 4v0?) 
haut ACV. — B) 
The relation L = u/n between number of collisions and free 
path then gives the free-path formula: 
4(V — b) 
>+ Arvo? 
In many cases, the quantity b is negligibly small in comparison 
with V, and ~ is also negligible in comparison with 47va? (see end 


Sec. 15). By Sec. 19 bis Z 


L= 


ro*N. That is, b for molecules of ¢ = 


3 
2 X 10-8 em for a cm’ of gas at N.T.P. iste X 10-* X27 20" 


em’, or 4.5 X 10-4 cm?, while V is 1 cm, Another way of getting 
at this is by considering the volume of a given mass of water com- 
pared to that occupied by the same mass of steam or water vapor. 
Eighteen grams of water occupy, roughly, 18 em*. In the 
gaseous state 18 grams of water would occupy 22,410 em? 
of volume. Moreover, in the aqueous state the volume occupied 
by the water molecules is still greater than 6. Dropping 2 and 6 
from the expression, the free-path formula simplifies into: 


Denoting by N = »/V, the number of molecules per em® of the 
gas, 7.e., the molecular density, the formula may be written — 

1 . 
No? 
It is obvious from this expression that the mean distance between 
molecular impacts is dependent only on the molecular diameter ¢ 
and the number of molecules per em*. This formula makes it 
evident that the mean free path is inversely proportional to the molec- 
ular density. Since for equal volumes and temperatures the 


- a 7 


Toes 
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pressure exerted by a perfect gas is known to be proportional to 
the molecular density, the important result follows that the mean 
free path is inversely proportional to the pressure. 

Elementary Deduction.—A simple deduction of the expression 
for the mean free path may be made as follows: Assume all the 
other molecules at rest and one molecule moving with a velocity 
u. If the center of any other molecule comes within « em from 
the first they will collide (Fig. 5). Thus, as the moving molecules 
moves wu cm in | sec., there will be a volume zo?u which contains 
all the molecules with which it collided. If there were N mole- 
cules per cm? in the volume, that means that the moving molecule 
in going wu cm in the gas in 1 sec. collided with tNo?u molecules. 
The average distance gone between collisions L is, therefore, u, the 
distance traversed, divided by +No?u, the number of impacts 
experienced. ThusZ = u/(ro?Nu) or L = 1/(ro?N). 

This is the same formula as the simplified expression above. 


Fie. 5. 


17. Relative-velocity Correction.—In Sec. 14, when the mean 
number of collisions per second experienced by a particular mole- 
cule was being evaluated, one assumption was tacitly made, cor- 
rection for which will now be developed. In computing the 
probability of collision of a point A with an element of the sur- 
face S, the speed of approach of the point A to the element dS 
was taken simply as the root-mean-square speed of the molecules. 

Actually, the quantity which should be used is the mean relative 
speed of the point A and the surface S. Now part of the surface 
S is that which is parallel to the walls of the vessel. The mean 
relative speed of the point A with respect to the walls is simply the » 
root-mean-square speed of the molecules as used. The principal 
part of S, however, consists in the spheres of radius ¢ which sur- 
round all of the other molecules. In the preceding derivation, 
when these were regarded as at rest, the relative speed of A and 
of this part of S was correctly taken as u. It is now necessary 
to examine the effect of making a hypothesis more in accord with 
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the facts—that the other molecules are also moving in all 
directions with the same* mean speed equal to u. 

This requires that the mean relative speed of two molecules 
which each move with the same speed, but 
for which all directions of motion are equally 
probable, be calculated. The relative speed 
of two molecules is the vector difference of 
their speeds when these are referred to the 
same reference system (Fig. 6). If 6 is the 
angle between the directions of motion, the 
magnitude of this vector difference & is evi- 


a 7 dently given by 


€ = 2u-sin ; 6, 


since £ is the base of an isosceles triangle, whose two equal sides 
are each equal to u, and in which the angle opposite £ is @. £ is 
to be averaged over all values of 0, taking account of the equal 
weighting of the solid angle in the various directions around the 
vertex of 6. This is accomplished as before (Sec. 14) by multi- 
plying &— by 27- sin 0-d6. Integrating from 0 to 7, and dividing 
by 47, the mean value ¢ is then 
—= eI. 2u sin ; 6-27 sin 6d@ = auf sin? : cos 5 a0 

4u 


=—) 


3 


or the mean speed of the molecules relative to each other is four- 
thirds their root-mean-square speed when all the molecules are 
treated as moving with the same speed. . 

Returning to the equation of Sec.(16) for the mean number of 
collisions per second, it is seen that this can better be written: 


2 
ota we ois 
*~4(V—b) ' V—b 


the first term representing collisions with the walls and the 
second collisions of the molecules with each other introducing 
the relative-velocity correction. Supposing as before that 2 is” 
negligible in comparison with the area of the spheres of exclusion, 
a new expression is obtained for the free path as follows: 


* This assumption of equal molecular speeds introduces an error which 
will later need modification (see Sec. 37, Chap. IV). 
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Again making the lesser approximation in neglecting b, the expres- 

sion for the mean free path appears in the form 


i= aie me du 
gto” gt No* 
Dividing both sides of the equation by o, this yields 
Latte Li 
7 5 ,Nat 


so that the mean free path bears the same ratio to the diameter of 
the molecules as does the total volume of the vessel to the total vol- 
ume of the spheres of exclusion, or as does the total volume to 
eight times the volume of the molecules. 

The free-path expressions which have been obtained by cor- 
recting for the mean relative speed are the same as given origin- 
ally by Clausius in 1858. In their derivation it is to be noticed 
that the molecules are regarded as all having the same speed u, 
all directions of motion being regarded, however, as equally 
probable. >" 

18. Clausius’ Pressure-volume Relation.—In Chap. II, the 
deduction of the equation embracing the experimental results of 
Boyle and Charles was based on the original method of Joule, 
who found it necessary to regard the molecules as all having the 
same speeds, and certain fractions of them moving perpendicu- 
larly to each of the walls of the containing box. By arguments 
similar to those used in arriving at the mean free path, Clausius 
was better able to face the facts by supposing all directions of 
motion equally probable in giving a theoretical deduction of this 
equation. He was, however, still bound to the assumption that 
all the molecules travel with the same speed. The number of 
collisions per second which each molecule makes with S, in 
which the molecule strikes at an angle between @ and 6 + dé 
with the normal to S, was found by Sec. 14 to be 


Su sin 6 cos do 
2U 
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If vy molecules are contained in the available volume, V — b, the 
number of collisions is 
N Svusin 6 cos 6d6_ 
mate (6 55) 

From the dynamics of perfectly elastic collisions between smooth 
bodies, it is known that when a smooth elastic sphere collides 
with an elastic plane the normal component of the momentum 
of the ball is reversed while the tangential component is unaffected. 
In having the normal component of its momentum reversed, the 
ball communicates to the wall an impulse equal to the total 
change of momentum which is evidently twice the normal com- 
ponent. If the velocity of the molecule of mass m relative to the 
wall is u, the normal component of the velocity is u- cos 6, so 
that the impulse communicated to the wall at each collision is 


2mu cos 6. 

The impulse communicated per second, 7.e., the force exerted 
by all the molecules which collide at an angle between 6 and @ + 
dé, is 

_ 2vSu?m cos? 6 sin 646 
Je a aes 
As collisions occur only when @ < 7/2, the force exerted on the 
surface by all the collisions will be obtained on integrating this 
expression with respect to @ from 0 to 7/2. 


| ace 


_ Sur s _ »Su?m| cos? 6 |? _ 3 : 
[irae = 2 lp cos? @ sin 6dé 7 sf 3 [- iain 


The pressure exerted by the gas on the walls is the force per 
unit area, so that the last expression leads to the following expres- 
sion for the relation between the pressure and volume of a gas: 


p(V — b) = 5 vu 


This is the thoeretical equation as developed by Clausius. 
Comparing the Clausius equation with that of Joule (See. 5), 
it is seen that the two correspond exactly except that the Clausius 
equation makes provision for the term b, representing the influ- 
ence of the finite size of the molecules. Following upon the pio- 
neer work of Boyle, experimenters found that there were small 
deviations from the inverse proportionality of pressure and vol- 
ume. These slight deviations have their origin in two things: 
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(1) the finite size of the molecules, and (2) cohesive forces acting 
between the molecules in addition to those which come into play 
during collisions. The Clausius equation shows how the first 
should affect the pressure-volume relation. The way in which 
the second acts will, of course, depend on the nature of the sup- 
posed intermolecular forces. This point will be given detailed 
discussion later (Sec. 48, Chap. V). 

19. The Quantity b.—This quantity, which occurs in the free- 
path expressions as well as the pressure-volume equation of the 
gas, was first introduced in Sec. 15 simply as the difference 
between the actual volume of the vessel and the somewhat smaller 
volume which is available for the motion of the point A. It was 
there seen to be made up of a thin layer along the walls of the 
vessel and a part which depends in some way upon the volume of 
the molecules themselves. 

It is now desirable to take up the study of the way in which b 
depends on the volume of the molecules. This amounts to a 
- complete determination of b for all practical purposes, since the 
contribution of the layer along the walls is negligible. At first 
sight, it might -be supposed that b for the gas in lem’ at N.T.P. 
is simply equal to the total volume of the spheres of exclusion. 
Since these are spheres of radius equal to the diameter o of the 
molecules, this would give 

b= 3 No’, 
where N is the number of molecules per cm.* 

Actually, however, 6 is only one-half of the value given. This 
may be seen to be the case by considering the collisions of a single 
molecule of radius equal to that of the sphere of exclusion, 7.e., 
equal to the diameter of the molecules, with the points which 
represent the centers of the other molecules. In a collision of 
such a sphere with a point only that half of the sphere which is 
directed toward the line of relative motion of sphere and point is 
active in excluding the point from a volume. This is exactly true 
for binary encounters between molecules. It is conceivable that 
there is occasionally a collision in which three or even more mole- 
cules are involved at once, but it may be shown that such cases 
are extremely rare. The correction due to ternary and higher 
collisions is quite unimportant in comparison with the approxi- 
mation already made in assuming spherical molecules. 
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The value of b is then to be taken as 
b= 7Not. 
As will later be seen, 6 can be experimentally determined, and 
hence if NV is known, o may be evaluated. The deduction makes 
it possible, however, to use this relation only down to gas volumes 


of s7No! or 2b, since for volumes less than this the equal prob- 


ability of all kinds of impacts is altered by the limitations of the 
space available. According to Van der Waals, such a change in 
the value of b actually occurs for gas volumes less than 2b, as 
will be seen in Sec. 52. 

20. Number of Molecules Striking Unit Surface per Second.— 
It is often of interest to determine the number of molecules 
striking a surface per second. The knowledge of this quantity 
is very useful in calculations of heat transfer to solid surfaces and 
for problems of evaporation when equilibrium exists. In this 
section two short deductions will be given. In the next chapter 
a more rigorous deduction will also be given involving the distri- 
bution of the free paths and the velocities among the molecules. 

In Sec. 14 it was found that the chance P, of a single molecule 
striking a surface S per second was P; = Su/4U, where u is 
the average velocity and U the volume of the vessel.* If there 
are n molecules in U the number striking S per second is given 
by Pn=N,. Thus N, = nSu/4U, and calling 2/U = N 
the number of molecules per em*, VN, = SNu/4. If N./S = N,, 
the number striking a cm? per second, then 

Ni, — a 

Again it is possible to proceed as follows. Assume a em? of 
surface with N molecules per cm in the space above it. Of these 
molecules the chance that one has a velocity so directed as to 
make an angle @ with the normal to the surface is sin 6d6/2 
(see Sec. 14). Of the N molecules in a cm* only those which lie 
in a parallelopiped u cm long amd of base 1 X cos 4 em? will strike 
the surface in 1 second, for those further away will not reach it in 
1 second going u cm/sec.; and only those that lie in the cylinder 
whose base has the area normal to the direction of motion 1 X cos 
#cm? can strike it at an angle @ with the normal. ‘Thusif there are 
N molecules per cm', only those in the volume wu cos 8, to wit, Nu 


* Note that here the volume U is used interchangeably with V which is 
permissible as b is very small. 
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cos 0, will be in a position to strike the surface, and of these the 
chance of striking the surface at @ is sin 6d0/2. Hence the num- 
ber striking at an angle @ is given by 


N» = ucos ay sin 6dé. 


Integrating @ from 0 to 7/2 to cover all space above the surface, 
the result is 


Ni =o" | “sin 000s 6d@ = Bes 
Bd bs 4 

21. The Distribution of Free Paths.—The conception of the 
average, or mean, free path recently deduced gave the average 
value of the distance which a molecule had to move between two 
successive impacts. It was assumed in the process of averaging 
that the motion of the molecule in any direction was equally 
probable, and that the molecule might be at any point in the 
volume. ‘That is, it was assumed that enough points and direc- 
tions were taken in averaging in order to permit this to hold true. 
’ Actually, in looking at one of the instantaneous pictures of the 
surfaces of exclusion surrounding the point molecule A (Sec. 14), 
the molecule is pictured surrounded by a very irregular surface. 
If, then, from any point A where it happened to be this molecule 
were to move in a direction AC (Fig. 2) it would strike the wall 
after having traversed a very short stretch. If, however— 
what is equally probable—the point molecule should move in 
the direction AB, the distance moved before impact would be 
quite long. Thus, while a mean value for the free path is spoken 
of, the paths actually traveled are not equal, but may take on any 
value. The fact that these paths depend on pure chance for 
their single values will make it possible to derive an expression 
giving the distribution of the paths among the molecules. 

The law of distribution of free paths may be derived as follows: 
Consider J molecules starting out from a collision. After these 
have gone a distance x the number which have not yet experi- 
enced a collision is denoted by y. If a molecule, on the average, 
has Z collisions per second and its speed is u, the probable number 
of collisions in 1 cm is Z/u and the probable number of collisions 
in going a distance dz is (Z/u) dx. This is, however, equal to the 
decrease in y, i.e., to —dy, for y decreases as x increases. ‘There- 


; 3 Z 
fore, it is possible to write dy = — ute 
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Separating the variables, dy/y = —(Z/u) dz, and integrating 
between the limits y = I atx = 0, andy = y ata = a, the result — 
is log y — log J = —Zzx/u, 


Z 
or y = ley a” 
YAR Bae 5 
and dy = rs Ie” u* dz. 


It is important to note in this place that in deducing this 


equation the tacit assumption was made in writing —dy = “y dx 


that the chance of a collision depended on “y anddzonly. That 


is, the number of impacts dy was governed by the distance 
traversed dz, by the number of molecules traversing it, and by a 
constant factor which gives the probable number of molecules 
experiencing a collisionin lem. This constant is what might be 
called a ‘‘scale factor”? and is the constant of proportionality 
which determines the absolute value of the path. The deriva- 
tion therefore assumes the independence of the free path executed 
from all other factors than y, dz, and Z/u. 

To obtain a meaning for the constant Z/u it merely becomes 
necessary to determine the average free path, or mean free path 
L. This is obtained by multiplying the number of molecules dy 
of path between « and x + dz by 2, the length of the path, sum- 
ming it for all the groups of molecules from 0 to J, and dividing 
by J. Thus the mean free path, 


Hence L = u/Z and the equations above become 
y= fee 
dy = — Lorde 
L k 
Thus out of J paths that start anew after their last collision ie 


have a path exceeding « em in length. The larger the value of L, 
the average path, the more paths there will be that exceed a given 


THE MEAN FREE PATH—CLAUSIUS’ DEDUCTIONS 483 


x. The number dy out of the J paths that end in a specific 
fractional interval dx/L of the mean free path (i.e., in a certain 
interval between x and x + dx whose length is a fraction dx/L 


x 
of the mean path L) isIe “dzx/L. Thus by choosing an adequate 
interval dz/L the number of impacts suffered in that interval 
can be found. It may be seen from the equation that both the 
curves for y and dy as a function of x are exponential curves. At 
the point x/L = 0, y = I, and at increasingly large values of 


S 
S 
(=) 


Number of molecules that have gone a fraction a ofa free path 


HIG. 7. 


x/L, y approaches 0 asymptotically. The curve for y as a func- 
tion of «/L is given in Fig. 7. Thus it can be seen from Fig. 7 
that out of 1000 molecules starting at « = 0, 670 go adistance 
z/L = 0.40, 370 go a distance x/L = 1, and 18 go a distance x/L 
= 4.02. The point marked in the Fig. 7 by the vertical line is 
the point at which z/L = 1. It is the point where x equals the 
mean free path and it is the center of gravity of the distribution 
curve. It is to be noted that in this distribution curve the free 
paths have all values and are not grouped closely on either side 
of the mean value as will be found to be the case for the distribu- 


tion of velocities (Sec. 35, Chap. IV). 
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22. The Mobility of Gaseous Ions (an illustrative application 
of the free-path distribution)—As an example of the use of the 
concept of the free paths and of the importance of taking into 
account the distribution of the free paths, the evaluation of the 
velocity of gaseous ions deduced on the kinetic theory may be 
used. The normal gas ion, the carrier of electricity in gases, could 
be assumed to consist of a single molecule* carrying an extra posi- 
tive or negative charge (see Sec. 104 of Chap. XI). 

If such a charged molecule be placed in a field of strength X 
volts per cm in a gas it would experience the acceleration Xe/m 
due to the action of the field, where e is its charge and m its mass. 
The acceleration cannot last for a long time, however, as the ion 
soon collides with a neutral molecule of its own mass. If a large 
number of such impacts be regarded, it may be assumed (see Sec. 
105) that at each impact the velocity gained by the ion in the 
direction of the field is annihilated. It must then begin its 
acceleration in the field anew-after each impact. If the ion makes 
many millions of collisions in going a centimeter in the direction 
of the field this will result in the ions having a uniform average 
velocity of drift in the direction of the field. This velocity 
reduced to unit field strength is called the “mobility” of the 
ion. This reduction assumes velocity proportional to field 
strength, a fact borne out by experiment. It is thus obvious 
that’ the mobility must largely depend on the acceleration over 
a mean free path, and that hence the mean free path must 
be an important feature in the evaluation of the mobility. In 
deducing the expression for mobilities as here given the following 
assumptions must be made: 

1. Ions do not exert forces on the neutral molecules, 7.e., the 
paths are not influenced by the ionic charge. 

2. The impacts between ions and molecules as between mole- 
cules and molecules are perfectly elastic. 

3. The mass of the molecule equals that of the ion. 

4. The field is so weak that the gain in energy of the ion from 
the field over a single free path is small compet to the energy 
of agitation of the gas molecules. 


* The nature of the ion is not as yet certain; and it is a question whether 
it is a single charged molecule or a group of molecules about a charged © 
molecule. For simplicity it is aerunyes here that it is merely a chareaeiapole, 
cule of the gas, 
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Let an ion go an average path L in a time 7’, where 7 can be 
evaluated from 7 = L/u, wu being the average velocity of thermal 
agitation of the molecules. 

The distance S, traversed by the ion in the direction of the 
field in virtue of its charge in a time T' is given by 


1 Xe L? 


it 
= — vee: Se erat 
= C “ S: tT Sonat 


> —_ 


fora = o where ¢ is the charge, X the field strength and m the 


mass. 
Now if the ion goes S; in the direction of the field in 7 seconds its 
average velocity of drift in the field will be 


5 St _1XeL 

7 ~ 3m u 

: = 3 D tLlebL 
aor its mobility willbe K = ari ee 


Now in this deduction the value of an average free path L 
was assumed and all paths were assumed to be equal. Actually, 
the paths are not all equal and in this case the assumption intro- 
duces a serious error, for the distance traversed during the time 
tis proportional to ??._ Thus, for along path L, t? = («/u)? would 
give a very different S,; than for a short path. The distribution 
of free paths must then be considered. Replacing 7 by ¢ and 
L by « in the expression for S; above, 

2 
where z refers to all paths ending between x and x + dz. Now 
out of J initial paths the number of the length z is given by —dy or 


x 
of e “dx. Hence the average S; is given by 


L 
G2 talent ae 
2m : 
Whence S; = pes ee is “I> 2b { xe! ae 
Si ofa! a XS 
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As the number of paths of an ion in going 1 em is very great, 
the average time of a path may safely be taken as¢ = T = L/u; 
hence the expression for the velocity becomes 

emer 
rk mu 
and the mobility is 


Ratt 


in contrast to the value K = oe obtained in neglecting the 


distribution of free paths. 

23. Experimental Knowledge of Molecular Free Paths.—The 
manner in which the free-path concept has been verified must for 
part of its details be postponed to Chap. VI, in which relations 
are deduced which involve the free path in such a form that it 
can be evaluated from experimental measurements. The rela- 
tions involve the kinetic-theory deductions for the physical 
constants known as the coefficients of viscosity, of diffusion, and 
of heat conductivity of the gas. All these equations, although 
they have some uncertainty in the value of the numerical coeffi- 
cients concerned in them, give nearly the same values for L. 
Again, the theory says that L should be related to o, the diameter 
of the gas molecules, and to NV, the number of molecules in a em.* 
In recent years o! has been determined in a variety of ways and 


N* has been accurately determined. The values so obtained, — 


in so far as they theoretically should agree, agree well with the 
values of Z determined directly from viscosity. 

The two best experimental proofs, however, depend on more 
direct measurements of the free paths and distribution of free 
paths. The first method is due to M. Born.? It depends on the 
measurement of the thickness of a silver film deposited on a glass 
plate out of a beam of silver atoms moving in an atmosphere of 
air at reduced pressures as a function of the distance x from the 
origin of the beam. The apparatus is schematically sketched 
in Fig. 8. From the small heated tip of the quartz tube A a 
stream of evaporating silver is reduced to a narrow beam by 
means of the tube B. From there the stream passed through a 
circular hole in each of four brass discs one above the other and 
1 cm apart. These dises were cooled by liquid air about the 
upper portion of the quartz tube. Each of them supported a 


wat 
- 


a — 
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glass quadrant P1, Ps, P:, or Ps whose apex extended to the 
center of the circular opening. Each quadrant in turn was 
rotated through 90 deg. relative to 

the preceding one. Thus each of fe BE WN) 
four cold glass screens at distances 5 

of 1 cm apart received one-fourth of ~# 

the beam on their tips. The quartz , _—____| Ts 
tube was connected to an adequate x5 

pumping system and a set of gages | Ue 
for measuring and controlling the *—— 

gas pressures was provided. The x 

experiment then consisted in evap- 3 ISS 

orating the silver at various pres- a 
sures and measuring the relative 
amount of silver deposited on each 
plate as a function of the distance 
between the plates. The measure- 
‘ment was accomplished by a photo- mn 
metric comparison of the density of 
the deposits on the separate plates. 
The test of the theory by the experiments follows. If the equation 
for the distribution of free paths is correct, then the density 
of deposit should be given by 


x 


Fie. 8. 


Deedee L. 

where z is the distance between the plate and the origin B of the 
ray and L is the mean free path. In practice, however, even at 
the lowest pressures obtainable, there is a slight change in density 
on the different plates due to a geometrical spreading of the beam. 
Thus to eliminate this difficulty the measurements were made as 
follows: The values of the density Dio when there was no gas 
present and the free path had the length of the chamber, and the 
density D, on the same plate when the gas was present giving a 
free path L, are given by 


ry 
dD; = Dye L 

for one plate. For another one of the plates it is given by 
Dz = Dae f 


where 2x; and 22 are the distances of the plates from the source 
(i.e., the point B). 
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Therefore 


In the actual experiments reported, v2 — #1 = 1 em. These 
gave in one series of measurements the following values: 
for p = 5.8 X 107? mm, L = 1.7 cm. 
p =4.5 X 10-* mm, LZ = 2.4 cm. 

This gives pL constant within the limits of experimental error 
and so verifies the prediction of the kinetic theory. The values 
obtained for L if reduced to atmospheric pressure are then L = 
1.3 X 10-> and L = 1.4 X 10-° em. From viscosity measure- 
ments on L for air, the gas used here, L = 0.99 X 10 cm, 
while for Hg, which is a monatomic gas like Ag vapor, L = 2 X 
10-°. Thus for the Ag atoms in air the value obtained by direct 
measurement is in excellent agreement with the other values, 
considering the difficulty of the experiment. 

In a recent repetition of Born’s experiment performed with 
great care, F. Bielz+ has determined o for collisions between 
silver atoms and Nz molecules. The particular improvements 
in this work lay in the method of introducing the glass plates for 
catching the silver atoms, in the corrections for the spreading of 
the beam, and in the developing and measuring of the thickness 
of the deposit. In testing the law of distribution of paths, the 


free path L was calculated by means of the equation D, = ed 
from the measurements on the thickness of the deposit D, at 
different values of x. The values of Z multiplied by the pressures 
for different values of D should be constant. Three different 
values of x were used—22, 32, and 42 mm—and the following 
values for pL were obtained. 0.0132, 0.0104, 0.0097, 0.0109, 
0.0094, 0.00945, with a mean of 0.0098. This degree of constancy, 
when considered in the light of the other experimental uncer- 
tainties, establishes the distribution law quite successfully. 
The value obtained for co, the molecular diameter, is 2.58 X 


10-8 cm, with an accuracy of 5 per cent. If r = i for Nz be 


taken as 1.55 X 10-8 cm, o for the Ag atom is 1.0 X 10-8 em. 
24. Electron Free Paths.—In the preceding work the mean free 

path for gas molecules was deduced assuming molecules of diam- 

eter ¢ moving among like molecules. The value for L was 
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given by the expression L = bees where o is the diameter of 
=7o*N ) 
3 
the molecules, and the factor 44 came in from a consideration 
of the relative velocities of the molecules. As will be seen later 
(See. 37, Chap. IV), if the distribution of the velocities be con- 
sidered, the mean free path is given by the expression 
1 
_ V/ 2r02N 

where the +/2 replaces the 44 above. Now for an electron whose 
dimensions (3 X 10-!* em) are minute compared to a (2 * 107% 
cm) and whose velocity of agitation is much greater than that of 
the molecules (see problem 1, Chap. II), the equation may be 
simplified. For a point electron the sphere of exclusion has a 
radius o/2 (7.e., the radius of the molecules), for it can move 
right up to the surface of the assumed spherical molecules. 
Also the electron moves so much more rapidly than the mole- 
cules, since it has the same energy of agitation (as demanded by 
the law of equipartition) while it has less than 14¢99 the mass of 
most molecules, that the latter can be considered at rest relative 
to it. Hence the correction for relative velocities may also be 
removed. The equation for the electron free paths L therefore 
becomes 


1 
Le EON 
and 


for the molecules. 

25. Distribution of the Electron Free Paths.—It is possible to 
obtain a beam of electrons of almost any velocity and to shoot 
them through a gas. At any point of the gas the number of 
electrons can be measured and compared with the number at 
any other point by measuring, with an electrometer, the charges 
delivered by the electron beam per unit time in a Faraday 7 
cage. Now it also happens that electrons that are thrown out 
of the beam by colliding with molecules and being deflected by 
the impact, or those which have collided and lost appreciable 
velocities in the process, can be excluded from the measuring 
chamber. Thus it should be possible to measure y, the number 
of electrons which have escaped collision at any point of the path 


a 
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zx em from the source, as a function of x. This would at once 
furnish an exceptional means of testing the distribution law. 

The first man to test this was Lenard,® who even before his 
critical paper in 1903 had found that the number y of electrons at 
a distance x from the source moving in a beam in a gas at a pres- 
sure p could be accurately represented by an equation of the form 

a = Tere, 

In this case a is a constant related to the free path Z in a manner 
to be discussed later. This law he verified for a large range of 
pressures p and distances x. It holds well for electrons of veloci- 
ties ranging from near that of light down to velocities of the order 
produced in electrons which have fallen through a potential 
difference of less than a volt. With varying velocities, however, 


———- 
as 


oD 


Fia. 9. 


a, and hence the value of Z, varies. The significance of this will 
be seen later. : 

More recently two men, H. F. Mayer’ and C. Ramsauer’ (later 
Brode® and Rusch"), have carried on very refined measurements 
of this quantity at low velocities where the mean free paths of 
electrons should approach kinetic-theory values. The diagram of 
Mayer’s experimental arrangement may be seen in Fig. 9. From 
the glowing filament F electrons arise and are given a velocity v 
by means of the field between the gauze G and F, They then 
shoot in a nearly parallel beam through the small hole in the screen 
S;. From there they traverse the gas space to a screen S2 which 
is close to the Faraday cylinder C which is connected to the elec- 
trometer. The whole is placed in a glass tube T in which the 
gas pressure can be varied at will and accurately recorded. The 
distance « from C and S» to S; can be varied by moving C and S2 
back and forth by an electromagnet outside of the tube, C being 
attached to a small piece of soft iron Q. Between C and S: is 
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placed a retarding potential difference of about 0.95, of the initial 
potential driving the electrons from F toG. Thus if an electron 
having energy equivalent to the potential difference from F to G 
loses more than 5 per cent of its energy by impact with a molecule 
it will never be able to reach C against the field S.C. For this 
apparatus the equation for y as a function of x, can be written 
as 


y = f(a)L[oe~ 4 tan) 


assuming that the experimental law of Lenard is correct. Here 
f(z) is a small variation of the number of electrons with the 
distance x due to a spreading of the electron beam as a result of 
the mutual repulsion of the electrons. It is, on the whole, a func- 
tion of the velocity of the electrons. The constant a is the con- 
stant for the absorption or scattering of the electrons by the resid- 
ual gas in the apparatus when the pressure is at its lowest; a is 
the specific absorption of the gas and depends on the diameters of 
the molecules or, better, is a function of L; p is the gas pressure. 
Mayer in his experiment changed p and z and eliminated the fac- 
tors f(x), a, and I by four measurements. This was essential, as J 
changed some with the gas pressure due to cooling of the filament. 
At a pressure p; the currents J,; and Ji2 were measured 
at distances 2, and a, and at pe the currents J.; and Jo. 
were measured for distances x, and 22. Then 
Thy = (41) Liye 7 9; 
The = f(%2) Lie PY, 
Tox => f(@1) Tope eto), 
Too = f(X2) Toe otor2)22, 
Ti Io 
Call A; = log Te and A», = log 7s 
12 22 
h ve Ao — Ai ; 
leis  ~ @s =P) @2 = #1) 
This gives the constant a per mm pressure if p2 and p; are in milli- 
meters, and per cm path difference if x, and x are in centimeters. 
For a pressure p mm, “a’’ = ap, where “a”’ is the constant of 
an equation giving the number of electrons which escape molecular 
encounters in going x cm in the gas. In its simple form, disre- 
garding the correction terms for experimental difficulties above, 


the equation is 


a Ce 
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and comparing it with the free-path equation derived for mole- 
cules, 


ws 
y =let, 
it isseen thatap = “a” = 1/Ih, 


as 


Fie. 10. 


7.e., it is the total absorbing area, or area of cross-section, of the 
molecules in the volume in which there are N molecules. Thus 
the fact that “‘a”’, and hence Zi, are constants for any gas inde- 
pendent of x aS F establishes once and for all this relation and 
proves the legitimacy of the assumption of the distribution of free 
paths. 

A method even more sensitive than this one is due to Ramsauer. 
In this case photoelectrons liberated from a plate P by light from 
an are A are given a velocity by a field between a gauze G and 
the plate P. After passing through a slit S they are bent into a 
circular path by a uniform magnetic field H perpen icular to the 
plane of Fig. 10. By means of a series of narrow slit 
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S4, the electrons of one velocity are kept in the beam by the 
field; all others (7.e., those having different curvatures) are 
screened out. Two insulated chambers corresponding to the 
third and fourth quadrants and bounded by the slits and S; 
and S, are connected so that they can have their charges read 
on two electrometers. Call 2x; and x, the distances from the 
screen S; to the screens S; and Sy. Call J; the current received 
by the fourth quadrant and 7; the sum of the currents received 
by the third and fourth quadrants together at a pressure pi. Call 
I, and 72 the corresponding currents for a pressure po. Then 
from similar reasoning to that of Mayer 


1 1 lo uy 5 
(p2 — pi) wa — 2s) | Ts 


a= 


é Core 
Absorbing cross section in S24 at O°and Imm. pressure 


Velocity equivalent in Vvolts 
Fie. 11. 


The chief difference between the two measurements is that, owing 
to the critical elimination due to the path of the rays in the field, 
only those electrons get through which have suffered practically 
no loss of energy or change in direction. The results agree for 
both methods well within the limits of error, when the velocities 
are low (e.g., about 10 to 15 volts). By volt velocity is meant the 


- equivalent potential through which an electron must fall freely 


to gain the velocity. 
The curves obtained by Ramsauer for a number of gases are 


reproduced in Figs. 11 and 12, the quantities plotted are ‘‘a”’ per 
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mm pressure per cm’ against the square root of the equivalent 
potential applied to give the electrons their speed. The values 


5S ne Cf See 


for “a’’ computed directly from ‘‘a” = a where L is 
obtained from viscosity measurements, are indicated by the 
straight lines on the right of the figure. 

It is seen that in order of magnitude the values of “a” at the 
higher speeds are nearly the same as those for ‘‘a”’ computed from 
kinetic theory. For still higher speeds, ‘‘a’” decreases rapidly 
as the velocity increases. This is easily explained, since it is 
only for lower speeds that the collisions of electrons with mole- 
cules are elastic and they are deflected by the surfaces of the 
molecules. At higher speeds the electrons begin to shoot through 


ao 
re) 


ro) 
re) 


3 at 0°and Imm.pressure 


2 
cm" 
cm 


ia) 
oO 


44 yo" ——/f) 
0 ).2: 45 5 ne 
Velocity equivalent in Wolfs 


Absorbing Cross Section 


Fre. 12. 


the molecules. The behavior at the lower velocities is nearly 
normal for all but the inert gases. At speeds near those exciting 
characteristic resonance effects in the electrons of the atoms or 
molecules themselves, the bombarding electrons, especially in 
the inert gases, seem to be much more readily deflected than 
otherwise. Thus the effective areas of the molecules are 
increased and the mean free paths fall to lower values. At still 
lower speeds the atoms of argon, neon, krypton, and xenon appear 
to become more transparent to electrons than the kinetic theory 
demands. In fact, the area for argon drops to one-fifteenth its - 
kinetic-theory value at the lowest velocities, or the mean free path 
is multiplied by about 15. The meaning of this is obscure, and 
is characteristic of the peculiar symmetry of the inert gas atoms. » 
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The other gases appear to show nearly normal free paths as the 
velocity decreases. 


On the whole, then, the electron free paths lead to a brilliant 


confirmation of the distribution law and agree surprisingly well 


in 


magnitude with those computed from molecular free paths 


and the kinetic theory. 


10. 
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CHAPTER IV 
THE DISTRIBUTION OF MOLECULAR VELOCITIES 


26. Introduction.—Up to the present is has been assumed that 
all molecules moved with the same velocity. This assump- 
tion is, however, unjustified and it is incompatible with the 
assumed elasticity of the impacts of the gas molecules, as a little 
reflection will show. For simplicity, assume that all the mole- 
cules have equal masses and a common initial velocity c.* If 

the necessary assumption be 

made that the impacts are 

elastic (an assumption essen- 

tial to the elementary kinetic 

“2 concepts as otherwise the heat 

; energy would go into the 
deformation of the molecules 
and would not remain as 
energy of translation), then 
out of the manifold types of 
collisions taking place the 
occurrence of an impact of the 
type pictured in Fig. 13 can be © 
conceived. A molecule mi, is 
moving with a velocity c:. It 
is struck centrally by another 
Fra. 13. molecule mz: of the same 

mass moving at right angles 

to c: with an equal velocity c.. After the impact, mez will have 
given all its velocity cz, to mi, which had no component parallel 
to co, for molecules in such an impact merely exchange velocities, 
as shown in Sec. 28. As a result, m1 will now possess a velocity 
cs equal in magnitude of ~/ 2c: along the line indicated. mz will 
then have no velocity, while m; will have a velocity V2c. In 
this impact the total energy will be the same as before, for the 


* Heretofore the velocity has been designated by the letter wu. ‘Since the 
recognition of the distribution of velocities, molecular velocities will be 
designated by the conventional symbol c. 

56 


Before Impact 


After Impact 
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patel 1 1 ; 
initial energy was amici” + pimace” = m\C;*, since m, and c 


have the same magnitudes as m2 and ce, and the final energy 
i 1 at | = 
will be gina(0)? + gia (V 21)? = mic". Thus after the first 


impact in an extreme case, while the energy is conserved, the 
velocities of the two molecules will no longer be the same. For 
other impacts the changes will be less, but it is evident that even 
after a very few impacts the molecules will no longer have the 
same velocities, and, if enough molecules are taken, molecules 


with all sorts of velocities will exist. The average velocity ~/é,2 
will, however, remain the same, for sm? has been conserved, 


and as long as m: is constant c; must be constant. Thus the 
velocities will be distributed about an average value 4/é,2 which 
depends, as will be seen, on the temperature of the gas only. 

It will be the task of this chapter to deduce this law of distribu- 
tion of velocities and to give what experimental evidence exists 
of its verification. The deductions given will be of two sorts.* 
The first one will be the general approach given by Boltzmann 
_ and based on astudy of the equilibrium resulting in elastic impacts. 
The second one will be the original deduction due to Maxwell. 
In the latter case certain fundamental assumptions made about 
molecular motions and velocities are such that they fall into a 
category of general conditions in the theory of probabilities such 
that they lead to the deduction of the distribution law, which 
must therefore be the distribution law applicable to molecules. 

27. Boltzmann’s Method.j—The fundamental idea underlying 
this treatment is that a distribution arrived at by other considera- 
tions by Maxwell (Sec. 33), represents the equilibrium state 
after complete random motion has set in and the velocities have 
reached their permanent régime of velocities. If this is so, then 
the distribution law should follow from the condition that in 
elastic impact the number of molecules having velocities lying 
between certain limits is constant. 


* Still another very ingenious elementary derivation is givenin K. F. Hertz- 
felds, Kinetische Theorie der Wirme, Miiller-Pouillets, Lehrbuch der Physik 
Vol. III, Part II, Chapter Ia, Sect. 7. 

+ The treatment given here is not a translation of Boltzmann’s original 
deduction. It is a free translation of the very admirable and condensed 
version of it given by Clemens-Schaefer in his splendid book, “ Einfiihrung 
in die Theoretische Physik.’’” 
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Let it be assumed that the molecules are rigid elastic spheres 
and consider those molecules having velocity components 
between u and u + du, v and v + dv, and w and w + dw, where 
u, v, and w represent the velocities along the z-, y-, and z-axes. 
Geometrically considered, these may be represented as those 
molecules for which the velocity vectors drawn from a point O 
in Fig. 14 all end in the small volume element dudvdw. Assuming 
that a distribution law exists and that there are n molecules all 
told, the number ending in dudvdw can be written as nf(u, v , w) 
dudvdw. Here f(u, v, w) represents the function expressing the 
Maxwellian distribution which it is desired to find. For the 

sake of brevity let these particular 

ve molecules be known as molecules of 
type A. Per unit volume there are 
Nf(u, v, w) dudvdw of these, where 
N is the total number of molecules 
per cm*. As molecules of type B 
such molecules may be considered 
as have velocities lying in a volume 
element du/dv'dw’, i.e., with veloci- 
ties between wu’ and wu’ + du’, v’ and v’ 
+ dv’, and w’ and w’+ dw’. The 
Fie. 14. number of molecules of the type 

B per unit volume is, similarly, 

Nf(u’, v’,w')du'do'dw’. 

The molecules which were at a given instant of type A ‘More an 
impact change their velocities in a time interval di as a result of - 
the impacts, while in the same time interval more molecules of 
other classes as result of impacts enter the type A. Between 
these two changes at equilibrium in the gas, an equilibrium must 
exist, and it is this equilibrium which will define the distribution law. 


One may begin by considering those impacts in virtue of which 
the A-type molecules are decreased in number. Of these impacts 
it is perhaps simpler not to consider those with all types of mole- 
cules and A molecules, but only those between the type-A mole- 
cules and the type-B molecules. Impacts between the A- and 
B-type molecules may now be discussed with an added restric- 
tion, namely, that at the instant of impact the lines of centers of 
the molecules (taken from A to B) have a definite orientation in 
space. As, however, the A and B molecules have vectors which 
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end in a finite though small volume (dudvdw). the directions of 
the lines of centers will vary within certain small limits also, 
that is, the direction cosines of the line of centers is restricted so 
as to have components which lie between / and / + dl, mand m + 
dm, and n and n + dn. If these lines of center were to be 
depicted as drawn from a common 
origin, they would for the colli- 
sions considered cut out a small wr 
surface element dK in a unit 
sphere drawn about the origin 
(see Fig. 15). Such collisions will 
be termed the collisions of type a. 
To simplify still further the letter 
F may be written for the product 
N times the function f. Thus 
the number of molecules of types 
A and B per unit volume is given 
by F(uww)dudvdw and F(u'v’w’) Fia. 15. 
du'dv'dw’. And the number of 

_ impacts of A molecules with B molecules of the class a 
in the time dt is given by v.dt = F(uow) F(u'v'w’)6°c, cos 
6dKdudvdw du'dv'dw'dt. This results from a consideration of 
the nature of the impacts of the molecules considered as spheres. 
If the molecules have the diameter 5, an impact occurs every 


Ayn) 


Fria. 16. 


time that the length of the line of centers takes on the value 6. 
In Fig. 16, call A the center of the A molecule and describe a circle 
of radius equal to the molecular diameter 6 about it. An impact 
then occurs when the center of the B molecule lies on this circle. 


De 
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In particular, this will be an impact of the a type if the direction 


AB has the direction cosines 1, m, n. 

Since dK is the surface cut out of unit sphere by the impacts 
(7.e., the solid angle), these same impacts will cut out of the sphere 
of radius 6 a surface element 6°dK. The cone filled by the lines 
of centers in all the a impacts is shown in the figure. The ques- 
tion now is, How many of the B molecules will collide with A 
molecules in the time dé? This does not depend on the absolute 
velocities of the A and B molecules but on their relative veloci- 
ties. The A molecules may then be considered fixed and the 
B molecules moving towards them with a velocity c,. This 
direction of relative velocity is, obviously, the direction of the 
u’—u, v'—2, w'—w, 

Cy 
which will be called \, u, v for simplicity. If now there is con- 
structed about B’B as axis an oblique cylinder whose base is 
the surface element 6°dK and whose length is B’B, then in the 
time dt only those B molecules which lie in the cylinder will 
collide with the A molecules. Since B’B is equal to ¢,dt, the 
volume of this cylinder will be 6*dKc, cos 8, where from the 
figure cos 6 is equal to — (Al ++ mu + nv). The negative sign 
comes from the fact that JA + mu + nv is equal to the cosine of 
the supplementary angle of @, and the cosine of the obtuse supple- 
mentary angle is negative. Since the volume must be positive, 
the negative sign must be included in the term for the volume. 
As per unit volume there are F'(w’v’w’)du’dv'dw’ molecules of the 
type B, the cylinder contains 
F(u'v'w’) 6c, cos 6dK du’ dv'dw'dt 

molecules. These and only these molecules undergo the a-type 
collisions with the A molecules in the time dt. 


straight line B’B and has the direction cosines 


Now there are in a unit volume F(u v w) dudvdw of the A type 


of molecules present, so that in the time dé the number of impacts 
of the a type occurring, vadt, will be given by 
vadt = F(upw) F(u'v'w’)62c, cos 6dK dudvdwdu' dv’ dw’ dt. 
If, for simplicity, F(uvw) and F(u’v’w’) be written merely F and 
F’, then the decrease in the number of A molecules per cm* 
in a time dt through a@ collisions is given by 
FF’8’c, cos 6dKdudvdwdu'dv'dw'dt. 

It is next necessary to determine the increase in the number of A 

molecules per unit volume in the timedt. To this end another 
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special type of impacts, which may be termed 6 impacts, must 
be regarded. These impacts are defined by the following three 
conditions: 

1. After the impact one of the two molecules must belong to 
type A, that is, its velocity as a result of the impact must lie in. 
the volume element dudvdw of the velocity space. 

2. After the impact the second molecule must belong to the 
type B, that is, its velocity as a result of the impact must lie in 
the volume element du’dv'dw’. 

3. At the instant of impact the line of centers should have the 
direction cosines 1, m, n, that is, it must go through the element 
dK of the unit sphere (Fig. 15). In this case the velocities after 
impact are defined. Jt is now necessary to calculate on the basis 
of the laws of elastic impact the velocities u, v, w and wu’, v’, w’ of 
these molecules before they collided. This is accomplished by an 
analysis of elastic impacts which follows. 

28. Velocity Exchanges in Elastic Impacts.—Between two 
rigid molecules of equal masses two types of impacts may occur. 
The simpler of the two could be termed ‘‘head-on collisions,” 
that is, collisions in which the direction of motion coincides with 
the line of centers at impact. The second type of impact may 
be termed “‘oblique impacts,” and are such that the direction of 
motion and the line of centers at impact do not coincide. From 
the simple laws of impact for the first case the impacts in the 
second case may be deduced to the extent to which they concern 
the type of collisions for which they will be used. 

Consider two molecules A and B which possess before impact 
the velocities c and c’ along the same line. Let their velocities 
after impact be ¢ and é@’. From the conservation of energy, 
since the masses are equal, it is possible to write 


; p a 2 
Cee 0 - E, 


-and from the law of conservation of momentum, 


eet = t+ é! 
If these equations are written in the following form: 
e@-—¢ =e —c? 


(Gi 
division of the first by the second paren yields 


e+té=c+. 
Combining this equation with c — é = é’ — ¢’, 
the result is é=c' 
e’=c 
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that is, the two molecules have merely exchanged velocities. 
Consider next the more complicated case in which the velocities 
C and C’, which now must be considered as vectors, have direc- 
tions differing from each other as well as from the line of centers 
AB of Fig. 17. C and C’ may be decomposed into two compo- 
nents each, one parallel to the line of centers and the other per- 
pendicular to it. Expressed in another way, C and C’ may be 
decomposed into two vectors C; and C’, parallel to the common 
tangential plane at the instant of impact, and C,, and C’, normal 
to this plane. For smooth spheres the tangential components 


Fie. 17. 


C; and C’; remain unchanged after the impact, while the normal 
components play the same réle as in head-on impacts. If the 
velocity components after collision be designated, as Cul pend 
C, C’,, corresponding to the components C;, C’, and C, and C’, 
before impact, these facts may be expressed by writing 


et — C: i 
GY — vn ( ) 
and 
Ce = Ce : 
ea Gat — @) 
Since vectorially expressed 
C = Ci + Ca, 
Kq. (1) and (2) above lead to the following relations: 
Cv CO, 4+ Cn =O Ce (3) 


Ge = OS -- i'5 — Cs + Ge 
These may be expressed somewhat differently if the relative 
vector C, after impact be used, where 


C.= C=, : (4) 
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Since vectorially expressed C, = C — CR Eq. (3) becomes 
C=C—C, +0’, = C+ (6 — ©); 
or, using Kq. (4), © 
* C=0+G),. (5) 
Here (C,), signifies the normal component of the relative velocity. 
In asimilar way from Eqs. (3) and (a): 
C= C.+0C, = Cr+ (C.-C) + 0% 
= C1 + Cn — (Cr)ny 
and since C’, + C’, = C’, 
C’ =C’ — (C,)n. (6) 
Equations (5) and (6) may be written in terms of their compo- 
nents along the three coordinate axes. Call the components of 
the velocity C, u, v, and w, and similarly for the other velocities, 
adding the proper subscripts. Furthermore, call the direction 
cosines of (C,), the normal component of the relative velocity 
(this is, the same as the direction of the line of centers), 1, m, n. 
Then according to Eq. (5) 
u=a+1-(Cr)p 
v=d0 +m: (C,)n ’ (7) 
w=wv+n-(C,r)n } 
and according to Eq. (6) 
ul =a! —1-(Cy)n 
vo = b' — m- (C;)n 
w' = 0’ — n- (Cr)n 
Again, according to the definition of the relative velocity C, the 
direction cosines of the normal component of the latter are 
ee ou, Jk Sago tL. 
ew ie), |  (C), 
Multiplying these equations in sequence by 1, m, and n, the result 
is, since /? + m? + n? = 1, 
(C.)n = (a’ — w+ (i — d)m + (Ww — W)n. (9) 
Putting these into Eqs. (7) and (8) the results are: 
u=@ + {P(a’ — a) + Imi’ — 0) + In’ — ®) a 
10 


(8) 


+ {lm(a’ — %) + mo’ — 6) + mn(w' — Ww) 


v= 0 
w= w+ {In(a’ — a) + mn(o' — 0) + n°’ — W) 
and 
uw =a + {Pa — wv’) + ln — 0) + nw — W’) 
v=o + {lm(a — wv’) + m6 — 0) + mn — W’) ¢- (11) 
w! = 0 + {In(a — w’) + mn — 0’) + PW — Ww’) 
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These expressions give the components of velocity wow and wu’v’w’ 
before the impact in terms of aw and wd’ after impact, and 
vice versa. 

29. Continuation of the Boltzman Derivation of the Distri- 
bution Law.—The equations deduced from the velocity exchanges 
in elastic impacts make it possible to calculate at once the desired 
velocity components before the impact. It must, however, be 
remembered that the quantities which it is required to find and 
which were expressed by aiid and adv’ in the first part of this 
deduction correspond to the quantities www and u'v’w’ of the sec- 
tion on Velocity Exchanges. Thus the quantities that have 
dashes over them in the velocity exchange deduction become the 
undashed quantities in this case, and vice versa. For example, 
according to Eq. (10) of the preceding section, for the velocity © 
components aw of the molecules which after impact will fall into 
type A, the following values are found: 

u — {Pu — u’) + Im(v — 0’) + In@w — w’) }- 
v — {ln(u — wu’) + mo — 0’) + mnw— w’)}- 

wo =w — {In(u — w’) + mn(v — 0’) + 2 (w — w’) }- 
And for the velocity components 7@’i’’ of the molecules which 
after impact will belong to the B type of molecules, from Eq. (11) 
of the preceding section the following values are found: 

w=wu — { Pw’ — u) + lm’ — 0) + bn’ — w)}- 

vo =v’ —{lm(u’ — u) + mv’ —v) + mn(w’ — w)}- 

wo = w'— {In(u’ — u) + nm(v' — 0) + wo’ — w)}- 
From analogy to the considerations for the number of impacts 
in dt which removed A-type molecules from the class by a impacts 
the number of impacts between these molecules leading to the 
formation of A and B molecules per unit volume in dt is given by 
F (aw) F (a'0'w') (62c, cos 0dKdudidwdi'dd'dw'dt). This expres- 
sion is the exact analogue of the previous expression for the dis- 
appearance of A molecules, and may be written 

FF'§°c, cos 6dKdiididibdu' di’ dw'dt. 

These are, however, not necessarily 8 impacts but can only be so 
if the quantities dia, dd, dw, dia'dd’dw' are so determined that 
a + di, etc., before the impact go over into u + du, etc. after the 
impact, for a 8 impact is so defined that the molecule must go 
into the A type (having velocities between wu and u + du, etc.) 
after the impact—that is, not only must aw go over into wu, v, — 
and w after the impact, but 7 + da, 5 + dd, and w + dw must go 


ef 
II 


— 
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over into u + du, v + dv, and w + dw. In order that this may 
occur, di, dv, dw, di’, di’, di’ must be so determined that they 
correspond to the quantities du, dv, dw, du’, dv’, dw’ after impact. 
The quantities dz, . . . dw’ must be determined by differentia- 
tion of the equations giving a, . . . w’ in termsofu,.. . w’ 
above. Differentiating thus, 


dididw - da'dd'dw’ = Adudvdw - du'dv'dw’ 
is obtained, where A is the substitution determinant. 
ou gu au Ou Qu AG 
3 =——3 >] bs ) 
du dv dw du’ dv’ dw’ 


00 0d 
au dw’ 
Ow Ow 
du dw’ 
A hy Ou’ Ou’ : 
Ou dw’ 
ao’ do’ 
du aw’ 
Ow’ Ow’ 
Ou Ow’ 


The coefficients of these come from the equations for ai and 


a'v'w’ and it is seen that A is given by 


1—Pf,—-—lm, -—in, P, lm, In 

— lm, 1 — m?, —mn, Im, m*, mn 
et. In, —mn, 1 — n?, In, mn, n> 

ge lm, In, 1—[?,-lm, -—In 

Im, m?, mn, —Im, 1— m?, — mn 

In, mn, ee —In, —mn, 1-7? 


Evaluation of this determinant yields the result that A = +1. 
Hence dadidw-di'di'dw' = dudvdw-du'dv'dw’. This equation 
is a special case of a famous theorem of Liouville. It is therefore 
found that if the velocity vectors of two molecules before an 
impact be in definite volume elements of the velocity space, they 
will after impact lie in different volume elements, which, however, 
are of the same size as the initial elements. 

Thus the equation for the formation of A molecules from B 
impacts takes on the form 


_ FF’S%c, cos 6dKdudvdw « du'dv'dw’ - dt. 
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The net increase of the A-type molecules in unit volume 
through impacts of the a and 8 type in the time d¢ is, therefore, 


(FF’ — FF')6?c, cos 6dKdudvdwdu'dv'du' - dt. 


By integration over all values of w’v’w’ as well as all values of 
dK, the increase in the number of A molecules in unit volume in 
the time dé through all possible impacts, is obtained, to wit 


dudvdw - auf fff (FF’ — FF’)8°c, cos 6dKdu'dv'dw’. 


Now the number of molecules of type A was assumed to be 
F(uvw)dudvdw at the beginning of the discussion. This number 
in the time dt changes to 


(« + writ ) duava 


Hence the increase in the number of A-type molecules per unit 
volume in a time dt is expressed by, 


= dt - dudvdw. 


Accordingly, 


= ite { fe — FF’)§? - c, cos 6 - du'dv'dw'dK. 


From this equation it follows that the relation 
FF’ — FF’ = 0 

is a sufficient condition that dF /dt = 0, that is to say, it is a 
sufficient condition that a stationary state has been reached. It 
does not prove that it is a necessary condition, for in order to 
make dF'/dt = 0 it is only necessary that the integral as a whole 
vanish. This will occur if FF’ — FF’ is equal to 0. It will also 
occur if the quantity FF’ — FF’ has positive and negative values 
such that the integration carried out between the limits makes 
the integral vanish. If it could be shown that FF’ — FF’ is 
always positive or always negative, the condition FF’ — FF’ = 0 
would be both a sufficient and a necessary condition that the 
integral vanish. 

The condition, however, that d/'/dt = 0 is sufficient to deter- 
mine the distribution law. If it is brought to vanish through 
FF’ — FF’ being zero, the distribution law evaluated by this 
condition would be a possible distribution law. In order to 
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show that it is the only distribution law, the condition that FF’ — 
FF’ = 0 would have to be proved to be the necessary and sufficient 
condition for dF/dt becoming 0. This was accomplished by 
Boltzmann by means of his famous H theorem. 

30. Application of the H Function.—To prove that FF’ — FF’ 
is always of one sign in the integration, Boltzmann studied the 
so-called H function, or logarithmic function, 


H= fi f fF log Fdudvdw, 


in which the integration is to be carried out over all possible 
values of u, v, and w, 7z.e., from —o to +o. H is thus a pure 
number entirely independent of u, v, and w, and dependent only 
on the analytic form of F. Now in equilibrium F is not supposed 
to change with time, that is, the function represented by F is 
the one expressing the equilibrium condition. Thus the condi- 
tion of equilibrium may be expressed by writing that dH /dt = 0, 


for if Fi is a constant with respect to time the derivative of if f f 


F log Fdudvdw with respect to ¢ must be 0. 

It is next necessary to determine dH /dé relative to the quanti- 
ties which have been dealt with. Differentiating F. log Fdudvdw 
under the eo . sign, 


eal {| { Ge af Gr ORF dude. 


Putting in the value of d/’/dt obtained for the increase in A mole- 
cules above the expression 


{fff ff fare (FF’ — FF’)5°c, cos @du. . . 


dw'dK 


is obtained. Now so far the A molecules only have been empha- 
sized, inasmuch as it was desired to determine their increase in 
number. Actually, the B molecules also change, and since the 
B molecules are in no way subordinate to A molecules in these 
processes their changes must be included in the calculations. 
In fact, the division of molecules into A and B types was, in 
reality, only a mathematical convenience for simplifying the dis- 
cussion. Thus there must exist for the B molecules a set of 
equations analogous to those for the A molecules in which the 
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accented letters are merely substituted for the unaccented 
letters, to wit 


< ac i} f ii { (FF’ — FF')6%c, cos 6dudvdwdK 
H= RAE ‘log F’du'dv'dw’. 


ae two lead to an equally justified value for dH /dt, namely, 


ao) eee F’) (FF’ — FF’)é%c, cos 6du 


. dw'dk. 
Addition of these two expressions for dH/dt and division by 2 
lead to an average value for dH /dt, in which both collisions are 
equally regarded. This-value takes the form 


wna) lf [ff [ereerr ae — me 


6’c, cos Odu . . . dw’dK. 
This value again, however, considers only the a type of impacts, 
since the a type of impacts was taken as the starting point of 
the discussion. Since the 8 collisions could have been used as 
the starting point as well as the a, they must be included in the 
evaluation of a final neutral value of dH/dt. Thus two expres- 
sions can be gained analogous to those just averaged which would 
follow if the 8 impacts had been used as the starting point. 
These are obtained again by merely interchanging the dashed 
and undashed letters for dF'/dt and dF’/dt used before and for the 
H used before. If this transformation is carried out, the effect © 
of the use of the 8 type of impacts as a starting point leads to 
the expression 


at “al {fff fetes (FF" — FP’)s%, 


cos 6du . . . dw’dK, 
in which, because of the relation du...dw’=du... 
dw’ the dashes were left off in the final differential product. 
Averaging this expression for dH /dt with the one based on the a 
impacts as a starting point, the perfectly symmetrical expression 
for dH /dt below is obtained: 


= = af LJ fff fo FF’ — log FF’) (FF’ — FF’)8*c, 


cos 6du . . . dw’dK. 


and 
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This integrand is always negative since FF’ — FF’ has the 
opposite sign from log FF’/FF’, while all other quantities are 
positive, for @ is always less than > Since the integrand is 
always negative or equal to zero, integration between no limits 
whatever can make the integral vanish. Thus the integral 
can be 0 only if the integrand FF’ — FF’ is 0. 

31. Conclusion of Boltzmann’s Method.—Since, therefore, 
the condition that dH/dt = 0 is synonymous with the state of 
equilibrium, equilibrium will occur only when 

FF’ — FF’ = 0. 
This condition is, accordingly, also the necessary condition for 
equilibrium. Thus the equilibrium condition is defined by FF’ — 
FF’ = 0 and by its means the form of the distribution law may 
be determined. 

To arrive at this from the above equation it is simpler to divide 
the equation by N, the number of molecules per unit volume, 
and one has the equation in the form, . 

ff’ — ff’ = 0, where f, f’, f, f’ express ie a a 

ee ¥ NNW 
Furthermore, since for equilibrium all directions in space are 
equivalent, therefore the f’s depend on the magnitudes of the 
velocities only and not on the directions. This may be expressed 
by the equations 


if os ev(c?) 
Ei = eve) 
‘i = e¢(é) 
f’ = ese 


for the letter c represents the appropriate vector velocities of the 
molecules in the A, B, a, and 8 impact classes. The square is 
used to make them independent of the sign of the velocity. 
From the law of conservation of energy one can write 


e+? = a+ ¢"% 


@ = c? + C2 — @?, 
Putting ff’ — ff’ = 0 into logarithmic form 
log f + log f’ — log f — log f’ = 0, | 
and substituting the values for f, f’, f and f’ assumed above, one 
obtains 


hence 


(6?) + (2) — $(c?) — o(c’”) = 0. 
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Substituting for ¢é?, this becomes ¢(c?) + $(c’) = $(é7) + 
o(c? + o? — 6”), : 
Differentiating this partially with respect to c?, c’, and ¢” 
respectively, one obtains 

¢’ (c?) — ¢' (c? + a ¢’?) 

o'(c!*)i= g'( -b c? =e") 

o' (a?) = g'(c? + c? — &”) 
or ¢'(c?) = ¢’(c?) = o'(”). 
Such an equation can hold only if the derivatives are equal to 
a constant which one may call —1/a?, 7.e., if 

¢'(c?) = — 

Integrating this and calling log A* a constant of integration, 


o(c?) = -+ c? + log A, 
that is, it can hold only if 
f = et) = A% -a8 
But f is the abbreviation of f (u, v, w), and c? = u? 4+ v? + w?, 
so that 


1 . 
(i, oy) Ane ee 


or, separately, f(u) = Ae fix) = Aes and f(w) = Ave. 

If there are N molecules present in a cm* the numbers having 

velocities between wu and u + du, v and v + dv, and w and w + dw 
u? v2 

are given by Na, = Nf(u)du = ANe odu,Na = ANe adv, and 

Neo = ANe~ et dw, 

This is the expression indicating the distribution of velocities. 
The physical meaning of the constants A and a@ will be deter- 
mined in the treatment of the distribution law as deduced by 
Maxwell (Secs. 34 and 35). 

32. The H Theorem and the Meaning of H.—The significance 
of the quantity H is far more extensive than a mere aid to the 
determination of the distribution law, for it makes it possible to 
obtain a mechanical significance for an otherwise difficultly inter- 
pretable quantity, namely, the entropy. It is, however, beyond 
the scope of this text to derive the relationship or to enter into 


the more recent rigorous proofs of the H theorem. This falls 
into the domain of statistical mechanics. 
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It was noticed that the integrand in the expression for dH /dt 
was always negative and in the limiting case of equilibrium 0. 
Thus for every case deviating from the stationary state one 


obtains the inequality 
dH 


Pies! 


and only for the stationary state does one obtain the equation 
dH/dt = 0. These two statements constitute the Boltzmann H 
theorem in its simplest form. Its significance consists in the 
following: 

Thermodynamics teaches that an isolated system can succes- 
sively take on only such states that its entropy always increases. 
If the entropy can no longer increase the system remains in a 
state of equilibrium which is defined by this fact. Thus entropy 
as a function of time follows the inequality that dS/dt = 0; 
the negative entropy will consequently be represented by the 
relation —dS/dt < 0, which is completely analogous to the 
inequality for H. Thus it is expected that H must be 
closely related to negative entropy. Since H has a_ purely 
mechanical definition, a mechanical definition of entropy is 
reached. In fact, it can be shown by analysis that for a mona- 
tomic gas in equilibrium the entropy, aside from certain con- 
stants of integration, is related to the quantity H by the relation 


R 
S sinscli* et No 

where F is the universal gas constant and N, is the Avogadro 
number. A still further analysis leads to the interesting result 
that H is the negative logarithm of the thermodynamic prob- 
ability. This thermodynamic probability is, in turn, the num- 
ber of equally probable configuration of the states of the separate 
molecules which will give a resultant thermodynamic state in 
the gas. Thus the negative logarithm of the chance that the 
separate molecules will find themselves in such a configuration 
of states as to give a certain thermodynamic state in the gas is 
the quantity H. From the relation between H and entropy one 
can then write that, since — log Wirerm. = H, therefore S = R/N 4 
log Weherm. Here Wererm. signifies the thermodynamic probability. 

33. Maxwell’s Deduction of the Distribution of Velocities.— 
The law which was deduced by Boltzmann from a study of the 
equilibrium state existing among the molecules making elastic 
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impacts was originally deduced by Maxwell from considerations 
of pure probabilities. It happens that the assumptions which 
must be made concerning the behavior of the molecules fall into 
a general set of conditions in the theory of probabilities which at 
once specify the form of the distribution law.* These conditions 
are so general that no specific applications to molecules need be 
made, only the molecules must be assumed to fulfil certain con- 
ditions. These conditions imply that a steady state has been 
reached and no remnants of external disturbances exist in the gas. 
It also requires that enough molecules be considered so that 
deviations from a mean condition throughout the gas are highly 
improbable.. What really should be shown and must exist, as 
the conditions give the true distribution law is that the equilib- 
rium resulting from elastic impacts fulfils the conditions imposed 
in the derivation. 

Let the gas molecules be assumed to obey the following 
conditions. 

1. Assume equilibrium with enough molecules so that the 
number of molecules in any region is the same and so that the 
velocities in any direction are equal. In other words, assume 
that the numbers considered are great enough so that in any 
volume of the gas there will be equal numbers of molecules and 
that the molecules will have the same velocities in all directions. 
The assumption also demands that no clumping or aggregation 
of the molecules exists and that all convection or mass movements 
in the gas be absent. These assumptions lead to the following 
consequences: 

a. The components of velocity along any system of coordinates 
are equal. 

b. This isotropy of the gas makes it immaterial what coordi- 
nate system the results are expressed in. In other words, an 
equating of the functions expressed in different coordinate 


systems would amount to a statement of the isotropy of the gas. 


* Maxwell’s original proof is, however, not a definite proof of the condi- 
tions existing among the molecules as pointed out by Boltzmann. “On the 
one hand, the distribution of velocities in a stationary state is called forth 
by impacts. On the other hand, in the deduction which follows the exist- 
ence of impacts does not enter in at any point, for no use is made of the laws 
of impact. This proof then, if it be assumed correct, could be used to show 
that Maxwell’s law holds if no impacts took place, a thing which is impos- 
sible. A rigorous proof of the law can then only come from a study of the 
impacts.” 


a 
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2. The velocities along any three coordinate axes are inde- 
pendent of each other. A statement of this independence would 
be included in multiplying the chance of a velocity along any one 
axis, which depends on the velocity only, with the chance of the 
velocity along one of the other axes and stating that the resultant 
chance is the chance of a combined velocity containing the two 
components, for the multiplication of two probabilities to give 
the resultant probability can only occur if the probabilities are 
independent phenomena. * 

3. Assume the freedom of velocity distribution from any other 
influences, that is, assume that the chance of the velocity of a 
molecule lying between certain limits is a function of the velocity 
considered and of the limits 
only. This is the same as 
asserting that the distri- 
bution of molecular veloci- 
ties can be represented by 
a probability function and 
is similar to the assump- 
tion made in deducing the 
distribution of the free 
paths. 

Having laid down the 
assumptions concerned, it 
is next convenient to 
visualize the molecular 
velocities in the following ras. 
manner: 

Assume that at a given instant all the velocities of the 
molecules in a volume of gas could be photographed as vectors 
whose lengths give the magnitude and whose directions are the 
directions of all the molecular motions at that time. These vec- 
tors could then be arranged so that they all started from a com- 

-mon origin O. If this were done, the resulting figure in space 
would resemble a perfectly symmetrical spiny sea urchin radiating 
from the center O. Such a figure is represented in Fig. 18. The 


* This assumption is not at once obvious, for actually among the mole- 
cules the components of velocity along any three coordinate axes u, v, and 
w are subject to certain relations, to wit, the conservation of momenta and 
of energy in the case of real molecules. It, however, happens that the laws 
of impact so affect the relations that the conditions are fulfilled and the 
deduction accordingly leads to the correct result. 
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spines would have varying lengths, there being a few very long 
ones and a few short ones, with the length of most of them lying 
about a certain mean value. If about O the two spheres be drawn 
of radii ¢ and ¢ + de, the vectors ending between these two would 
constitute all the velocities present that had values lying between 
candc + dc, 

Now let O be chosen as the origin of any rectangular system of 
coordinates x, y, 2. Then any given velocity vector c ¢ould be 
decomposed into components u, v, and w along z,y,andz. Thus 
the relation c? = u* + v? + w* may be assumed to apply between 
the components and c. 

From assumption 3 it can be stated that the chance that an x 
velocity component ends between u and u + du is purely a func- 
tion of the values of u and du, 7.e., it may be written f(u)du. 
Since the velocities are similar and equivalent (assumption 1a) in 
all directions, the chance of a velocity component along y having 
values between v and v + dv and one along z of having values 
between w and w + dw is expressed as f(v)dv and f(w)dw respec- 
tively. The chance that a velocity vector ends simultaneously | 
between wu and u + du, v and v + dv, and w and w + dw is, from 
assumption 2, given by the product 


S(Wf(r) f (w)dudvdw. 


This same group of coordinates goes to make up a single vector 
cas stated above. The chance that this single velocity of value 
c ends in the volume element dudvdw is then, by assumption3, 
a function of c and of dudvdw only. That chance may be 
expressed as /’(c)dudvdw, following the notation above. For con- 
venience, it may just as well be written as ¢(c”) dudvdw, where ¢ | 
represents the appropriate form of the function. It now becomes 
possible to express the independence of coordinate systems 
assumed in 1 b. in the form ; 

Swf) f(w)dudvdw = $(c?)dudvdw, 

or Hw ff) = o(ut + 0? + w). 
This condition at once determines the form of the distribution 
law, for it equates the product of a set of functions to a function — 
of the sum of the variables. Such a relation is indicative of a 
logarithmic relationship between the variables. Maxwe at 
once to the law from the implication contained in thi 


however, possible to deduce this relation mathematic 
the Rowe equation. 


rile & rise “tne 
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For the particular value of c chosen, ¢(c?) is a constant, that 
is, the differential of this quantity is equal to 0, hence d[{¢(c?)] = 
= df(u)f(v)f(w)]. Differentiating, 


f'(wfo)f(w)du + f(u) f’ W)f(w)dv + f’(w)f(wf(v)dw = 0, 


where the symbol f’(u) represents the derivative of f(u) ete. 
Dividing by f(x) f(v) f(w) the equation becomes 


fw) fe) fw) 
du dv dw = 0. 
fu) F Fo) Fw) 
Nowc? = u? + v? + w?, hence asc isa constant udu + vdv + wdw 
=0. Multiplying this by a constant \ and adding the resultant 
to the equation for the ratio of the derivative of the function to 
the functions 


f’(u) oes a a\ eee ftw) ane 
Ge mae) (7 By Tae ) + rw) en) 


is obtained. 

Since by assumption 2 the velocity components are independent of 
each other this equation can be 0 only if each one of the terms 
separately is equal to 0. This can be expressed by the equations 
below: 


7 
aC) du = —dudu, or log f(u) = -} u? + log A. 


f(u) 
0 dv = —vrdv, or log f(v) = -* vo? + log A. 
Fe) aw = —)wdw, or log f(w) = > w? + log A. 


Here A is a constant of integration to be determined later. From 
these equations it follows that 


fu) = en" 

fir) = pe 

Wee te 
catt = + 


Thus fi (u)du, the chance that a molecule has the velocity between 
u and u + du, is given by 


f(u)du = Ae~ a ad, 
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If there are N molecules present in a cm’ the number having 
velocities of this value is given by 


Ne WAg a du and likewise for v and w. — 
Way, SS Nae a dv. 


Naw = NAe@@ dw. 
This is the same equation as was obtained in Boltzman’s 
deduction above. 
34. Evaluation of Constants A, and a of Boltzmann and Max- 
well’s Deductions.—It now remains to determine the constants 
A anda. This is done as follows: 


+o 
N= N au, 
r $a Sue 
hence N= AN [ e “du. 
tel er .: 
This is a definite integral whose values is cae T. 
<3 
Therefore 1 = AavWr 
1 ; 
or — A= =. 
4 Oy : ; 
Thus Z eo 
Na = WN Ap ae : 
ar 
NED = N e = dv 
a Tv 
Nip = ee oe ee 
dw — = ie 
ar 
and 
flu) = =e-# 
= CMe 
a a 
| ee ae 
fe) = =e 
a Tv 
i hee 
fw) = = 


| | ine oe 
The chance of a velocity ending simult 
u + du, v and v + dv, and w and w + du 


-— fwF()flw)dudedw = hee 


é 


« 
¥, A 
* ‘ 
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ce’=w+v?+w*, and dudvdw is given by dc X cdé X 
c sin 6d¢ in Fig. 19. Hence 


Swfw)fw)dudodw = — 


This is the chance of the velocity ending in the element of volume 
dudvdw, or between c and c + dc, 6 and 6 + dé, and ¢ and ¢ + 
do. To get the chance of a velocity ending between c and c + de 
this must be integrated for all values of 6 from 0 to x and for ¢ 
from 0 to 27, that is, it must be integrated all over the spherical 
shell of thickness dc lying between c and c+ dc. If there are 
N molecules present in a cm’, the number having velocities 
between c and c + dc is obtained by multiplying the quantity 


—_ ce 
* ewrctde sin 6déd¢. 


Z 


Fia. 19. 
above by N and 2s ag over the limits mentioned. Hence 


IN 5 mae “ee sin 6déd¢ 


c7e a de. 


ie 


This same operation can be carried on more simply by writing 


SwfMOfw) = age 
The chance that this vector ends between c and ¢ + dc is then 
f(wf(v)f(w) times the volume between ¢ and c+ de in the . 
spherical shell. This has a surface 4c? and is dc thick, and hence 
the chance of ending in dc is given by 
Pac = f{(u)f(v)f(w)4mre?de 
4 


o8\/r 


c2 
ee ade, 
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If there are N molecules present in a em* the number of vectors 
ending between c and c + dc is 


The meaning of a may now be determined by considering the 
form of this function. Unlike the distribution of free paths, it 
is found that, at c = 0, Nae = 0, and atc = ©, Na =0. In 
between the function is always positive, and hence it has a maxi- 
mum. This maximum represents the speed for which Nac is 
the greatest; that is to say, it is the most probable speed. To find — 
this N.. must be differentiated and equated to 0. 


dN ac 
dc 


=0= ae" aictde + aa 2cde, 
whence } 
C= a, 
Hence the a of this equation represents the most probable speed. 
35. Plot of the Law and Various Averages.—It is now possible 
to plot the curve representing this law. For the purpose of 
plotting it is to be noted that the equation may be written 


in terms of the parameter S that is, the velocities may be 


expressed in terms of their values relative to a, the most probable 
speed, 2.¢., relative to the maximum of the curve. Then to plot 
it one mete write 


7-N Se -<de a iN ms: 

Va a ie ee 
If, then, a suitable value for dx be chosen, say dx = ‘avjoke = i a; 
Nac may be evaluated for various values of 2. Such a 
shown in Fig. 20, where N was chosen as 100. 

It is seen at once that the curve is not symmet 
c=a,orx=1. In fact, a slightly greater area 
of = 1. Itis then obvious that a will not repres 
speed but will be less. Let the average speed 


ae Nie _ 1 (° AN 
o0 7 WL eae / 


Putting it into terms of c/a = a, dce/a = dz, 


Nac = 
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This, again, is a definite integral whose value leads to ¢ = 2a/+1/r. 
Thus the average speed is 2/+/z times the most probable speed, 
that is, € = 1.1282. 

Finally, the dissymmetry of the curve demands the use of a 
third average velocity. The molecular velocities are found 
experimentally from the relation that 


p= anime, where nm = p, hence -V/@ = “2. 


Nac for N = 100 molecules 


0 
CMOS OMMOC RMN Zes Lome B 2 2A 27 3.0 


ee = dz in intervals of 0.1 


Fig. 20. 


Thus the actual values of the velocities obtained are not the 
average velocities but the square root of the average squared velocities 
(Sec. 11). This, owing to the dissymmetry of the curve, will 
again be towards higher values of the velocity than either the 
most probable speed or the average speed, since in such an 
average the higher velocities will receive greater prominence. 
The root-mean-square speed, »/é, hereafter to be designated by 
C, is found as follows 


ah (°eN a = eles (ex ai | 
a Vf any * a Rt Phe a 
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Putting z = c/a, 


2 fo} 2 
ihe a ke if ate” | is obtained, whence 
V7 Jo 


ae z 
C= 4 ES = Aes = 1.224a. 


Thus one has to remember that molecular speeds are designated 
in terms of three quantities—the most probable, the average, 
and the square root of the mean square speed—which are related 
to each other by the equation 


Pre ent te Ae 1:14128 sae 


ca 


The ratio of é to C is seen to be 


a or 0.922. Owing to these 
differences great care must be used in applying the equations of the 
kinetic theory in order to insure the use of the proper average. 

36. Maxwell’s Distribution Law and the Theorem of Equipar- 
tition.—In Section (9) of Chapter II it was shown that if one 
assumed the kinetic interpretation of gaseous pressure, and the 
experimental justification of Avogadro’s rule one was lead to the 
conclusion that the average translational kinetic energy of each gas 
in a mixture of gases in equilibrium wasthesame. Thisconclusion 
was there asserted to be one manifestation of a more general law 
known as the Maxwell-Boltzmann law of equipartition of energy. 
It was also stated in a foot note that the deduction of the pressure 
of a gas on the basis of simple kinetic theory assumptions in Sec- 
tion (5) contained another aspect of the same assumption in the 
postulate that the velocity of the gas molecules along any one of 
the sides of the rectangular box was the same. 

Inasmuch as the purpose of the kinetic theory is to formulate 
mathematically the behavior of gases on the basis of Newtonian 
mechanics it would seem more fitting that the law of equiparti- 
tion should be deduced as a consequence of the asumptions of 
the fundamental kinetic theory by logical mathematical processes, 
and then be used in predicting Avogadro’s rule, rather than the 
reverse. It happens that the first rigorous attempts at such a 
deduction resulted from some of the analyses made in the process" 
of the deduction of Maxwell’s law of distribution of velocities by 
the Boltzmann method. Furthermore the Maxwell deduction 
of this law also contained the tacit assumptions of the law of 


— 
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equipartition restricted to translational velocities in its funda- 
mental postulates. Finally the application of the law of equipar- 
tition to the interpretation of many physical problems is made by 
the use of the distribution law in such a form that it expresses 
the law of equipartition of energy. Accordingly since the law 
of equipartition of energy is bound up so intimately with the law of 
distribution of velocities it seems fitting that a brief discussion of 
its derivation should occur at this point. The application of the 
theorem of equipartition to the study of specific heats and the 
limitations of the theorem may, however, be properly discussed 
in a later chapter. 

Before proceeding with the discussion it may be well to point 
out that very few questions in the kinetic theory of gases have 
been the subject of so much controversy as the questions of the 
validity of the various attempted proofs of the theorem of equi- 
partition. While in the earlier years the problem was treated 
from the point of view of elastic molecular impacts, it has in 
recent years been studied almost exclusively by the more general 
' and powerful methods of statistical mechanics. Unfortunately, 
the study of this subject would furnish the material for a book 
in itself, and so cannot be discussed at this point. From the 
more elementary point of view a very good idea of the problem 
can be obtained from both the elastic-solid-impact analysis, and 
from the elementary analysis by means of statistical mechanics 
given in Clemens-Schaefers ‘‘Einfiihrung in die Theoretische 
Physik,” vol. 2, part I, pages 401-403, and Chap. X, page 418 
and especially pages 450 and 458ff. This®° does not contain 
a critical review of the subject. For this reference may be made 
to Jeans ‘‘Dynamical Theory of Gases,” Chaps. III, IV, and 
V.2!_ There is also a very exhaustive study of the problems of 
statistical mechanics in an article by P. and T. Ehrenfest?? in 
“Encyclopédie des Sciences Mathématiques,” vol. IV, I, Paris, 
1915, which contains further references to later literature and a 
comment by Borel. 

Historically, the theorem of equipartition of energy of mole- 
cules in a system of varying masses was first enunciated by Water- 
ston?’ in 1845. His proof, according to a footnote by Rayleigh, 
could hardly be accepted as valid, although at the time Rayleigh 
commented on the importance of the contribution. Maxwell,** 
in 1859, independently arrived at the same conclusions. In 1861, 
Boltzmann” again brought the question into prominence and 
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extended it to all degrees of freedom in equilibrium. The matter 
was again discussed by Maxwell in a paper in 1879. Since then 
the question has been variously attacked by many workers, 
including Lorentz, Gibbs,?2 Jeans, and others chiefly in the 
field of statistical mechanics. Jeans”! in particular believed to 
have derived the theorem in a rigorous fashion. Other workers 
appear to be dissatisfied with his deduction, and at present it is 
difficult to judge the exact status of the question. The question 
hinges largely on the implications included in the postulates on 
the basis of which the particular deduction is made. The exact 
situation might be stated as follows: Mathematical proofs of the 
theorem of equipartition have been given which very nearly, 
if not completely, establish the theorem as a result of the under- 
lying assumptions of the application of Newtonian mechanics 
to gases made up of moving particles as postulated by the kinetic 
theory. On the other hand, while the experimental evidence 
to some extent bore out the predictions of the theorem, it seemed 
to fall seriously short in many cases. The explanation of this 
failure of the equipartition theorem was interpreted in the light 
of the new quantum effects.?”. The significance of these effects 
seems to lie in a direction which points towards a failure of the 
Newtonian mechanics and the laws of electrodynamics under 
certain conditions. If this explanation is correct, the failure of 
the equipartition theorem may in some measure be led back to a 
failure of the molecules to obey the laws of Newtonian mechanics 
assumed in the deduction of the equipartition theorem. This 
type of departure from classical mechanics is to be seen in the 
case of the behavior of Cp’ for He at low pressures and is not 
related to the relativity modifications.- The application of the 
quantum mechanics to these phenomena then, in reality, is 
not a modification but rather an extension of the theorem to 
cover the problems introduced by non-Newtonian mechanics 
in the sense above mentioned. Thus it may be asserted that to a 
limited extent experiment bears out the predictions of the theorem 
of equipartition, while it shows clearly that the underlying 
assumptions are not completely adequate to describe all phenom- 
ena. The result is that it at present seems futile to discuss 
much further the question of the adequacy of the proofs of the 
theorem when it is faced with the difficulties encountered in the 
quantum effects. Considering the evidence as a whole, it would 
be not far from correct to accept the theorem as proved for practi- 
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cal purposes to the extent that the observed quantum effects 
will permit it. 

In what follows a brief deduction of the law of equipartition as 
applied to translational motions of the molecules will be given in 
a manner similar to that used by Boltzmann following from his 
proof of the distribution law. The treatment here given is 
taken from Clemens-Schaefer and is a direct consequence of one 
of the steps of the deduction of the distribution law as given in 
Sec. 31. Following the derivation, a brief discussion of this 
type of derivation will be given as laid down by Jeans.”!_ Finally, 
the distribution law for translational velocities will be written 
in a form which includes the assumption of equipartition of 
energy. The law will then be written in other forms as deduced 
by Clemens-Schaefer from statistical mechanics for the case 
rotational energies and for the case where the energies in equilib- 
rium may be in any form. The equipartition law written in 
these forms, even though not deduced, will be of service in later 
applications of the theorem of equipartition and distribution of 
energies among the molecules. 

Deduction of the Law of Equipartition for Translational Energies 
in Gaseous Mixtures.—All quantities referring to one of the gases 
of a binary gaseous mixture may be designated by the subscript 
1, and all those of the other gas by the subscript 2. Then it 
is possible to consider impacts of molecules of one of the gases 
with each other, impacts of the molecules of the other gas 
with each other, and impacts of molecules of the one gas with 
molecules of the other gas. Now in Sec. 31, in the Boltzmann 
deduction of the distribution law, it was shown that the distribu- 
tion law is defined by the relation expressing equilibrium in the 
form: 

PF’ — FF’ =0. 

This relation also contains a proof of the law of equipartition for 
the translational energies in a gas, as will be seen in what follows. 
The expression above may at once be carried over to the case for 
equilibrium in a gaseous mixture if the proper subscripts are added 
to the letters. Before writing these expressions, the above expres- 
‘sion may be reduced to the form independent of the number of 
the molecules present by dividing by the number of molecules per 
em’,orN. This gives the expression in the form 


th etd ea 
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Applying it now to the mixtures of the two gases, three equations, 
are obtained applying in turn to gas 1, gas 2, and to the mixture 
of the gases. 

fify ~ Sify’ = 0 gas 1. 

(APY = Soho! 0 gas 2. 

fof — f2fi' = 0 gas 1 and gas 2. 
As in Sec. 32, the first two expressions lead to the distribution law 
with the proper subscripts added to the constant terms. These 
take the si 


fi = Ai Se a1 a2 (u? +0? + w?) and he = As 3e a2 Sut +h 
1 1 

where A; = ——~ and A, = ~4 

air : aot 
Accordingly, 

1 eteae02 its 1 _u+v2 + w2 
=e ait aa = ar 
fi ay 132 fa ork 98 


which may also be directly related to the average squared 
velocities Ci? and C2? by the relations found in Sec. 35. The 
third relation between the dashed and undashed letters and 
the accented and unaccented letters will then be expressions of the 
form above, in which the velocity vectors u, v, and w take on the 
designation appropriate to their type. Simple algebraic manipu- 
lations of these expressions lead to an expression between the 
1/a, and 1/a2, which, translated in terms of the averngaa square 
velocities, give the simple relation 
Sm,C? ae pms? 

This is the same expression deduced from Avogadro’s rule and 
the pressure relation in a gas in Sec. 9 and which states equiparti- 
tion. Thus the theorem of equipartition has been proved for 
translational motion for the case of a gas, using the assumptions 
of elastic impacts only. The validity of such a proof lies only in 
the question as to whether the conditions implying equipartition 
were not contained in one of the postulates underlying the theory. 
This was, in fact, done in deducing the law of distribution of 
velocities in Maxwell’s fashion, through the assumption of inde- 
pendence of velocity coordinates coupled with the other assump- 
tions. The proof of equipartition in the Boltzmann treatment 
above is as correct as the assumptions underlying the derivation 
of the distribution law. According to Jeans,”! the derivation of 
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Boltzmann is not much better off in regard to the implied assump- 
tions than Maxwell’s original distribution-law derivation was. 
In Boltzmann’s case the proof included the assumption of 
independence of space and velocity coordinates instead of the inde- 
pendence of velocity components among themselves. The ques- 
tion of the distribution law has been discussed by Boltzman? and 
by Lorentz.*° Burbury”! questions the validity of this proof, 
but the doubt is not shared by Jeans. In any case, the proof 
here given is not necessarily very rigorous, and as it is specialized 
in its scope, recourse should, in general, best be had to the more 
complete proofs in statistical mechanics. 

It is of use to consider certain modifications of the distribution 
law which express at the same time the law of equipartition of 
energy. ‘These laws are deduced from statistical reasoning and 
will only be given here in brief. The Maxwell distribution law 
in the form given in Sec. 35, expressing equipartition for trans- 
lational energies, may be transformed into a form frequently 
written and indicating an energy distribution rather than 
a velocity distribution. The equation given in Sec. 35 was 

ANS 2 


The c? and a? may be multiplied by m, the mass of a molecule, and 
the c* and a* by m2, The equation then becomes 
34 me?/2 
Nd = ye cle mer de, 


~ mabe 


Now it was shown in Sec. 5 that smc? = RT, and in Sec. 35 


that a? = 0%, whence aN moa? = RT. If the gas constant, R per 


cm?, divided by N, the number of molecules per cm’, be called k, 
where k is the average energy taken to raise the temperature of one 


molecule 1°, then it is at once found that mat =kT. But yma’ is 


the most probable kinetic energy of the molecules. Thus pina’ 


can be expressed in terms of temperature from the relation 
above. The constant k is called the Boltzmann constant. Put- 
ting this into the equation above the relation is had in the form 


m Ns 2 - hit 
Nic = eu(5"r c’e C. 
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Occasionally, it is found convenient to write the expression above 
in another form. Designating 1/2kT by the latter h, the equa- 


tion becomes 
hm 33 — hmc2 
Na = sen(") ce de, 
aL 


which is a form often used in the literature. 
For the case of rotational equipartion the distribution of rota- 


tional energies is given by 
39 Te? 


Naa = eM t i) we *Tdy, 


where Nz... is the number of molecules out of N that have angular 
velocities between w and w and dw, and J is the moment of inertia. 

Another interesting case is the number of molecules out of NV that 
find themselves at a height z above the earth in its gravitational 
field. In this case there is equilibrium between the molecules due 
to their translational heat motions and the gravitational poten- 
tial of the earth. This law is expressed by 


mgz 


Na = NBe *¥dz. 


Here B is a constant and g is the constant of gravitation. In 
general, for molecules with kinetic and potential energies in equilib- 
rium the equation may be expressed as follows: 


E 
Naz = NDe *'dE. 


Here Naz are the number out of N molecules having a 
total energy, kinetic or potential, between H and # + dH, and 
Disa constant. The last two equations can be used to give the 
relative number of molecules in two energy states by merely tak- 
ing the ratios for two values of zor Z. In this case the constants 
are eliminated. 


37. Correction of Mean-free-path Equation of Clausius for 
Distribution of Velocities—In the preceding deduction for the 
mean free paths (Sec. 18), the velocity wu of the molecules was 
supposed to be the same for all the molecules. Actually, wu is 
not the same and the derivation must be corrected for this fact. 
In the Clausius deduction the relative velocity of i 
between two molecules was set as 

r2 = u? + vy? — Qu cos ¢, 
where ¢ was the angle between the velocities. This was reduced 
yy Pa 


| 
} 
{ 
| 


THE DISTRIBUTION OF MOLECULAR VELOCITIES 87 


to r = uv/2 V1 — cos ¢ on the assumption that u =v. As 
this is no longer the case, the value for 7, the average relative 
' velocity which is given by 


aa ihe sin odd 
0 2 
becomes 


i tf vie + v? — 2w cos ¢ sin ¢d¢ 


us 
(u? + v? — 2uv cos 0)4| 
0 


—(u? + v? — Quv)?2 + (uw? + v? + 2uiy | 


Bee Gs ¢ : 
= fal (u — v)? + (u + v) | 
The value of 7 depends on whether u >» orv > u, for if u >», 


solution gives for u > v a positive value for wu — v and hence 7 = 


3u? + v? : f 

<a Ifv >u, (uw — v) becomes negative, the signs are reversed 
is a Lae ae i , 

and it is necessary to write 7 = ae hapn Now in the preceding 


ee of Clausius, w was equal to the average speed, or u = 
e ——a. 7, however, must be determined from the chance of a 
Tv 


given wu or v a yom the Maxwell law. ee penbabutey for 


we a It is 


Deigel7y ae. ea, and for wis P, Asa 
now necessary to average 7 for collisions between molecules of all 
possible velocities. Since 7 depends on both wu and v and on their 
relative magnitudes, it is necessary to proceed as follows: First 
assume w constant and take into account the variation of »v. 
Then #, becomes 


UQ7,2 2 v2 ) 2 2 v2 
y= s a GE vee atdy + = a ve a? dp |- 
at/r| Jo 3% 3v 


irate 
re 


vent applies to 


: : By? - u? 
values of wu > v, and the integration from u to © of the 35 


The integration between 0 and wu of the —~,—— 


term applies to values of u <v. The 7, is then the average r 
for all values of v. It must next be multiplied by the chance of a 
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velocity u and integrated from 0 to ~ to take account of the 
variations in the velocity u. The tedious integration will not be 
carried out here, and the reader is referred to the integration as 
carried out in Winkelmann’s ‘‘Handbuch.’’! Integration yields 


2avV/’2, A} 


Hence the relative velocity of a molecules to be used in the 
equation for the free paths is now ~/2 times the average velocity 
of a single molecule. In Clausius’ derivation the value found 
was 7 = 4u/3. Thus the Maxwellian distribution of velocities 
changes the value of the relative velocity from 1.33 to 1.41. 
The expression for the mean free path 
1 
tae 


sro?N 


previously deduced now becomes 
1 
/210?N 

38. The Mean Free Paths of Molecules in a Gas Composed of 
Molecules of Different Kinds.—When one gas molecule of diam- 
eter oi in a gas composed of molecules of diameter co, is con- 
sidered the question arises as to which value of o to use in the 
expression L = 1/+/2re2N. A brief consideration of the ele- 
mentary deduction will show that for this simple case the mole- 
cule of radius o; will exclude in its path L the centers of all 
molecules o2 which lie closer than oi/2 + o2/2 from it, for a 
a1 + o2 
2 
of each other. Thus for this case it is only necessary to replace 
the o of the equation for homogeneous molecules by a value 
Ca = (o1 aie o2)/2. 

The above expression was, however, deduced on the assump- 
tion that all molecules of diameter oz are at rest, and that only 
the one molecule of diameter o; is in motion. If now all 
molecules are moving, that of diameter o; may have a velocity 
é, different from those of diameter o2, whose velocity may be 
called ¢. This case may be reduced to the one above by con- 
sidering all the o2 molecules at rest and the o; molecule moving 
relatively to them with the average relative velocity. This was 
done for the case of all molecules having the same velocities in 


collision occurs whenever the centers approach within 
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Sec. 19 and for the case of all molecules having the same average 
velocities, assuming Maxwell’s distribution in Sec. 37 of Chap. IV. 
In the former case the relative velocity was 7 = 4¢/3, and in the 
latter case it was 7 = ~/ 2é, where @ was the average velocity. 
In the present instance the o; molecules have an average velocity 
€; and the oz molecules an average velocity é:. It becomes 
necessary to derive the expression for 7 for the case where the 
two velocities exist. For the case that the oz molecules move at 
right angles to the oi molecules the relative velocity will be 
Vé.? + é*, for the relative velocity is the sum of the two 
velocity vectors at right angles to each other. Thus in this case 
F/q = Vert G2?/é,. In the earlier deductions where the 
molecules were all supposed to have the same velocity ¢, 7/é = 
43, and where Maxwell’s distribution was assumed, the mole- 
cules having the same average velocity ¢, the ratio was 7/é = 
+/2. These values, in turn, put the factors 44 and the »/2 
in the denominator of the equation for Z. Hence were the 
expression above the true one for the relative velocity considering 
ao, molecule moving among cz molecules, 1; would become 


1 
Vey? + G2 
oh 


To aN OT ee 


he = 


For Lz, the mean free path of ao, molecule moving among o; mole- 
cules, the expression would be 

: . 
Ve? + Gy? 

C2 ; 

It now happens that if the rigorous analysis be carried through 
assuming a Maxwellian distribution of velocities with average 
velocities ¢, and é2 for the molecules, the integrations for the aver- 
age relative velocities, assuming all angles of motion of o; mole- 
cules and o2 molecules, yields a relative velocity 7 = Vex? + G2. 
This, strangely, is the value found to be the case for the motions 
at right angles only. The detailed analysis of the strict averaging 
is, however, too lengthy for inclusion in this text, and reference 
should be made to the noteworthy deduction as given in the 
appendix of O. E Meyers’ ‘‘Kinetic Theory of Gases.’ It is of 
interest to observe that if ¢; = é2 this term gives the Maxwell free 


path. . 
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One more case of interest now demands attention and that is 
the question of the free path of ao; molecule in a gaseous mixture 
of N,; molecules of the o; type and N2 molecules of the o2 type per 
em’. To get this, one can reflect that ¢,, the average velocity of 
the o; molecule, Arpidet by 12, the mean free path of that molecule 
in the mixture, gives the number of molecular encounters I’; per 
second of ao; molecule with o; and o2 molecules. If there are NV, 
of the molecules in a em’, the o; molecule will collide with 


; = nei 2012N1 
of molecules of its own kind per second. If there are N2 of the oz 


molecules in a cm? the co; molecule will collide with F — = (jro,"N2 


Ve? + &*/E1 of the oz molecules per second. This the number 
of impacts per second of the c; molecule will be 

Tl, = V 2a iés07 + ra gNoV ei? + G22. 
Since Li. = =) then 
(Py 

1 = 

VJ 2rNyo? + rN 62 + ef oy 
Similarly, the mean free path Le: of the c: molecules in the mix- 
ture will be 


Do a 


Ty. >= 


1 

V 2a N02? + Nora? E12 + &2°/ C2 

39. Mean Collision Frequency of Molecules of a Given Speed, 
Mean Free Path of Such Molecules, Tait’s Free Path.—In Sec. 
37 the Maxwell free path for molecules moving with a Maxwellian 
distribution of velocities was deduced. This deduction gave the 
mean free path by dividing the average speed é by the mean num- 
bers of collisions per second averaged over all molecules. The 
deduction was made by computing the average value of the colli- 
sion frequency for molecules moving with a Maxwellian distribu- 
tion, and dividing this into é. The process by which this was 
accomplished can be seen in Secs. 18 and 37, where it is deduced. 
The matter may be regarded in another light, however, which 
leads to different results. It is obvious that the collision fre- 
quency Z must depend on the velocity of the molecule con- 
sidered. If one can calculate Z, this frequency for a molecule of 
speed c, then one can calculate the mean free path of a molecule 
of speed c among the other molecules moving with Maxwell’s 
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distribution of velocities. This will lead to a value for the mean 
free path L, of a molecule of velocity c. It is of importance to 
know this quantity for such a molecule, and it will, accordingly, 
be calculated in what follows. Having this, it is then possible to 
determine the average value of L for L, averaged over all possible 
speeds. Such an average path, designated by Lz, isnumerically 
different from the ratio of the averaged velocity and collision fre- 
quency of Maxwell. As both are used in calculations, it is essen- 
tial to know both values. Different modes of averaging are 
appropriate to the different problems of kinetic theory in which 
the mean free path plays a part, just as variously averaged speeds 
are useful in discussions involving the molecular speeds. It may 
be pointed out that the Maxwell free path is the one commonly 
used by physicists in developing approximate discussions along 
kinetic-theory lines. The legitimacy depends on the particular 
use of the free path, and it is questionable whether either is more 
universally serviceable. 

lf the attention be fixed on those molecules which have a 
particular speed, it is evident that the mean number of collisions 
per second of such molecules with all others will depend on the 
speed of the molecules under consideration. The evaluation of 
this mean number of collisions per second, Z, for molecules of speed 
c¢ moving in a gas in which the most probable molecular speed is 
a, will now be carried out. 

On the average, a molecule of speed c will collide in unit time 
with all of the molecules of speed c’ contained in a cylinder whose 
base is zo? and whose height is the relative velocity 


V, = Ve? + c? — 2cc’ cos 8, 


6 being the angle between c and c’. Choose polar coordinates 
having the direction of c as axis, then @ and ¢ give the direction 
of the velocity of the other molecule c’. 

By Sec. 34 the number of molecules in unit volume for which 
c’ lies between c’ and c’ + dc’, @ between 6 and 6+ dé, and 
¢ between ¢ and ¢ + d¢ is 


ABS LY re tore adéd¢, 


so that the mean number of collisions per second will be 


2 res 
hi ~V,c’e “ dc’ sin 6déd¢. 
a8/x es 


c/2 
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The total number of collisions per second experienced by a mole- 
cule of speed c is obtained by integrating this with respect to c’ 
from 0 to ~, to @from 0 toz, and to ¢from0to2zr. Integration 
with respect to ¢ is effected at once by merely writing in 27 for d¢. 
Integration with respect to @ may be conveniently carried out by 
using the relative velocity as variable. One has 


V,dV, = cc’ sin 640, 
Making these substitutions, the total number of collisions per 
second experienced by a molecule of speed c may be expressed by 
oVeNe? 


as Cc 


c’2 


V2.e @ de'dV,. 


The integration limits with respect to V, are as follows: 


} CPG cone 
G=0 V-=ce-—ec V,=c-c 
= Ve=eted V,=ec+e 


so that integration with respect to V, yields two different expres- 
sions according to the relative sizes of c’ and c. ‘These are 


1 Zel(c"? + 3c?) CRG 
[Vea = al VI =\9 - 
gc(c* + 3c’?) tow 
The total number of collisions is now to be obtained by inte- 
grating over all values of c’ from 0 to ©, using the appropriate 
integral according as c’ < cor c’ > ©, 2.€., 


ay Wel yae e¢/2 Ce 
Z Poe W/aNo a Ei (c’? -} 3c?)e del 
0 


c 3 Jo x 
ae m , -< , 

+ ale (c? + 3e)e “de | 
It will be observed that the terms in the brackets are physically 
dimensionless. They form a function of a variable x = = 
defined by means of integration with respect to the variable y = 

/ 
= The factor outside the brackets has the dimensions of 


reciprocal time as it should have. 
The mean number of collisions per second is thus: 


vf = V/rNora . ¥(@) 


in which (2) stands for the terms in brackets, 2.e., 
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Aa = x 
V(x) = al (yt + 3xy?)e-"dy — at (x'y + 32y%)e-Y'dy, and 


This function can be reduced to somewhat simpler terms by 
means of the integration formula 


2 n—Il1 1 
[ore dx = nom are da — gt ess 


the result being 
W(r) = xe-* + (Qe? + nf, e—¥dy. 
0 


From this formula values of W(x) and related functions have 
been computed and may be found in tables. 

The result of the analysis is this: The mean number of collisions 
per second experienced by a molecule of speed c = za, where a 
is the most probable speed, is given by 


. Z= ViNotaY, 
W(x) ; 
where the factor —, ean be obtained from the tables. 
Thus the mean collision frequency of molecules of a given 
speed has been found to depend on the particular speed of the 


molecules considered. Their mean free path, similarly, depends 


on the speed, since 
c 


a 
in which c is the speed and Z the mean collision frequency of the 
molecules chosen. 

Applying the expression for Z from above the result is, for L., 
the mean free path of the molecules of speed ¢ in a gas in which 
the most probable speed is a . 


(pk 
© 4/aNo2¥(x) 


ie 


: c 
wherein x = 


This formula might be written: 

Love? 
aNo? W(x) 
in which form it is recognized that the first factor is the Clausius 
free-path formula for the case where all the molecules are at 


L, = 
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rest save the one whose free path is under consideration (Sec. 16). 
This corresponds to the free path in the present analysis of a 
molecule for which a is very large. The second factor may 
thus be regarded as a correction factor which allows for the fact 
that the molecule under consideration does not move with infinite 
speed with respect to the others. Values for the second factor 
may be found in tables. * 

Starting with the assumption of a free path varying with the 
speed as deduced above, Tait calculated a new mean free path. 
Tait’s calculation of the mean free path differs from that of 
Maxwell in that it starts from the formula for the mean free path 
of molecules of a given speed c and averages the values of L., 
weighting them according to the distribution of velocities. Tait’s 
free path is thus given by: 

i [= 
Ly = : 
atNo? Jo W(x) 
The definite integral occurring here has been computed by Tait, 
who finds the value 0.677, so that the Tait free path is 


It is important to see why Tait’s free path differs from that 
of Maxwell. Examination of the derivations of the two that 
have been given will show that Maxwell’s free path is obtained 
by dividing ¢, the mean speed, by Z, the mean number of colli- 
sions per second averaged over all the molecules. On the other 


hand, Tait takes the value of the free path 3 appropriate to 


each speed and averages this over all the molecules. Obviously, 
still another free path would be obtained if the mean value of 
1 
Z 
over all the molecules, and still others could be obtained by 


the speed € were to be multiplied by the value of = averaged 


averaging in different ways. These will all depend on 3 
for their order of magnitude, but will differ in the value of the 
numerical factor for much the same reason that the root-mean- 
square speed of the molecules is not the same as the arithmetic 
mean of the speeds. 

40. Number of Molecules Striking Unit Surface per Second.— 
An excellent illustration of the application of the distribution law 


a a 
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is given by the rigorous calculation of the number of molecules 
striking unit surface per second. Take an element of surface ds, 
and consider an element of volume dv with N molecules per ce in 
it. Then in dv there are Ndv molecules. This volume is rem 
from ds along a line making an angle @ with the normal to ds 
(Fig. 21). The volume dv may then be written dv = dr X rd@ 
xX rsin 6d¢. Of these Nr? sin 6déd¢dr molecules, the number 
ee have a velocity between c and ¢ + de, are, by Maxwell’s 
aw, 


4 ne 
eh ce © dcNr? sin 6déd¢dr. 


ely Ai be 


Now each of these starts a new path B = 2 times a second, 
where ¢ is the average speed, and. L is the mean free path. The 
number that leave dv per second moving towards ds with a 
velocity between c and c + dc is B times the number of molecules 
above. Of these only the molecules emitted in the solid angle 
subtended at dv by ds will reach ds. This fraction is given by 
the ratio of the area ds cos @ to the total surface of the sphere 47r? 
which molecules from dv going r penetrate. The number of mole- 
cules that leave dv and that are headed for ds is given by 


4NB e7 « der? sin 6dédgdr + 
tiie Anr 


But of those headed for ds only those cross it that go a distance r 
or more without an impact. The fraction going r or more with-_ 
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out an impact is given from the law for the distribution of free 
paths as e—*, where 


Hence the number of molecules leaving dv per second that strike 
ds is given by 


2 


Navasao = Raters c’der? sin 6déd¢dr se ee ae om 


ar 


The number which strike ds per second from the whole space 


above is obtained by integrating r from 0 to , @ from 0 to s 


¢ from 0 to 27, andc from 0 to ~. Hence the number of mole- 
cules striking ds per second from above is 


Tv 


N roe) ae ro) 2. Qn 
Nae wal eeu “deg Bf ene, ar sin 6 cos 6d6} ddds 
arn? Jo (0) (0) oO 


N. (air™ —1 . 1 
= ar Bee 
isa wa 7 ( 4 )a| B € iE > 9 X 2rds. 


Né 
4 
number striking 1 em? per second, so that 


_Né _NCvV/8/32 _ NC® 

teh Rae 4 ee 
An interesting application of this law may be made to aid in 
calculating the vapor pressure of a substance. This has actually 
been done by Langmuir.‘ Quoting from a paper by Langmuir: 


—-ds, where ¢ is the average speed. se = y.is the 


Nas = 


Let us consider a surface of metal in equilibrium with its saturated 
vapor. According to the kinetic theory, we look upon the equilibrium 
as a balance between the rate of evaporation and rate of condensation. 
That is, we conceive of the time processes as going on simultaneously at 
equal rates. 

At temperatures so low that the vapor pressure of a substance does 
not exceed a millimeter, we may consider that the actual rate of evapora- 
tion of a substance is independent of the presence of vapor around it. 


This merely means that the presence of atoms or molecules of 
the vaporizing substance at a mm pressure doesnot interfere with 
evaporation by acting as a reflecting layer that throws the evap- 
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orating molecules back to the surface on their first free path. 
This action is not taken into account in deducing the equation 
above, “that is, the rate of evaporation in a high vacuum is the 
same as the rate of evaporation in the presence of the saturated 
vapor’”’ under these conditions. “Similarly, we may consider 
that the rate of condensation is determined only by the pressure 
of the saturated vapor.’’ To see how this works the equation 


may be transformed as follows. Multiply » = = by m, the 


mass of a molecule, then my is the weight w of substance striking 
a cm? of surface per second and thus also evaporating. Thus 


oie eg Nmé _ pe 
jaa emer Ramee | 
. ; _M _Mp_ Mp 
where Nm is the density p. But p = gah gaat RT” where 


p is the pressure, and M is the mass of vapor in volume V 


of a mol. Also om and as e= [8 Cc, = [= 
p 3a 


Tp 
8p _ +~(BRT 
lat er = qe Therefore 
» ai Mp BRE _ | [i 


4RT VNarM ~ ?N22RT 
= 43.74 X 10-8 p ae 


Here M is the molecular weight, 7 is the absolute temperature, p 
is in dynes per cm?, and w is the weight evaporated per cm? per 
second. For tungsten at 2800°abs., Langmuir found w, the loss in 
weight, to be 0.43 X 10-° grams, per cm? per second. This 
gives p = 28.6 X 10-§ mm of Hg as the vapor pressure of W 
at this temperature. 

41. Experimental Verification of the Maxwellian Distribution 
of Velocities.—Up to the present no direct and precise verification 
of the distribution law has been achieved. Three experimental 
tests have been made. The first of these is direct but inexact, 
although capable of much greater precision than was obtained. 
The other two are indirect and depend on assumptions more or 
less justified. They lead to resuits that are, however, more pre- 
cise. The first method is due to Stern.> It consists in measur- 
ing the displacement of the deposit of silver from a stream of 
silver atoms moving with their thermal velocities, due to the 
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rapid movement at right angles to the stream, of the plate on 
which they are deposited. The second method is due to O. W. 
Richardson.* The latter directly measured the velocity distri- 
bution of electrons emitted from an incandescent source. The 
assumption made is that the electrons are emitted as a result of 
their heat motions and are in thermal equilibrium with the atoms 
of the metal when they leave, thus possessing a Maxwellian veloc- 
ity distribution. The last method depends on the Doppler effect, ® 
due to the thermal velocities, on atoms emitting spectral lines 
in a discharge tube. It was suggested by Lord Rayleigh,!® and 
carried out first by Michelson? and later by Fabry and Buisson.'! 
As the Doppler shift is too small to be observed directly, it is 
obtained by an analysis of the width of the lines by a measure- 
ment of the path difference over which interference fringes are 
visible. All three methods agree with the predictions from the 
distribution law within the limits of accuracy of the experiments. 

42. The Average Velocities of Molecules or Electrons Emitted 
from Hot Bodies.—If an enclosure containing atoms, molecules, or 
electrons in equilibrium at a temperature 7 is considered the 
distribution of velocities is at once defined by the evaluation 
of a (the most probable speed) from the temperature. Thus in 


Sec. 5 it was found that pv = RT = ym. Hence, dividing 


by », the number of molecules present in the volume v, one can 
write mé? = aon Calling <. k, one obtains ye? = SeT* 
Ser 
m 
weight of a molecule and M is the weight of a gram-molecule, 
R being given for a gram-molecule. Since av/34 = C or a = 
2kT’, it, is seen at once that the number of molecules having a 


From the above, C = where m is _ the 


m 
velocity c in the enclosure is expressed by the equation 
4N Ege 
Na = -c?e 2kTdc, (See Sec. 36. 
d me Ae ( ) 


If a small opening be made in the enclosure so that the mole- 
cules can stream out into an evacuated space, the average velocity 
of the molecules emitted will not be the same as the average 


* The quantity k is Known as the Boltzmann constant and it is the value 
of the gas constant k per molecule in equilibrium. fF is the gas constant 
' for the number of molecules ». The c? here is really the C of Sec. 35. 


7 . 7 ‘ 
i ig 
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velocity of the molecules existing in the enclosure, as a little con- 
sideration will show. The molecules inside were in equilibrium. 
Those issuing are not, and the number issuing in unit time is 
the greater the greater the velocity of thermal agitation of the 
molecules, for it is only by virtue of their velocities that they can 
emerge. Hence the chance of a molecule emerging is proportional 
to its velocity. The number emerging at a given velocity c 
will then depend on the product of the number N, of particles of 
that velocity present and the value c of the velocity. Thus the 
average velocity in such a steam C; will not be that given by 


C= i but will be Deatee than this. It may be found 
as follows: In getting C? in Sec. 35 its value was obtained by mul- 
tiplying Na. by c?, integrating it from zero to infinity, and divid- 
ing it by the integral of Na. from zero to infinity, which was N. 
To find the value of C,? under the conditions of the emitted beam, 
the product of c? into the number of molecules N’,. in the stream 
which have a velocity c, to wit cNa-, must be integrated from 
zero to infinity and divided by the integral of the number of 
particles issuing with a velocity c (7.e., cNa-), taken from zero to 
infinity ; that is, the value of C,”, the average in a stream, is given 


by 
i can ye excXce “de 
Ga? 2 


abr 


In the inside of the oven C? = oa, hence C;? = aC Ci = 


SUE ene Thus the average velocity of the mole- 


5 m 
cules in such a stream is Ci = Nae in contrast to the aver- 


age value C = ‘ee T’ inside the oven. 


43. The Rate of Escape of Molecules from a Hot Surface, and 
the Distribution of Velocities after Escape.—In one of the proofs 
of the distribution law it will be essential to know the number of 
molecules or electrons escaping from a heated surface having a 
component of velocity u normal to the surface. From the eval- 
uation of this quantity it is also possible to show that the dis- 
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tribution of velocity among the escaping molecules is independent 
of the work done in passing through the surface, a fact which 
simplifies the considerations involved. Thus it seems of interest 
to investigate these points in what follows. In this discussion 
the molecules below a bounding surface may be assumed in 
equilibrium with a source of energy. A certain number of these 
are passing outward each instant in virtue of their heat motions. 
The number of such that leave may be found as follows: It is 
obvious that the component of velocity u normal to the surface 
is the only one effective in driving them through it. If there 
are N molecules per cm* present, the number with a velocity 
component u which would strike an area ds in a time dt are those 
lying in a cylinder of length udt and base ds. That number is 
Nudtds. Ofthese N molecules per cm’, only f(u)duhave a velocity 
between u and u-+ du. Hence, if ds is 1 cm and dtis 1 sec. the 
number passing through 1 cm? per second is 

Nu -% 

poe e “du. 

For the type of applications to be made it is simpler to transform 
this equation by introduction of a new set of constants. Since 
these constants are frequently encountered in published papers, 
their introduction will not be amiss at this point. It was found 


N wydu => 


that’ in equilibrium C2 == "ean area — Shen 
ae, Ue 2 32 <./28 
C2 = Sh Since C? = 5 therefore a = an The above 


equation then becomes . 
Nwdu = N (= ug *P Ody. 
The number of molecules having all sorts of velocity components 
u normal to the surface that pass out through 1 cm? per second is 
obtained by integrating N(.du from 0 to infinity. That is 
= N 
= i N wydu = 2rhm) 
From this N = 2n(rhm)* and so 
N wuydu = 2hmune*™ du. 
Hence the probability that a molecule will leave a surface in a 
gas with a velocity component perpendicular to it lying between 
u and u + duis given by Nyydu/n, or 
Fajdu = 2hmue*™'du. 
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If now the hypothetical surface through which the molecules 
above escaped be replaced by a physical bqundary, in escaping 
through which the molecules have to do work, the question pre- 
sents itself whether the escaping molecules will maintain the same 
velocity distribution after escaping as they had before. Assume 
that wu, be the velocity of the molecule impinging on the surface, 
and wo be the velocity on leaving the surface. Then it can be 


2 : : 
shown that wo? = w.? — aD where ¢ is the change in the work 


function in passing through the surface. The number of particles 
escaping per second with velocity between wo and uy + duo will 
be the same as the number of molecules impinging on the inside 
of the surface for which the normal velocity component to the 
surface lies between wu; and ui+du;. Since uo? = u,? — =f, 


one may write wduo = uidu;, whence, as no(uo)duo = ni(us)duy 
hm ¥% : 
= n(—) uiduye—*™1 ) 
TT 
hm\’2 —hm ae 
no(Uo)dug = ea Ud Ue ( Ks ). 
Here N is the number of molecules per cm? inside the boundary. 


Those molecules which escape per second have uo > 0, so that it is 
possible to write that the number that escape per second 7m are 


given by . 
4 oa 2 
no = () S ge *" (Fn) do 
us 0 
Ni certae 
~ 2 (rhm)* 
oom 2no(mhm)?# 
Therefore N is given by ae - ) 
Thus, 


no(Uo) duo: = Bhuonoe "duo 


Whence F'(uo)duo, the probability that a molecule of the emerging 
group have a velocity between wo and uo + duo, is obtained from 


mo(uo)duo _ Zhmuce"™o'd Uo. 


SE: (uo)duo = 
This is exactly the same form as the probability that the 
molecules of velocity uw; will impinge on the inside of the surface 
which was F(u)\du; = 2hmuse~*™"'du; and which was a direct 
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consequence of the Maxwell’s distribution of velocities inside the 
boundary. Thus one can conclude that the distribution law is 
unchanged when the molecules do work in going through the sur- 
face. It can be shown that the distribution parallel to the sur- 
face will also be unaltered. Thus the distribution of velocities 
among the molecules or electrons having a surface is completely 
independent of the work done in going through the surface (see 
also Sec. 84). 

44, Measurement of Molecular Velocities by the Rotating- 
plate Method.—Stern® made a direct measurement of the velocity 
silver at a temperature 7 in a vacuum. From an incandescent 
wire W in Fig. 22 coated with silver a stream of silver atoms 
is projected inall directions. By 
means of a slit in the diaphragm 
D the part of the stream escaping 
towards the plate P is confined to 
a narrow wedge-shaped prism 
which produces, when condens- 
ing on the plate P, a sharply defined 
narrow band A. If, now, the slit 
and the plate are set in rapid rotation about the wire W, then, 
while the atoms travel from W to P, the plate rotates through a 
finite angle, the band produced by the condensed silver atoms 
will be deflected to a point away from the position of the band pro- 
duced when at rest in a direction opposite to that of the rotation 
by an amount depending on the velocity of rotation, say to B. 
For simplicity, assume that D is very close to W. Then calling 
the distance DP, L, the time taken for the atom of velocity v 


with which atoms of silver leave a surface of molten 


= V/(, to fly from D to P is 7 =%. y the plate rotates 


times a second, the plate moves 2xLvr cm in the timer. Thusa 
single atom of velocity v will have its point of incidence on the 
resting plate displaced a distance s when the plate rotates, given 
Lp 
y 
infinitely thin, since other atoms have all velocities given by Max- 
well’s law, it would be spread out into a diffuse displaced band 


whose maximum corresponded to an a which is ~/24C.. If 


by the relation s = 2rLvr = 2r Thus, if the beam were 


a -_ -_ 7 
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this maximum could be located, then the value of s could be meas- 
ured by its displacement from the undisturbed line, and hence, 
knowing L and », v could be at once computed. If the value of v 
so obtained was found to be equal to that obtained by an optical 
measurement of the temperature of the filament as given by C, 


=, AeA then the distribution law would be partially proved 


as regards the actual values of the velocity. A more complete 
proof would come from an actual study of the distribution of the 
silver atoms deposited on the plate in the displaced deposit. 

In practice, certain approximations had to be made to simplify 
the experiment. The distance LZ was not a constant in practice, 
owing to the length of the filament. Calling a the distance from 
P to W, and 6 the half length of the filament at W, then L lies 

2 
between a and +/ a? + 6%. Its average distance is o(1 + 35) 
For the experiments performed, a was 6 ecm and 6 was 1.5 em. 
The error in taking L = a was about 3 per cent. Furthermore, . 
since the length WD is finite compared to DP, a correction must 
be made for this. Calling DP, LZ; and WD, LI, the correct equa- 
tion for small values of s, the displacement, is s = ars. 

The system of wire slit and plate, which for mechanical balance 
had two slits and two plates mounted on the same straight line as 
the filament W, were placed in a frame which could be rotated by 
means of the shaft from a motor which was coaxial with the length 
of the filament. The shaft passed from the gas-tight glass hous- 
ing carrying this part of the apparatus through a complicated 
series of packing glands to the motor. The housing was pumped 
out to 0.0001 mm and the speed of the motor used was 1500 r.p.m. 
in the first experiments and 2700 r.p.m. in later ones. 

In actual experiments the direction of rotation of the motor was 
reversed, so that the distance between the maxima of the two dis- 
placed lines could be measured. The double deflections so 
produced were between 0.7 and 0.8 mm at 1500 r.p.m. 
and between 1.26 and 1.12 mm. at 2700 and 2400 r.p.m. 

Another correction has to be made in the computation. The 
distance from the maximum of one line to that of the other when 


halved gives a = (11/24, provided the beam had a negligible 
width to begin with. But for practical purposes this was impossi- 
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ble. Analysis will show that j,, the intensity of the deflected 
beam at scm. from the undeflected beam, is given by the relation 


for the case of atoms with the distribution resulting from 
the emission from the filament. Here S, is the deflection for the 
most probable speed that is sought, and would be given by the 
maximum for a spot which was infinitely thin, with the plates at 
rest. The integration shows that the maximum observed for an 
undeflected spot of width d would be closer to the undeflected spot 
than the true value of a. Hence, knowing d, and measuring the 
distance between the maxima produced by changing the direction 
of rotation, the true deflection for the most probable speed S, 
can be measured. Evaluation for the correction for this width of 
the slit in the experiments with 1500 r.p.m. yielded 0.1 mm. 
Hence the deflection S corresponding to the true value of v and 
used in its evaluation was 0.45 to 0.50 mm in place of the values 
0.35 to 0.40 mm observed. The early values obtained by Stern 
at 1500 r.p.m. were compared with the velocities of atoms 
computed from the estimated value of the filament temperature 
and found to agree. As there were errors in this calculation, 
due to Stern’s neglect of the higher average velocity of the 
emitted atoms, these results will not be given. The deflections 
S. observed at 2700 and 2400 r.p.m., of 1.20 and 1.12 mm., 
yielded corrected values of 675 and 643 meters per second for C,. 
The value for C; computed for 1200°C. was 672 meters per second, 
in accord with the values observed within the limits of experi- 
mental error. 

These experiments are capable of a far greater precision than 
was obtained. It would seem worth while to have them extended 
in driving plates by means of a high-speed air turbine or motor act- 
ing on the moving system in its glass casing by means of a magnetic 
coupling. An electrically heated oven whose temperature could 
be measured optically could also be used. The present experi- 
ments were not carried further by Stern because they showed, 
from the value of the velocities obtained, that the silver evapo- 
rated in the atomic form. This discovery and the application 
of the technique developed in the preliminary experiments 
reported above led Stern at once to his now classical experiments 
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proving the spatial magnetic quantization of the silver atoms in 
divergent magnetic fields. 

45. Distribution of Velocities among Electrons Liberated 
from an Incandescent Source.—A theoretical study of the behav- 
ior of electron atmospheres!* has shown that these are in all 
respects analogous to gaseous atmospheres. They differ from 
them chiefly in the smaller masses of the electrons and their 
mutual repulsion due to their charges. For the great attenuation 
of the atmospheres in a number of experiments the distances 
between individual electrons becomes so great that the potential 
energy of the forces of repulsion are negligible compared with 
the kinetic energies possessed by the electrons at those tempera- 
tures. Thus the electrons sensibly obey the laws of a perfect 
gas, v.e., pv = RT, or p = NkT, where N is the number of electrons 
per cm‘, k is the gas constant per electron or per molecule, and 
T the absolute temperature. Hence it would not be surprising 
to find that in such an atmosphere the average kinetic energy of 


one electron is Sur and that the energies are distributed accord- 


ing to the Maxwell distribution law. 

Now it was at one time believed that these electron atmos- 
pheres existed even in the interiors of metals, and that thus the 
electrons might be in thermal equilibrium with the atoms of the 
metal.‘ Thus on heating a metal, if the Maxwell distribution 
law held inside the metal, electrons emitted because of their 
heat motions would, by Sec. 43, be expected to show this same 
distribution outside. This assumption, according to Richardson, *® 
may be applicable even if the electrons are emitted from the 
surface and flow away constantly without attaining a steady 
state. Whether the Maxwellian distribution exist in the dense 
electron atmospheres assumed inside the metal surfaces, or even 
whether such atmospheres exist at all (a point which is at present 
open to a reasonable doubt), the fact remains that Richardson 
has predicted that the electron streams emitted from the surfaces 
of incandescent metals have the energies corresponding to elec- 
trons in thermal equilibrium with the surface, and that their 
energies are distributed according to Maxwell’s distribution law. 
Such a definite prediction deserves experimental test. If it is 
found to correspond to fact, then it is a fact of great importance 
whether the initial assumptions of Richardson (which he has 
in part modified) are correct or not, for no matter what the mecha- 
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nism is, one would have definite proof that electrons emitted by a 
hot body are: (1) in temperature equilibrium with it according 
to the law of equipartition and of Maxwell, and (2) that the 
electrons have a distribution of velocities predicted by Maxwell’s 
law. Thus one would have a directly measurable quantitative 
verification of a Maxwellian distribution of velocities existing in 
the heat motions of particles of matter. This point must be 
stressed, for except for the two other proofs which are given in 
this chapter, both of which depend on the constants deducible 
from the Maxwell law, no direct verification of the distribution 
exists. Outside of these three experimental verifications, the 
distribution law is unproved experimentally, for it only appears 
in constants of the kinetic theory whose value is the subject of 
dispute owing to uncertainties in averaging. Thus the experi- 
mental verification of such constants up to the present furnishes 
no certain proof of the validity of the present law, and all avail- 
able evidence is of value. 

In Sees. 42 and 43 the average velocity C1 of particles escap- 
ing from the surface of a hot source and the number of emitted 
particles having a component of velocity between wu and u + du 
normal to the surface were deduced. The number of electrons 
emitted with velocity components between u and u + duwalong 2, 
the normal to the surface of a platinum ribbon lying in the y, 
z plane per second, was 

Nadu = 2hmue*du. 
In this equation 7 was the total number of electrons emitted from 
the surface in unit time. For the components parallel to the 
surface of the ribbon, to wit y and z, it is possible to write at once 


Nw)dv =, nap emhmv ‘dv, 


Nw dw = a2 Esme ‘du, 


for the y and z components have the same values inside a surface 
or plane as when emitted outside, the number of electrons with 
these components emitted being uninfluenced by their velocities. 

If the yz plane of the ribbon form part of one plate L of a 
parallel plate condenser, the other plate of which is U, the elec- 
trons going from L to U in virtue of their thermal velocities in a 
complete vacuum will constitute a current from U to LZ. This 
current can be measured by an electrometer attached to U. If 
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the plates are close enough together so that the radius of the 
plates is great compared to the distance between the plates, few 
electrons will escape laterally from between the plates. Also 
the lines of force between the plates will be uniformly distributed, 
parallel, and sensibly in the direction of the z-axis. Let a poten- 
tial V be applied between the plates. The equations of motion 
of an electron at any point between them will be 


pit, ee Ov. 
ae at StC*é«‘ DR 
Coke) Ri ae 072 ow 


Callu = , whence, integrating the first expression, 


u? = uo? — — eV, 

m 
if wo is the velocity of emission of the electron at x = 0 (7.e., at L) 
and w is its velocity at a point where the potential is V. As «is 
negative (for the charge of the electron is negative), if U be made 
negative V will be negative, and electrons will be repelled by the 
upper plate. Under these conditions wu will become 0 at a point at 
which V = “er. 
2e 
will leave Z and be turned back at U returning to LZ. Electrons 
with a value of u. greater than this will, however, still reach U. 
Thus by measuring the current to U for various values of V the cur- 
rent due to electrons which leave L with a velocity u, equal to or 
greater than the one corresponding to the particular value of V 
chosen will be obtained. Thus by measuring 7 = ne, the current 
for a given V, the number of electrons n corresponding to those 
MU” 
2e 
is obtained. Thus if F(u.)du, is the proportion of the electrons 
for which the u component lies between wu. and wo + duo, and if 
f(vo)dv. and f(w.)dw. represent the corresponding functions for 
the v and w components of velocity, the current to U will be given 
by 


For this value of V the electrons of velocity u. 


whose wu, is equal to or greater than the u, given by V = 


© +o +o 
t= ne F(u,)due f(vo)dv. f(wo)dwo. 
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7 is the number of electrons emitted per second by the source at 
all velocities. If Maxwell’s law is correct, F(w.)du. is none other 
than the quantity evaluated in Sec. 43, 2hmue*"*du, and 
f(v0)dvo and f(w.)dw, are given at the beginning of this discussion. 


Integration yields 
= neem 2h Vie 


and since 7e is equal to 7, , the value of 7, when V;, the opposing 
field, is 0, then 


Scale of log, t 


0:2 03504 620. 5eGe 
Potential Volts, V} 


Ria. 23; 


Now h was our and taking the logarithms of both sides of the 


equation one obtains the simple relation: 


hae ne ee 

ag ORT teat i 

N being the number of molecules per cm’, and R the appropriate 
value of the gas constant for 1 cm’ of gas. Now Neisthe Faraday 
constant of electrolysis divided by 22,400, and R is 3.711 10° 
ergs per degree Centigrade. Thus if Maxwell’s distribution law 
has the same form as the distribution of electronic velocities, 


Vi, in which k = Nk = R’ 
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log : plotted against V, should give a straight line. Now 


o 


Richardson and Brown carried out this measurement of 7 asa 


o 


function of V; and the results of one set of measurements are shown 


in Fig. 23. It is seen at once that the relation between log - 


and V, is a linear one, and careful measurements have shown this 
to hold within the limits of experimental error, which is 1 per cent. 
Later measurements were made to verify the law for the com- 
ponents parallel to the emitting surface, and sufficiently close 
agreement was found to make this seem true if the results were 
taken in conjunction with the very nice verification in the case 
of the normal component. 

Another equally important test to be obtained from these 
experiments was whether the average energy of the electrons was 
that to be expected from the distribution law and from the 
temperature of the filament, in other words, whether the elec- 
trons had the energy corresponding to the molecular energy of 
agitation at the emission temperature of the filament. 

This can be tested easily as follows: If log r be measured as 


o 


a function of V, the constant factor aes can be determined 


from the slope of the straight-line relation between log - and 


V,. If the temperature 7 be determined optically from the 
filament, then, since Ne is known, & can be determined from the 
experiments and compared with the known value. In the early 
experiments, values of R between 4.36 X 10® and. 3.08 X 10% 
were found as compared with 3.711 X 10%, which is the true value. 
Two sources of error, however, existed, in the measurements, | 
which were not eliminated in this work. Both were due to the 
heating current in the filament. This gave a fall of potential 
down the filament so that electrons had more than wu, for a 
velocity. Also the magnetic field produced by this current 
changed the paths of the electrons and thus disturbed the rela- 
tion between u,v, and w. Schottky’ ingeniously got around this 
difficulty by using an alternating-current device, heating the 
filament on one phase and cutting out the heating current in the 
next one while the measurements were being made. He obtained 
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values of R that were still too high but much closer than those of 
Richardson and Brown. In a recent paper Jones'* has eliminated 
a number of the errors inherent in Schottky’s'® work and suc- 
ceeded in obtaining value of R which deviated less than 15 per 
cent from the true value of R between temperatures of 1450 and 
2000°K. The deviations were nearly equally great on both sides 
of the true value and the average deviation was about +5 per 
cent. Very recently the experiments of Jones were extended by 
Germer,"’ using a straight tungsten filament and a cylindrical elec- 
trode. He also used a device for heating his filament and meas- 
uring the thermionic currents when the heating current was off. 
Measurements were made at eight different temperatures from 
1440 to 2475°K. Correcting for the contact difference of poten- 
tial between the filament and the grid, it was found that at each 
temperature (except at very low voltages where the space charge 
effect limited the current) the current varied with the voltage in 
just the manner calculated on the assumption that the electrons leave 
the filament with velocity components distributed according to 
Macxwell’s law for an electron atmosphere in temperature equilibrium 
with the hot filament. At 2475°K. the assumed Mazwellian 
distribution was verified up to a retarding potential so great that only 
one electron in 10'° emitted electrons was able to reach the collector. 
This accurate extension of the previous measurements verifies 
the law over a large range of temperatures, and over a remarkable 
range of velocities. It constitutes probably the best quantitative 
verification of the law, in that it verifies it over so great a range of 
velocities. Thus the fact must be accepted that—no matter 
whether the theoretical assumptions are correct—(1) the 
electrons are emitted from a hot metal with the mean energy 
which the Maxwell distribution law whould lead one to expect; 
and (2) the velocities are distributed among the electrons in 
accord with the Maxwellian law to within 1 per cent. Thus the 
Maxwellian law has been obtained and verified quite definitely in 
one case, v27z., that of the velocities of electrons which are purely 
of thermal origin. 

46. The Verification of the Maxwell’s Distribution of Veloc- 
ities by the Doppler Effect in the Spectral Lines Emitted in a 
Discharge Tube.7*—Assume a group of particles all emitting 
light of a single wave length Xo, or a frequency vo. If the par- 


*The Author’s acknowledgements are due to Methuen & Co. and to Dr. 
E. Bloch for permisson to use his own free translation of the section entitled 
_“Targeuer de Raies Spectials” in Bloch’s ‘Theorie Cinétique des Gaz.” 
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ticles are at rest, then the light would be entirely monochromatic. 
Under these conditions the light from the source would be such 
that a portion of the train of waves would interfere with any 
other portion of the wave train, no matter how many waves 
intervened between the two portions of the train coming together 
under conditions where interference was possible. For example, 
in a Michelson interferometer, interference bands would be 
observed for light from such a source no matter whether one 
arm of the interferometer were 10 meters longer than the other 
one. If, now, one of two things occurred, this would cease to 
be possible. If the phase of the vibrations of the light centers 
in the atoms were disturbed through molecular impacts, then 
the interference over differences of path length corresponding 
to the number of waves emitted over a free path only could be 
observed. In the discharge-tube light sources used, however, 
such low pressures exist that this period is quite long. Thus 
the visibility of fringes is little altered by this cause. On the 
other hand, since the molecules or atoms are undergoing heat 
motions, the frequency of the light emitted by them undergoes 
a shift to longer or shorter wave lengths, depending on whether 
the atoms are moving away from or towards the observer. As 
all velocities exist on the distribution law, the initially mono- 
chromatic ray is broadened in both directions from yo or Xo, 
having a distribution of intensities in this finite band which is 
determined by Maxwell’s law of distribution of velocities. This 
finite width of the spectral lines will act in such a fashion that 
after a path difference of many thousands of fringes the part of 
the fringes due to one portion of this band will be overlapped 
by the fringes produced by another portion of the band and the 
fringes will become indistinct. The rate of decrease in visibility 
of the fringes as a function of path difference must therefore 
depend on the width and distribution of intensities over the 
width of the band into which monochromatic lines are drawn 
out by the molecular velocities. 

It now becomes necessary to study the change in visibility 
of fringes as a function of the breadth of spectral lines. If two 
monochromatic radiations of the same frequency vy and ampli- 
tude a meet with a phase difference 6, one can, in calling ¢ the 
phase of one of them, represent the resulting vibration by 


a cos ¢ +a cos (¢ + 0) = 2a cos 5 cos (4 + $). 
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The resulting intensity is given by 
0 
= 4q? cos? —: 
4a? cos 3 


Since the difference of phase @ for a path difference 6 can be 


written as 27 ; (7.e., 2x multiplied by the number of wave lengths 


in 6), and since \ = Y where V is the velocity of light and v 
the frequency of the vibration, the above expression becomes 


I = 4a? cos? * v. 


Under conditions where there are, for a difference in path, whole 
multiples of half the wave lengths Xo, the intensity is strictly 
0 and the visibility of the fringes is independent of the path 
difference 6, for the cosine term only is a function of 6 and varies 
from 0 to 1 with 6, while a is independent of 6, so that when the 
cosine is 1, J is always 4a?. Where the ray is not monochro- 
matic, it must be divided into very narrow portions, each one 
corresponding to an interval Av for which the intensity of the 
fringes may be given by the above expression, but for which a? 
will depend on the intensity of the particular Ay given. Thus 
if the intensity is found to vary with »v, the a? for each Ay will 
then be a function of ». The total intensity of the fringes 


observed would be [7 dv. 


[1a = fo cost? dy, 


where a? is now a f(y). 

For simplicity, a band of finite width and uniform intensity 
lying between frequencies v; and vz may be examined, the mid- 
dle of the band corresponding to vp and a wave length Xp». If 
one call \i — A» = 2e, Ai and de being the wave lengths cor- 


responding to »; and v2, one may write, since Me =», 
eal 
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for A,” approaches \1A2. Hence 
mm _ Be 
Vo 73 Xo 
In the particular case considered, a? is constant with v, and it is 
obvious that 


sin hh V1) 
ADE 74 
[ta = 2a? (vw, — »1)} 1 + ee cos one ) 


where the integration of the above expression for Jdy is taken 
from »; to v2 with a constant. For finite values for v2 — 1, 
the intensity (when the cosine term is 1, for example) depends 


. 70 
sin yi — V1) 
on the value of the factor a = = » which is now a 
Gi (v2 — 1) 


function of 6. Hence [rs is no longer independent of the 


value of 6 in the cosine term alone, which is periodic, but it 
depends directly on a 6 in the denominator of a. Thus, 6 here 


does affect if Idv. For values of 6 small compared to Xo (7.e., 


where p = au is a small number), the factor a does not differ 
0 


sensibly from unity, for the product te — v) is a small 


quantity, and the sine of such a quantity approaches the quan- 
tity. When, however, p increases so that the argument of the 
sine approaches z the quantity a vanishes, that is, the fringes 
vanish, for when the cosine term is 1 the whole term is very 
small, and the change in intensity from one maximum to a 
minimum is negligible. Before this occurs, that is to say, at 
any particular value of a, the interference fringes have an inten- 
sity which for the maximum is 1 + a for the case where the 
argument of the cosine term is positive, and 1 — a where it is 
negative, that is, there are variations in intensity at the points 
at which the fringes have a value of 1 + a@ for the maxima and 
1 — a for the minima. If a@ is unity the contrast is great and 
fringes are visible and if a is 0 there is no contrast and they are 
invisible. Thus, viewing the fringes, it can be said that the 


114 THE KINETIC THEORY OF GASES: 


ratio of the minimum intensity in the fringes J, to the maxi- 
mum intensity J; in the fringe system is given by 


Jaks Vs tte 
Ji ite 
Whence, 
Relevant Le 
Jit Je 


This quantity a was defined by Michelson as the viszbility of the 
fringe. It is an arbitrary definition of what the eye would judge 
as the visibility formulated in terms of the parameter a of the 
above equation and the intensities. For Je = 0, a = 1, and 
for J: = Jo, a= 0. Thus a takes on values from 0 to 1 and 
the visibility of the fringes varies accordingly. 

One may now turn to a study of the breadth of the spectral 
lines caused by the Doppler effect resulting from the distribution 
of velocities. . This principle leads to the relation for the observed 
frequency v relative to the emitted frequency »») when the source 
moves towards the observer with a velocity wu given by 


yon(it}) 


where V is the velocity of light. Thus, the relative variation of 
the frequency to a first approximation is = If all the atoms 
have the same speed v, the width of the line would be simply 
a Then, since, by the preceding deduction, 


Yo — vy = 2 


Vo — Vy Qe 2v € v 
Vo ie ae ee 
This band would have uniform intensity with sharp boundaries, 
since the molecular velocities are homogeneous in all directions. 
Thus the results of the preceding section are directly applicable 


and the visibility a takes the form, 


sin 2rp 7 
Q = , 
2rp 7 

Saree 6 Qvov 
if it is remembered that p = vi and that ve — 11 = oe and that 

0 
yy 1 
V> =X 
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The question arises, How does one subjectively judge the vis- 
ibility, that is, under what conditions (7.e., what value of a) do 
the fringes disappear? Lord Rayleigh arbitrarily decided that 
the limit of visibility was reached when 2 = 0.95. This esti- 

1 
mate certainly is not far off, perhaps being a little high. It is, 
of course, subject to individual variations among the observers. 
Under these conditions a takes the value 0.025, or 149. For 


this value of a the sin amp + is so nearly 0 that the product 


2rp 7 must be nearly equal toz. This leads at once to an expres- 

sion for the order of interference p = 2 given by p = us that 
0 

is, in order that sin 2rp z be 0, p must be equal to Oy’ Hence 


p= 0.5 * when the fringes disappear. Now the average 


velocity of the molecules Zis related to the temperature of the gas by 


a ae te 'S, 
ean = ft fore = Pc 


and C= cea by Sec. 42. Hence the breadth of the line e¢ is 


given by the relation 
ee a 
PES PA € arM fh 
ony and ies a A J 
where A is a constant , at 


= 4.85 x 10-7. Whence the limit- 


oT 
7 Var [M 
ing order of interference p is given by p = 1.03 X 10° vin 


This theory holds for the very simple case of all molecules 
having equal velocities. If, however, the Maxwellian distribu- 
tion law holds, this must all be modified in accordance with the 
distribution. The distribution of velocities along the line of 
sight are in this case the only velocities which must be taken 
account of, for it is only in the line of sight that motion produces 
the Doppler effect. The number of atoms in a gas in equilibrium 
whose velocities lie between wu and u-+ du out of N atoms 


Raa h 
observed is given by the distribution law as na. = N —— etn? 
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du by Sec. 43. This distribution of velocities leads to a change 
in frequency, such that for the atoms of velocity lying in an 
interval between u and u + du there is a change in frequency 
dv which is approximately equivalent to - Since, however, 
the intensity of this light depends on ngu, and hence on u by the 
above relation, one may write that a’dv = be~’™“2du, where b is a 
constant depending on N and the other quantities involved as 


_ 4u? 


well as V. Since é = v — this becomes a?dv = be ~ mt du. 
= ae hm 
The distribution of intensity among the fringes is, therefore, 
found from 
4u2 


[1 = wf “cost [77 bu: at “ y) fe a 
Since 2 cos? | aes (1 + :) = 1+ cos Ee (: +- a) 


= 1+ cos aie cos? zat — sin ao sin ee 
the integration is simplified. As the last term is an odd function 
of u, it gives an integral 0, while the first two terms give well- 
known definite integrals. Hence 


ee hs 
[tw = rbv E ica Gr) cos 7" | 


Here again it is seen that the quantity designated as a before 
(z.e., the factor multiplying the cosine term) is given by 


? 


oF (ze 
2V 
a=e 
_ (mY! 
‘ av). : aes 
When p is small e is close to unity and the visibility is 


good. If the Rayleigh value for limiting visibility of 2 = 0.95 
1 


or a = 140 is accepted, p for this case is given by 
= 1s ae 6 M 
p = 0.690 rhc 1.42 X.10 ie 


Fabry and Buisson, however, set the limiting visibility a as %6¢, 
which gives a value of p the limiting order for visible fringes as 


M 
= 6 —_—-e 
p = 1.22 x 10 Ve 
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Thus comparing the Rayleigh value for p for the case of a broad- 
ening due to molecules all having the same velocity to one having 
a Maxwellian distribution, it is seen that p changes from 1.03 to 
1.42. Thus the distribution law merely changes the value of 
the constant by a numerical factor which is'of the order of 40 
per cent. 

The actual measurement of p was first made by Michelson and 
seemed to bear out the theory fairly well. The later results of 
Fabry and Buisson, however, seem to give an even more satis- 
factory agreement. The light from Geissler discharge tubes 
which were immersed in thermostated baths to keep 7' constant 
was analyzed by means of an interferometer. The difference of 
path of the interfering rays was then increased until the inter- 
ference fringes ceased to be visible. Thisgaveé. The gases used 
were the inert gases, such as He, Ne, and Kr, as well as some ordi- 
nary gases like H». Under the conditions of the experiment the 
frequencies used came from lines known to have only a simple 
structure—that is, no complicated lines were chosen. Such 
lines come from the atoms of the elements, as is well known, 
for molecules give broad bands. Further experiments were 
made with the Geissler tubes immersed in liquid air to gain 
another value for 7. M was given by the atomic weight of 
the gas. The value of p obtained from the value of 6 at which 
interference fringes disappeared by dividing by Xp, is given in 
column 4 of the table following. The calculated value of p from 
the values of M and T for the gases are given in the fifth column 
for room temperatures. For liquid-air temperatures the values 
of p’ observed are given in the sixth column. The ratio of the 
value of p’ observed at the liquid-air temperature to that at room 
temperature is given in the seventh column. The theoretical 


value for this, e.g., i ce is 1.73. Thus it seems as if the discharge 
warmed the gas slightly above the temperature of the bath. 


. | Wave | Room temperature Liquid-air i 
Atomic Se 
Gas wae length temperature ; 
wale A° p obs. | p cale. p’ obs. P 
a 
oe ae 4 | 5,876 | 144,000 | 144,000 | 241,000 | 1.66 
i Cee 20 5,852 | 324,000 | 321,000 515,000 1.60 
re eer Ss 83 5,570 | 600,000 | 597,000 950 , 000 1.58 
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The results show definitely the following facts: First, that p 
varies experimentally quite accurately as ~/M. Second, that 


it varies as 4 e as accurately as the temperature conditions 


can be verified. Finally, p in order of magnitude agrees very 
well with the value computed from Maxwell’s law. However, 
this agreement, which is within 1 per cent, is rather forced 
through the choice of a = 14g. For a = 4, as suggested by 
Lord Rayleigh, the value would be about 14 per cent higher. 
Thus a complete verification of the law which depends on an 
accurate agreement between the constants can hardly be said 
to have been achieved. The much more certain proof of the 
law would result from a photometric comparison of the intensity 


of the fringes, 7.e., of = and hence of a at different values of 6. 
1 


This would give a complete and accurate verification of the law. 
It may again, however, be added that this work does definitely 
prove the existence not only of molecular velocities but of a dis- 
tribution of velocities. 
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CHAPTER V 


THE MORE ACCURATE EQUATION OF STATE, OR VAN 
DER WAALS’ EQUATION 


47 Introduction.—In the discussion of the gas laws on the 
basis of the kinetic theory, which has preceded this chapter, the 
molecules have for the most part been considered as points 
which have no forces acting between them. In the deduction of 
the expression for the mean free paths in Chap. III it became 
necessary to consider that the molecules have a volume, and use 
was made of a quantity b related to srrtN , the total volume of 
the molecules present in a cm*. In fact, the pressure of a gas 
as calculated by Clausius in Sec. 19 made an allowance for such 
aterm. As was shown in the second chapter, the kinetic hypo- 
thesis leads to the expression pv = RT = yvmc? for the type 
of gases postulated. This is commonly known as the Boyle’s- 
Charles’ law, and it holds true for the “ permanent” gases under 
the experimental conditions usually employed in the common 
laboratory courses in physics, within the precision obtainable 
in such experiments. Even Boyle in his first measurements, 
however, noted that it did not hold rigorously, and stated the 
fact. As will presently be seen, accurate experiments show 
that this law does not hold at all accurately over large ranges and 
with a higher precision of measurement. The departures from 
this law, in part foreshadowed by Clausius in his theoretical 
treatment of the pressure relation, lead Van der Waals to his now 
famous equation of state. The development of the latter equa- 
tion and its application to the interpretation of gaseous behavior 
will constitute the body of this chapter. 

It should further be pointed out that, in turn, the Van der 
Waals’ equation has its shortcomings. While in its present form 
it covers the general behavior of gases beyond the realms of 
Boyle’s law satisfactorily for a large number of gases, it breaks 
down quite seriously when compared with still more accurate 
results. To replace it, various modifications or extensions have 
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been made to’ correct the errors introduced by the simplifying 
assumptions underlying it. Thus, while specifically Van der 
Waals’ equation extends the Boyle’s law equation by endowing 
molecules with volumes and forces, it assumes these volumes con- 
stant and the forces independent of the stateofthegas. Actually, 
these conditions are not fulfilled and the extensions of the equa- 
tion, some merely empirical in nature, attempt to correct 
this difficulty. They, in general, succeed in being of use for one 
set of phenomena involving the law, but none of them have the 
general applicability of the simpler equation. Necessarily, the 
better equations of this type reduce to the Van der Waals’ equa- 
tion in the limit when the factors causing the deviations from the 
equation are reduced to vanishingly small quantities. Again, the 
Van der Waals’ equation itself reverts to the simple Boyle’s- 
Charles’ law when the molecular volumes and forces approach zero. 

It is of interest to note in passing that the development of this law 
is a beautiful illustration of the progressive advance of physical 
science. First there is the discovery of a general regularity or 
law of nature through crude quantitative measurement. This is 
followed by a stimulating ‘“‘explanation”’ in terms of a mechani- 
cal analogy. Then, as the result of more accurate measure- 
ments, what might be called second-order deviations come’ to 
light. Following these appears a brilliant extension of the mechan- 
ical theory to include the deviations. It is to be noted that such 
a change in the theory is not revolutionary in any sense. Nothing 
is upset and no errors have been made. The further investiga- 
tion merely indicates the limitations of the fundamental assump- 
tions. Such limitations being discovered, a further extension is 
possible, and the accuracy of the theory is extended perhaps to 
another significant figure. Following this improvement still 
more precise measurement again reveals deficiencies which require 
extension of the theory. Thus the knowledge and comprehen- 
sion of the phenomenon can continue indefinitely, new improve- 
ments in technique making further experiment possible, new 
extensions in mathematical treatment also making perfection of 
the theory possible. It might seem as if this process could go on 
ad infinitum. Unfortunately, as accuracy advances progress 
becomes increasingly difficult, owing to the increase in mathe- 
matical complexity. Thus it soon becomes almost impossible to 
handle some of the resulting involved expressions. A simple 
example of this also appears in the practical application of the 
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equation of state. To this day most engineers are, for simplicity, 
forced to assume the Boyle’s law equation, since the complica- 
tions introduced by the more accurate Van der Waals’ equation 
already begin to increase the complexity of their calculations 
more than the increase in accuracy would warrant. 

The Van der Waals’ equation, accordingly, besides furnishing 
an admirable second approximation to the true behavior of gases, 
can be of value in indicating the manner of advance of scientific 
thought. From what has preceded, it is seen that, while it has 
its limitations, it is perhaps the most serviceable equation, for, 
owing to its still considerable simplicity, it makes it possible to 
deduce the values of the constants involved (e.g., the size of the 
molecules and the constant of attraction) to a first order of 
approximation. With the more accurate modifications the 
increasing complexity of the quantities render such evaluations 
more difficult, and the loss of generality in application renders 
correlation between the constants of the equation obtained from 
a variety of phenomena impossible. Thus by its means, as will 
be seen in this chapter, the molecular constants a and b can be 
determined and can be found to agree from three apparently inde- 
pendent sets of data, to wit: (1) deviation from the gas laws, (2) 
critical constants, (3) the Joule-Thomson effect. 

A8. Deviations, from Boyle’s Law and the Deduction of Van 
der Waals’ Equation.—If the product pv = RT = constant is 
plotted as ordinates against p, the pressure, as abscisse, the 
resulting curve should be a straight line parallel to the axis of 
abscissz as long as Boyle’s law holds. This is shown in curve 1, 
Fig. 24. There are, however, no gases for which this is true if 
the measurements are accurately made. For the gases He and 
He the product pv plotted against p gives nearly a straight line, 
which rises gradually as pincreases. The behavior for these gases 
is seen in curve 2, Fig. 24. For most gases, however, the curve 
for the product pv at first falls below pv equals a constant as p in- 
creases, and later risesabove thisline. For O2.and Ne the decrease 
is slight, while for the more condensible gases the initial drop is 
more pronounced. Such a curve is shown in curve 3, Fig. 24. . 

The explanation of these phenomena is qualitatively simple. 
In the first place, if Clausius’ deduction of the pressure relation 
which allows for the volume of the molecules is correct (Sec. 19), 
.¢., if p@— b) = RT = 5 my, then pv — pb = RT, or, better, 


_— @ 
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pv = RT + pb. Thus, as p increases pv increases linearly with 
it. Its rate of increase is then determined by b, the coefficient 
of p and the greater bthe morerapidtherise. This bisnothing but 


_a function of the volume of the molecules, which was taken as four 


times the total volume of the molecules present in the volume 
v of the gas, so that it should be possible from such devia- 
tions to evaluate b and hence the size of the molecules. Thus 
the deviations of the type-2 curve is satisfactorily explained 
by taking account of the volumes of the molecules. The initial 
fall of the curves of the third type in Fig. 24, however, still 
requires explanation. This curve demands that, as p increases, 


the product pv must first decrease, that is, v must decrease more 


(3) 
2) 


pv ) 


Pp 
Fig. 24. 


rapidly than p increases. Such a change in v can only take place 


-if some pressure other than p is active in changing the volume. 


Now the fact that molecules condense to form a liquid or a solid 
under the proper conditions indicates very definitely that the 
molecules attract each other. Thus the forceless molecules pre- 
viously assumed must for all gases be replaced by molecules which 
attract each other. If this be assumed to be the case, and if it be 
further assumed that the attractive forces of the molecules extend 
over limited distances only, then the more molecules there are in 
a given volume the greater will be the attraction. Hence it 


- would be expected that, as the volume decreases, the internal 


ll 


pressure due to the attractions of the molecules would increase. 
Thus it is to be expected from the behavior of the pv-p curves 
that, besides the external pressure p on a gas, there is an internal 
pressure p’ due to mutual attraction of the molecules. This 
pressure p’ is a function of the volume of the gas and must be 
added to p in any correct gas-law equation. 

Van der Waals, in 1880, had the insight to derive an expression 
for the value of this pressure p’ and thus to deduce an equation of 
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state which stands today as the most generally satisfactory 
approximation to the gaseous behavior. His evaluation of the 
pressure p’ was based on an analogy to Laplace’s famous equation 
of surface tension. Surface tension is again a phenomenon due 
to the mutual attraction of molecules, and hence it is not surpris- 
ing that the type of reasoning successful in one case should be 
equally successful in a similar case. If one considers the outer 
layer of gas in a containing vessel, one notes first the external 
pressure p on this layer exerted by the walls. If, however, the 
gas molecules attract each other, those on the outside will 
not be attracted outward, as there is no gas present to attract 
them. They will, however, suffer an attraction inward by all 
inward lying molecules. Now it is obvious that the attractive 
forces of molecules on other molecules must vary with the dis- 
tance. Hence it is conceivable that molecules lying far away 
from a given molecule will suffer negligible attraction from it. 
It must, accordingly, be assumed that, in general, there is a dis- 
tance x in a gas beyond which the attraction of one molecule for 
another is negligible. What the magnitude of this distance is is 
not. of material importance for the present discussion. It must 
exceed the average distance between the molecules in a gas to 
be effective at all. Probably it is of the order of a number of 
mean free paths at N.T.P. One can, therefore, consider a layer 
of gas x em thick, over the outer surface of the gas, in which each 
molecule has an inward component of force exerted on it by the 
molecules lying within x cm interior to it, for the inward com- 
ponents of force on these molecules are not balanced by outward 
components of force, since there are no molecules more than 
x cm outside of this layer to attract them.* Since the force on 
the layer is due to the molecules, it must be proportional to the 
number of molecules in it. The smaller the volume in which a 
given number of molecules are confined the greater the number 
of molecules that find themselves in this layer of thickness 2. 
Thus since decreasing the volume v in which the n molecules are 
confined increases the number n’ in the surface layer proportionally 


1 ine ; ; 
to =, the force which is exerted by the interior molecules on 


* There are, of course, forces exerted on the molecules by the walls of the 
containing vessel. These are, however, negligible compared to the forces 
between the molecules themselves and so may be neglected here. The cause 
for this may be seen in the nature of the adsorbed-gas molecules on the 
walls (see Sec. 84, Chap. VII), 
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the surface layer will be increased in proportion to n’, that is, to 
1 i : ; 
> But, again, since decreasing v also changes the number of 


molecules in the interior of the gas, which are close enough to 
the outer layer x cm thick to act on the molecules in it, in the 


proportion of -, the total resultant force, must be proportional 


1 7 : 
to oe that is, since the number of attracted molecules in the 
outer layer x and those inside coming close enough to z to attract 


them are both increased in proportion to 4, the resultant 
increase in force on the surface layer must be proportional to 3 


: a : : 
and one may write p’ oa where a is a constant of proportional- 


ity. It is obvious that a must be a constant characterizing the 
attractive forces for each particular kind of gas, and should be 
independent the volume v of the gas. Thus the equation 
properly describing the behavior of a gas must contain 
both the correction for the volume of the molecules and for the 
value of the internal pressure. Thus Van der Waals’ equation 
may be written 


(> fi nye —b) = RT = 5 nmC?.* 


It is this equation which, in general, most conveniently fits the 
behavior of a gas to a second degree of approximation. By its 
application to gaseous behavior the values of a and b may be 
found for different gases. 

Thus in the explanation of the curves of type 3 of Fig. 24, 
which was discussed, the equation takes the form 


po = RT + pb— 24%. 
Since a and 6 are both small as is a small quantity of higher 


order and may be neglected. Hence the expression for the quan- 


tity pv becomes pv = RT + pb — >. This equation very satis- 


* The n here used represents the molecules in the volume v. It will here- 
after be used in place of the v formerly used. 
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factorily explains the initial drop of the pu curve as p increases. 
= 5 a - 
For if a is greater than b, as v decreases the - term Increases more 


rapidly than pb increases. It seems as if the resulting decrease of 
pv should goonindefinitely. Asthe pressure goes still higher, how- 
ever, the volume becomes so small that the molecules become 
crowded together and the spaces between them become of the 
same order of magnitude as the molecules themselves. When 
this point is reached, further changes in p produce comparatively 


small changes in v (7.e., tis no longer proportional to p). Thus 


the pb term increases more rapidly than the < term and soon 


becomes the important factor causing the curve to rise again. 
With H» and He, however, the a is so small as to cause little or 
no change in the slope of the curve due to pb, and the type-2 curves 
result. Hence one may already qualitatively see the differences in 
gaseous behavior due to a difference in the constant a. 

49. Note on the Value of Van der Waal’s b.—In Chap. III it 
was shown that each molecule excluded the centers of all the 


; : 4° 
molecules considered as points from a volume amo", where o = 


2r, r being the radius of the molecules. It was pointed out, how- 
ever, in Sec. 19 that, since the point molecule was able to strike 
but one hemisphere of the sphere of action of a molecule with 
which it collided, the real volume from which every other mole- 


cule was excluded was not “ro but just one-half of this, that 


A : : 
is ato. Thus the volume available for free motion was V — }, 


2 ‘ : 
where b = groin. This value of b gave a correction term to the 


mean free path, which for rarefied gases (7.e., all common cases 
of application) could be neglected. Since, however, the b is of 
great importance in Van der Waal’s equation and can be of service 
in determining r, the radius of the molecules, it demands a more 
complete discussion. 

The value of b above may be deduced a little differently. A 
simple deduction of the equation for the mean free path was given 


if 


in Sec. 16. In this case L was found to be equal to 
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the correction for relative velocity were added. Here vn is the 
number of molecules in the volume V. This deduction assumed 
that the molecule acted like a disc of radius o. In impact, 
however, if the molecules have volumes, then the impact must 
occur at values of LZ less than this. Consider spherical molecules 
with a radius r colliding. If the collision be head on as in (b), 
Fig. 25, the length of path will not be L as in (a) Fig. 25 for dise- 
like molecules, but L — o, where o = 2r. But impacts of the 
type shown in (c), Fig. 25, may also occur. Hence L will 


take on a value between L —o and L. Now the quantity 
required is the average value for this decrease. This can be 
found as follows: Impacts, according to Van der Waals, are equally 
probable on any portion of the surface of the sphere of exclusion 
of radius o drawn about the fixed molecule. One may then ask 
what the average distance of approach in collisions of this type 
would be. If » molecules impinge per cm? on a spherical surface, 
then the number impinging on a zone of width odé@ and radius 
a =o cos 0 (see Fig. 26) will be 2rno* cos 6d#. The distance 


of approach for the impact characterized by this zone at the 


= 


128 THE KINETIC THEORY OF GASES 


angle @ is o sin 6. Hence the average distance of approach is 


given as 


2 
i n2ro* sin 6 cos 6d0 
0 


= ? 


<s 210*n 


where 2702n is the number impinging on the whole hemisphere. 
Solving this equation, 7 is obtained as the value by which L 


is shortened. For a disc-like molecule the free path was 


Direction of Motion 


eegeee 


Fig. 26. 


For a spherical molecule, accepting the 


taken as Lg = ie 


ao n 
assumptions of Van der Waals, mentioned above, 
iP Be 3 
a/4_, 
Th te o 3(37° n) 
us - =1=— ——=1 -—S 
La 2L V. ‘ 
D) : a oe 
V — 5ro*n — 
‘a ih ig a 
Vek . 


This change in L is due to the volume of the molecul 
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(8rr2n) = 4(srr'n) = 4w, where » is the volume of all the mole- 


cules in the space. This is the same value for b found from very 
simple considerations in Sec. 20. 

This argument contains one fallacy, as Van der Waals himself 
later recognized. The impacts on the hemispherical surface 
were in the deduction above taken as equally probable. This is 
in error, since the Tig. 25 is drawn so that the shortening of the 
free path is along the line of motion only. Thus the impacts 
are not equally probable over the surface of the hemisphere 
about the end molecule. They are really equally probable over 
the base of the hemisphere, which is perpendicular to the direc- 
tion of motion. The average must, accordingly, be taken as 
follows: If n molecules strike a cm? of surface at right angles to 
the motion, the number striking the zone od@, of radius ¢ cos 86, 
is not 27no?dé@ cos-0 as before, but the projection of this at right 
angles to the motion, 7.e., 2rnc” sin @ cos 6d@. The average 
distance of approach is, then, this quantity multiplied by the 
distance of the zone from the base of this hemisphere, that is, 
Tv 
2 
base of the hemisphere. Thus the average value is not Z as before, 
but Z’ given by 


by o sin 6, integrated from 0 to = and divided by n times the 


2 
i 2rno* sin? 6 cos 6dé 
Pd 0 


iin auoties..  3." 
20/4 , 
2 ln Qe 3 (37 n) 
Hence L, =La— 30 and F =1—- 37 =1- v 
16/4 
Nae 3 pe 2, 

4. V gr? n V 3 Cu n) 

i V ~ V 
Thus 6 = re = 5.33w instead of 4w as Van der Waals assumed. 


3 
Neither this deduction nor the one preceding assumed a Max- 
wellian distribution of velocities. In both expressions the correc- 
tion for a relative velocity with molecules having equal speeds 
was used. 
According to O. E. Meyer,! Van der Waals later altered his 
average distance of approach in conformity with this correction. 
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In doing so he also extended the correction to take care of Max- 
well’s distribution of velocities and the fact that both molecules 
were moving. Calculations for which there is no place in this 
text give the change in Z under these conditions as the quantity 
ee In this case the quantity Za from the Max- 


wellian distribution of velocities must be used. This quantity, 


it will be remembered, was paths (Sec. 37), the +/g being 
/ 210*n 


TT 
introduced by the value of the average relative velocity. Hence 


V2 
i 
oe SD ae 3. nya 


4. 
ea ees 
7 Ve 1( Sor ") 


Hence b = 4w, as Van der Waals originally found. Thus the 
most correct value of b from this type of consideration is b = 4w. 
It is a strange coincidence that this value for b should agree with 
Van der Waals’ originally erroneously deduced value. 

Starting from an entirely different type of considerations, 
neglecting relative velocities and distribution of velocities, R. 
Clausius? and Jaeger* independently arrived at a different value 
for b. Jaeger’s deduction is more formal and of a general nature. 
It makes use of a new idea involved in the nature of elastic 
impacts. That of Clausius is a direct consequence of the 
general value for the mean free path deduced in Sees. 16, 17, and 
19, and merits being given. 


It was there found that LZ = 4U 


5c 
available volume and S the surface against. which the molecules 
impacted. U was at that point taken as V — b. In this con- 


where U is the total 


sideration b = sain can properly be called the total volume 


from which each molecule is excluded. The quantity o is, as 
before, 2r, where r is the radius of a molecule. Hence U = V(1 
4 


3 
uke n ee 
maak Now Clausius points out that the surface S is not 


4ro°n, the total surface of all the spheres of exclusion. It is less 
than this, for it often occurs that many of the molecules are so 
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close together that their fields of exclusion overlap while the mole- 
cules are still separate. These then cut out the overlapping parts 
of their surfaces-from the available surface for impact. Thus 
from 47o*n must be deducted the area S’ of all the n surfaces of 
the spheres of exclusion which are overlapping. These are 
unavailable for usual impacts, as a triple collision is very rare. 
The value of S’ can be readily calculated. An overlapping takes 
place for all molecules in which the distance between the centers 
is less than 2c but not less than « = 2r, for no two molecules can 
come closer than 2r._ Call a any length between o and 2c, that is, 
¢@<a<2c. The chance that the center of one molecule lies 
between a and a + da from another is then simply the ratio of the 


volume 47a?nda to V, the total volume available, 7.e., Paa = 

4ra*nda 
V 

spheres of action intersect each other and the plane of the circle of 


If, now, two of the molecules are a cm apart their 


contact is a from the center of each (see Fig. 27). The alti- 


tude of the section of this sphere above this plane is « — a 
The surface of this intercepted portion of the sphere of action 
which ceases to be effective in collisions is then 2rol 0 _ sa) 
Thus for the n molecules the surface given by the integral of the 


product of 2ro(o - 3°) and the probability Pa. from a = o to 


2 
a = 2, to wit 


2 20 
S'= lh (co? — 30°) da 
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is the surface which must be subtracted from the whole surface of 
the molecules present, against which impact can take place. 
2-5 
2 vo 


The value of this integral is tn v" Thus the surface avail- 


able for impact is 


4 
2.5 arne® 
S$ =D - 8! = 4rom — nt = deotn (; z us) 


V 
. : 4U 
Since in Sec. 17 the value of L was set equal to L = — 


S 
froin 
4V\1— V 
L= 


( noe : 
113 

oie 

4ino*\ 1 i6 Vv 


On division through by sna? and neglect of higher orders of this 


term than the first, the equation yields 
5 (Seno!) 
Pea cs Re 


whence b = 5(4am) = 2.50. This correction was made inde- 


pendently of any assumption of the velocities of the molecules. 
Therefore the relative velocity correction term in L must be added 
as it was in Chap. III. In order to do this it must, however, be 
assumed that the relative velocities do not change the surface S 
exposed. This is obviously not correct. The relative velocities 
would increase the chance of encounter and hence increase the 
value of b. Ina more recent book Jaeger® used Van der Waals’ 
later value b = 4w in place of the value 2.5w of Clausius and him- 
self. As will later be seen in the derivation of Van der Waals’ 
equation from the theorem of the virial by H. A. Lorentz (Sec. 
50), the value of b found comes out as 4w. Since this is a very 
rigorous deduction it may be assumed to be correct. Accord- 


ingly, it seems that the value of b = ana! given by Van der 


Waals is the most reliable value, and it is the one most frequently 
used today. It must be added, however, that. too great a reli- 


_— = 
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ability cannot be placed on the exact numerical value of the factor 
4, as isseen by these considerations. This place offers an example 
of a deficiency in the kinetic theory which too frequently occurs. 
In the type of statistical discussion appearing in the theory it 
can happen that frequently two different viewpoints will lead to 
entirely different processes of averaging. Such processes yield 
different values of the numerical constants, and it is sometimes 
impossible at the present state of knowledge to decide 
which mode of averaging is the correct one. One is therefore 
frequently hampered in checking the theory experimentally by a 
considerable uncertainty in the values of the constant terms. 
Thus the striking numerical agreements between theory and 
experiment which should be possible are occasionally vitiated by 
uncertainties of the values of constant coefficients which may 
reach many per cent. 

50. Deduction of Van der Waals’ Equation from the Theorem 
of the Virial—A more rigorous and perhaps more satisfying 
deduction of Van der Waals’ equation comes from a consideration 
of Clausius’® well-known Theorem of the Virial. Asit isnot readily 
accessible to the reader, it may not be out of place to discuss it at 
this point. 

It is first necessary to deduce the theorem of the virial in order 
to understand its function. The derivation here used is taken 
from the admirable treatment of Clemens-Schaefer.’ Let it be 
assumed that the equations of dynamics may be applied to the 
centers of gravity of each of the molecules of mass m of a homo- 
geneous gas. Then one can write for the equations of motion of 


these molecules 
d*x d*y a2 _ 
m7 = X, mT = x, and mo Z. 
In these equations the coordinates of the molecule along the three 
axes are x, y, and z, while X, Y, and Z are the three components 
of the external forces acting on the molecule. Multiplying these 


equations through by 2, y, Pe z, respectively, 


d*x dz 
Mi a = Xz, maple a = Vy, mz dé Zz. 
Since, however, the quantity alche may be expressed by 


dt? 


atte 
dx : (72+) (i) 
mx = —__* —m 


dt 
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and similarly for the y and z components, these equations of 
motion may be written in the following fashion: 


of max? mfdz\* _ 1 


dt? 
my’\ _m/fdy\? _ 1 
a( 4 ) aa) ep 
dt? 
sf TN ete ae 
a“ 4 ) tae) ie 
dt? 


Adding these quantities together, 


m d? dz dy\* dz\? 
Pome eee? alka # (3) +(@) | 
= 5(Xe + Yy + Zz). 


This equation applies to one molecule, and it must now be 
summed a for all molecules of the gas. Thus, 

aye de (a? ot lie oh SS syne’ a Ie: + YY ee) 
This equation can now be multiplied by an elementary time 
interval dt and integrated over a comparatively long time interval 


= 7d? avin rom eal . 


Yy + Zz)dt. 
Dividing this Seay by 7, 


rege tte] 2 [Soa = > | ee 
Yy + Zz)dt. 
If, now, the values of all velocities and coordinates are conceived 
of as remaining within finite limits, then for a relatively large 7 
the first term will become vanishingly small while the others 
remain finite, for the first term is divided by 7 but contains no r 
while the other terms contain r as well as being divided by r. 
* This time interval need be long only in the sense of the average times 
between disturbances of the motion of a molecule. Since the mean free 


path is of the order of 10-5 em and ¢ is of the order of 104 em/sec., the time 
for such an occurrence is 10~® sec. Hence for the intepratias in question + 


need not be a great fraction of a second. 
- = 
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The first term that does not vanish under the above conditions is 
nothing but the total kinetic energy of agitation of the molecules, 


averaged over a finite time. This may be written >); fg 
The term on the right-hand side of the equation is the average 
value of the sum 14 > (Xz + Yy + Zz), taken over a finite time 
interval, and it can be written as > (x x+Yyt+ Zz). Now 


t 


the quantity pe is really nothing but the average total 


kinetic energy of the molecules present in a given volume, to wit 
lonmC?, where n is the number of molecules present. 
Then the equation becomes 


1 1 : 
gnmC? + 52(X" + Yy + Zz)=0 


The quantity —14 DEX az + Yy + Zz) was called by Clausius the 


“‘virial”’ of the mechanical system; and the above equation states 
that the total kinetic energy of the system is equal to the virial 
of the same. This constitutes the famous theorem of the virial. 

This theorem may at once be applied to deduce the expression 
for the equation of an ideal gas. Consider the gas enclosed in a 
parallelopiped of volume V = abc, the sides a, b, and c being 
parallel to the coordinate axes. For the ideal gas, no forces act 
between the molecules at all and merely the forces experienced 
by the molecules in impact with the walls need be regarded. 
Consider the two walls of the paralellopiped which lie parallel 
to the yz-plane, the one wall having the x coordinate equal to 0, 
the other wall the x coordinate equal to a. Now, denote the time 
average of the force on the wall per unit area by p. For the 
wall at x = 0, p= is in the direction of the positive z-axis; for the 
wall at x = a, it is in the direction of the negative z-axis. Thus 


—.t 
for the first-named wall > (x2), = + pbc 0 = 0, and for the 


=0 
—.t 

second-named wall >( Xe) a —pbca = —pV. Exactly the 

same value is obtained for each - the other two pairs of walls, 


whence -3>@ a+YVy+ Zz)’ = = Spv. Thus the theorem of the 


oe ; 3 oe : Po AronG* : 
eee at once gives PV = grime ,O P= 3 = 5m - 
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This is the simple equation for an ideal gas which was deduced 
in a very elementary fashion in Sec. 5. 


It now becomes necessary to carry this deduction over to the 
case of the non-ideal gas. This treatment is also taken from the 
admirable text of Clemens-Schaefer.'' In this case intermolecu- 
lar forces act on the gas molecules beside the forces assumed 
above, 7.e., those of the walls. These forces must be taken 
account of in the virial. 

Let it be assumed that the molecules are hard elastic spheres 
between which forces act which are functions of the distances between 
the molecules. Let it be further assumed that these forces decrease 
rapidly to 0 when the distances between the molecules exceed a 
certain value. Call ¢(r) the force between two molecules 
located at the points x, y, 2, and 2’, y’, 2’. It then follows 
that r, the distance between them, is given by r? = (4 — a’)? + 
(y — y’)? + (¢ — 2’)?. The force components X, Y, Z and 
X’, Y’, Z’ acting on these molecules are then given by the 
following relationships: 


X = o(r)—* X! = 6) 
Y = $() Y’ = $e 
Z = 9(r)— Z! = g(r) 


(z.e., they are the projections of ¢(r) on the X-, Y-, and Z-axes). 
The unaveraged virial for these two molecules thus becomes 


= 9 (82 — 008 ath + Loney — 


He i 


sonst y'\ + {on — 2, 2). 


tie a 


On rearranging these terms one arrives at the relation 
1 d(r 1 
— 320 - a + wv + @— 2) = bret. 


Therefore the unaveraged virial for all the molecules for these 
forces is simply —'46>>r9(r). The double summation is 


carried out for all pairs of molecules. This correction for 
attractive forces must be added to the virial term deduced above 
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for the pressure of the walls in the case of an ideal gas. The 
equation therefore becomes in this case 


pV = src? = sh Drs(). 


The averaging over a given time interval may be left out for the 
last term, for >) >,r¢(r) is a constant for the equilibrium condition 


which is being dealt with. 
It is now necessary to determine the value of >>" (r). To this 


end the action between a single molecule with the molecules 
lying in a volume dr at a distance r may be considered. In this 


volume, on the average, there are dn = yar molecules, so 
that the force between this element and a single molecule is 


given by pe(ryrdr. Changing to polar coordinates, dr = 


r’dr sin 6déd¢, and one has the force given by 7o(r)rdr 


sin 6déd¢. If in place of the single molecule considered, one 
regards the molecules in a small volume d7’, in which there are 


par" molecules taken at the point where the single molecule 
ia one has for the force between dr and dr’ the quantity 
dr Te ordre sin 6d6d¢. To get the whole force, these volumes 


must be integrated for dr’ as well as for dr. The result must 
however, be divided by 2, since otherwise the whole volume would 
be taken twice. Thus 


> >r9(r) m5 a ae sin 6déd@ 


- =e 


3dr. 


Since ¢(r) was assumed to decrease Cee with r, it is possible 
to integrate r from of to infinity instead of integrating only over 
values corresponding to the volume V. This integral is therefore a 
* This assumption is the same one contained in the other derivation of 
Van der Waals’ equation. The latter assumed that the law of force was 
such that the force between molecules fell to zero for distances considerably 
less than the dimensions of the vessel (i.e., that the radius of the sphere of 
action was small compared to the dimensions of the containing vessel). 


to is here sum of radii of the two molecules. 
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constant. The integral of dr’ gives only the volume V. There- 


fore 
sD Drew) = a ij “6a 
Or setting 
Bent |” g(o)rtar =a, 
then 


sLDer = ae 


Thus the expression for the pressure assuming forces of attraction 


becomes 
& ol ee 
(» + ay = gr’ : 


This equation has so far taken the proper account of the pres- 
sure contribution to the equation of state; it does not, however, 
contain the correction for the volume of the molecules. The 
effect of these molecules on the virial is to add repulsive forces 
at the surfaces of the molecules. The calculation of the effect 
of these was first carried through by H. A. Lorentz. 

This part of the virial may be called the repulsive virial, and 
it may be designated by R. At the instant of impact let it be 
assumed that the molecules at a distance o of each other exert 
a force k; = k. each on the other. The repulsive virial thus has 


the value ska for the pair. The total virial is obtained by sum- 


ming over all pairs of molecules for a sufficient time 7 and dividing 
by r. Thus it has the value 


R=- bibs (ko)dt = ae i| “Dhdt. 


An interchange of the order of summation and integration 
leads to the relation 


Now the force k acts only during the time of impact, and r 
is therefore merely this time of impact. Thus the i kdt is the 
0 


time integral of the force, that is to say, the impulse given the 
molecule. Thus if C, is the relative velocity of the molecules 
and C;,, the component of this normal to the tangential plane at 


impact, then, in impact, this quantity alone is changed. The 
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momentum transfer is thus i; kdt, which equals mC,,, the 
0 


momentum change. The truth of this is at once obvious, for it 
is well known that equal molecules of mass m, if one be considered 
at rest and the other moving relative to it with a velocity C,, 
suffer a change in momentum along the normal to the tangential 
plane at impact only (see Sec. 28). This change is equal to a 
change in momentum from mC,, to 0 for the moving molecule, 


and from 0 to mC,,, for the one at rest. Thus one may write for 


k=-— Cnn summed up over all pairs of molecules which 


collide during the time r. Now this summation of all the mole- 
cules colliding in a time r can most easily be performed by a 
consideration of the a type of impact discussed in Chap. IV, 
Sec. 27. In Sec. 27 of the chapter on Maxwell’s distribution of 
velocities the number of collisions per second of molecules whose 
velocity components lay between wu and u + du, v and v + dv, 
w and w + dw with molecules of velocities lying between w’ and 
uw’ + du’, v’ and v’ + dv’, and w’ and w’ + dw’ was shown to be 
given by the expression* 


i ve, e—PXe+eg2(. cos Odkdudedwdu'du'dw’. 


n and multiplying by 7, 


vy’ 


Since VN = 


Vet = vias Te Bct+eg2C, cos Odkdudvdwdu'dv'dw’. 


*»y. was in Sec. 27 shown to be given by 
= F(u, v, w)F(w’, v’, w’)&C;, cos 6dkdudvdwdu'dv'dw'. 


From at 31it was found that F(u, v, w) and F(u'v'w’) were expressed as 


ag TG Si et lhe 6 WG 
rea a? and race a? 
air’? as? 
2 /2 
N= = ¢ ae 
whence F(u, v, w)F(u’,v',w’) = ain? e 
where ce = uw? + yp? + w2 and c? = uw’? + vp? + w’2, 


Calling Be B one has the above expression given by 
Qa 


236 : 
-Ne, ans OER C, cos 6 dkdudvdwdu'dv'dw’. 


For purposes of convenience in this deduction the previous 6 will be replaced 
by o.. 


Va 
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If this number be multiplied by V, the volume, then one has all 
the a impacts in the volume V in the time 7 given by 


npr —B2(c2+-c’2)_92 le PR U 
ye Per +e%g2C, cos Odkdudvdwdu'dy'dw’. 


Not = 
Now C, cos @ is the same as the C,, used above. It is the normal 
component of relative velocity of the molecules. Thus to get 


the sum >/Cr, for the a collisions only, one has but to multiply 
the number of collisions nat by C, cos 8. Thus 


Dre = 7 go . ze PC +e')g2C,2 cos? Odkdudvdwdu'dv'du’. 


To get the summation, one must integrate over dk, aaa and 
du'dv'dw’. Since dk = sin@ déd¢d, the integration over the d¢ 
gives the factor 27, and that over dé (7.e., of sin @ cos? 6d@ from 


0 to (5) gives 14, one has for all impacts between the molecules 


with the velocities www and w’v’w’ (i.e., the A and B type mole- 
cules in the volume V (see Sec. 28) the quantity 


2Crn = a = she e~B+e')C! 2dudvdwdu'dv'dw’. 


Pre iterreton over the dudvdw and du’dv'dw’ requires a trans- 
formation of variables. Let 


Sut w) =U; '" w—u=Uy 
So +o) = V1 v —v=Vz2 
sw +!) = Wi w' —w= We, 


The quantities with the subscripts 1 are the components of veloc- 
ity of the common center of gravity of the two molecules, and 
those with the subscript 2 are the components of the relative 
velocity C,. The product (dudu’)(dvdv’)(dwdw’) must now be 
changed in terms of the new variables. From the above, 


ye 1, 
oh OS) — adu + adw’. 
dU. = — du + dw.. 


Thus dU,dU, = dudw’ and similarly for the V and W components: 
Hence dudvdwdu'dv'dw’ = dU,dV,dW ,\dU2dV2dW 2. 


a 
_ —_—_ 3 
_ _ ~~ * 
=_— o- 
- 
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Also ~e* -- cS u? + wl? - v9? + o!? + wy? + w!? 
= 210: + Vit + Wi) + 5(Us? + Ve? + We) 
and C, = VU + V2? + W2?. 
Hence the expression 


Qn n°B%ro? 
Sy 


eB +e)C *dudvdwdu'dv'dw’ 


becomes 
27 n7B°ro?2 s 


3. mV 


— B2(Uit-+Vi2-+ Wit) +34 (Ut + Vet We) Ug2 


Vo? + W.?)dU dV dW ,dU.dV .dWs. 
Since in polar coordinates 


U, = C sin 0 cos ¢ U, = C, sin 6’ cos ¢’ 
V, =C sin @6sin ¢ Ve. = C, sin @’ sin ¢’ 
W: =C cos 0 We = C, cos 6’ 


and dU ,dV dW ,dU.dV dW, 
= C°dC sin 6dédoC,7dC, sin 6’dé’d¢’ 

therefore the equation becomes 

27 n* B®ro? 

a ale 
Now C and C, must be integrated from 0 to ~, 6 and @’ from 0 to 
a, ¢ and ¢’ from 0 to 27, and finally the expression must 
be divided by 2, since the expression has been integrated over 
all A molecules and all B molecules, thus counting the impacts 
twice. Thus 


Dene ae ooo i jek lala. e —62(2C2+1¢C,?] 


C2C,4 sin 6 sin 6’dCdC,dédé'd¢d¢’. 
Integration over ¢ and ¢’ gives 47”, over @ and 6’ gives the factor 4, 
whence 


161°n2B5ro? (°° o "BC, 
>C, = 373 if eweocrac | See | CAdC., 


which finally yields 


—B20202 + 78C)C2dC sin OdddgC, ‘dC, sin 0’dé’d¢’. 


oe Sa ae 
bert Ata 
This yields for & the repulsive virial, R = men 


Nn 1r0?r 2 n°C?ro?r 
ye: = 
n 
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Thus the virial must still be corrected by adding # to get the true 
equation of state, and one has 


a 2amo*n?C?\ _ 1 ; 
(> Sah x fe 3V ) “ 


or (» + M, = ym? {1+2 +5 2x a 


Now eas v is 4 (fer .) or 4w, where w is the volume of all the 


spherical molecules in unit volume. This quantity was called b 
in the previous deduction of Van der Waals’ equation. Thus 


one can write 
a val = b 
(» + wi)Y = gm € + ) 


To a first approximation this goes over into the form 


a D\t eer ; 
(> SF )r(3 - 2) = gnmC®, 


and hence (p+y Pv bine SnmC?. 


This is the Van der Waals’ equation aeaitee in a much simpler 
fashion in Sec. 48. This deduction is, however, more rigorous, 
and it does show quite definitely what type of forces are involved 
and what assumptions must be made. The essential assumption 
concerning the ¢(r) was that it was active over such short dis- 
tances that it made no difference whether the limits of integra- 
tion for r were over the dimensions of the vessel or to infinity. 
The simple derivation also contained the assumption that the 
vessel was several times larger than the radius of the sphere of 
action. The value of the force function thus still remains 
undetermined and it depends both on the magnitude of the force 
constant and on the variation with r to determine whether it will 
obey the conditions imposed. The small size of the correction 
terms and the agreement of the equation indicate that it is ful- 
filled. This deduction also gives the proper justification for tak- 
ing b = 4w, which was discussed in See. 49. 

51. Determination of a and b from Measurements on the 
Expansion Coefficients of a Gas. Evaluation of the Absolute 0 
of Temperature.—Since the deviations of the true gases from the 
behavior of an ideal gas are caused, to a first approximation, by 
the constants introduced into the more correct Van der Waals’ 
equation, a study of these deviations should make it possible to 


- , a 
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evaluate these constants. Experimentally, the deviations appear 
in the behavior of gases with change in temperature. If the 
volume and pressure changes with temperature are evaluated 
experimentally, comparison with the coefficients for the ideal 
gas will permit the values of a and 6 to be determined from 
the relations to be deduced. Incidentally, it will be found essen- 
tial to evaluate a, the coefficient of expansion for an ideal gas. 
The value of this quantity a leads at once to the establishment 
of the experimental value for the absolute zero of temperature 
in terms of the Centigrade scale. 

In proceeding to the deduction, it is well to recall the definition 
of the coefficient of expansion for an ideal gas. As was shown in 
Sec. 1, the equation for an ideal gas pv = RT follows at once from 
the experimental relation giving the volume or pressure change 
of an ideal gas with temperature which reads 

v = v9(1 + at) 
or p = pol + at). 

Since the ideal gas has forceless molecules and the molecules 
have no volume, a is the same in both cases and both p= and v van- 


ish when t = ae 
a 


In the present case (7.e., that of a real gas), however, the gas 
does not have the properties of the ideal gas, and its equation of 
_state is expressed by 


a 
(» =} ) (v — b) = RT.* 
Since RT was derived from the value of a for an ideal gas, RT’ is 


apa # + ‘) where @ is the expansion coefficient for the ideal 
a 


1 
gas. Since p.v, on the kinetic theory is gnmC.*, the RT may be 
yrmc2(1 + at). For the sake of 
simplicity in this deduction the value of C at 0°, which is 
denoted as C,, will be written merely C. Hence the equation of 
state (for a real gas) for the present purpose takes the form given 
by the equation 


(» + “Ye —b)= prmcr(1 + at). 


replaced by the expression 


* For convenience from now on the volume of the gas V will be repre- 
sented by v. 
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Now for a real gas the volume and pressure at 0° abs. will not be 
0, for the molecular volumes and intermolecular forces exist at 
0° abs. Thus the coefficient a will no longer typify the volume 
or pressure coefficient of expansion of a real gas. 

The pressure coefficient of expansion is defined as B = Se 
that is, the pressure at ¢° less the pressure at 0° divided by ¢ times 
the pressure at 0°. It is the rate of change of pressure with 
temperature divided by the initial pressure. To obtain this for 
a real gas, p: and p.must be introduced from Van der Waals’ 
equation: . 


(0. Se “Yo —b)= snmc*(I + at). 


(>. + “Noo —b)= yr + 0 X a). 


Subtracting to get p: — po, one obtains 


(pe — pr)(v — b) = ta( Jnm?). 


1 nmcC? 


ea? and therefore 


a a a 


If a were known, then, since 6 is measured experimentally, 
knowing v and po, a could be determined for the gas. 

Hence this equation can be of some use if ais known. To get 
further information, the volume coefficient of expansion must be 
evaluated in terms of Van der Waals’ equation. 

The volume coefficient of expansion for a gas is defined as 
Ur — Vo. 

Wo 
Thus in analogy to the case for the pressure coefficient, 


(> Br Nee —b)= snme*(1 + aX 0) 


a = 


(» He nye inves snmcr(1 + af) 


1 1 


and ve — VO = QAyVol, 


— 


- = 
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therefore 


1 pee Be 
(vy, — w(p — oa.) + ae ab = (» > “No — b)at 


_ Gaiet , aabtvo(v; — V0) _ a 
PAyVol 7 + ve =(p+ >? (vo — b)at; 
dividing by vof, 


ale = (a) ~ "sa ) |= (e+ iaXt- 2 


and therefore 


GPa 
B UwWVo VV t 
ret Bea} he] 


600 


Pressure Coefficient ex 105 


0 400 800 _ 1200 $600 2000-2400 = 2800 
Po in atmospheres 


Fie. 28. 


Thus a, is a much more complicated function of a, a, and b than 
was 8. It is seen, however, that if the constant a for an ideal gas 
can be evaluated for certain gases, and if, from the expression 
for 8, a can be found for gases other than those used in getting a, 
then 6 can be found from a». 

These two expressions for a, and # in terms of a, b, and @ merit 
some discussion. 

First the expression leads to one result which has been verified 
experimentally and is hence interesting. 


o- ot +i) 


Thus @ plotted as a function of p, should vary in the following 
fashion: a is a constant, a is also a constant, while p.v is nearly con- 
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stant for some pressures. Hence over the range where p.v is con- 
stant, and since as p, increases, the remaining v in p.v? decreases, 
therefore 8 should start from a given value and increase. At 
the point where the volume becomes so small that, owing to the 
size of the molecules, v does not decrease as fast as p. increases, 
t.e., where pv? starts to increase, then 6 should begin to decrease. 
Thus a curve for 8 as a function of p, of the form shown in Fig. 28 
should be obtained. The curve shown is actually one found 
experimentally for oxygen gas. 

Again writing the expressions for a, and 8, the following cases 
may be discussed: 


a 
pa a(t +s.) 
b 
Oy (> iy ale 2 y 


Case I.—If a = 0 = b. 
The gas is ideal; 8 = a and a = a. 
Case II.—If a = 0, b >0. 


Then B = a and a = a( 1 - 2). 


Vo 
Thus a is greater than a,. If a is obtained from £8, and if 
a is measured, b may be evaluated. This case is nearly fulfilled 
by the gases He and Hy. 
Case III.—If a>0,b = 


| 
= 


Then B = o(1 fees ), 
Vo"Do 
a 
(p+) 
ap = Oa 
ae ViVo 
a a 
or = wes Ps 
a ca(1 a Vo2p A =.) 


Whence a, >8 >a. Such acase might be covered by a condensi- 
ble gas. 


Case IV.—If, as is really the case for H, and He, b >a>0, 
then B= o(1 Bs g ) 


Ue Dis 
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and mea —e)+(-2)e 4. | 
Vo Vo/ VoD 


whence B > a anda > a forl— 2 <1, 


Therefore for the gases He and H, 
BStaeSa,. 


The inequality in Case IV serves as a means of evaluating a 
practically. For Hz, a, and 8 have been measured. Thus for 
H, the accurate older values for these constants found are 
B = 0.003662 and a, = 0.003660. a was taken, with a fair 
degree of certainty, to be 0.003661. This value of a gives a value 
for the absolute zero on the Centigrade scale of —273.15°C 
The present value is given as —273.13°C. from other data. 

Thus having a, aandbcanbeobtained. As amatter of fact, itis 
possible to get a and 6 much more accurately from other data, for 
the differences in a, and 6 are small, and these small differences 
are very important in evaluating a and b. As a and b can be 
determined very much more accurately by methods to be dis- 
cussed later, these more accurate values are at the present time 
inserted into the equations above and thus serve to evaluate a. 
Thus an accurate value of a is obtained and hence the value of T' 
may be accurately determined. T' is, however, also more accu- 
rately determined today by the Joule-Thomson effect on thermo- 
dynamic reasoning. 

It also happens that both a, and 8 vary with temperature in 
some gases. Since these equations show how a, and 8 depend on 
a and b, the variation of a and } with temperature may be investi- 
gated. Actually, these quantities were assumed to be constants 
independent of p, v, and 7' in deducing Van der Waals’ equation. 
A study of the variation of a, and 8 with temperature indicates 
that neither of these is constant with temperature for all gases. 
These deviations and their significance can be much more profit- 
ably discussed in connection with other work, and it will be seen 
that the variations of a and 6 with conditions lead to a still more 
profound understanding of the nature of molecular collisions and 
structure. 

52. The Graphical Representation of the Equation of State 
and the Evaluation of a and b from Critical Data.—In the preced- 
ing section Van der Waals’ equation was used to determine the 
absolute zero of temperature. In using it no attempt was made 


148 THE KINETIC THEORY OF GASES 


to plot it or to determine the form of the equation. Since it 
represents the behavior of the gases, it is best to analyze it graphi- 
cally. It is seen at once that the equation 


(° + ae ery 


is an equation in three independent variables, p, v, and 7, having 
two constants whose relative and absolute values vary from 
gas to gas. To plot it for a given set of values of a and b 
would not give the general view of it required, particularly if a 
and 6 are not known. With the use of the calculus, a very good 
general idea of its shape and its significance can be obtained. 

To simplify the discussion, 7’ could be considered a constant 
and the attention concentrated on the relation between p and v. 
Then to gain a more perfect picture, this could be done for a whole 
series of different values of 7. The curves plotted with p as 
ordinates and v as abscisse, holding 7’ a constant, are called 
isothermal curves, or isotherms, the term coming from the Greek 
iso, meaning equal, and thermos meaning temperature. They are 
curves of equal temperature. It is seen at once that the Van der 
Waals’ equation regarded in this way and multiplied out has the 
form 

vy — v2°(RT + pb) + av — ab = 0. 

It is thus a cubic equation inv. Such an equation is known from 
elementary algebra to have either three real roots or only one 
real and two imaginary roots, depending on the values of the 
constants—that is to say, for one value of p there will be either 
three real values of vor only one real value. The conditions deter- 
mining these will be found later. 

.The Van der Waals’ equation may be written in the form 

aa Sheds a 

Dar Duarte 
It is seen from this that for values of v near b the pressure p 
approaches infinity. For values of v smaller than 6 the equation 
has no physical meaning, as p is then negative. Furthermore, if 
v becomes very large p becomes vanishingly small. Thus the 
two extremes of the curves are definitely determined, for as v 
approaches b p becomes infinite and as v approaches infinity 
p approaches zero asymptotically. In the extremes the curve 
descends in p as v increases, approaching zero in the limit. It is 
therefore part of the way concave upward. In between, it may 
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have maxima and minima, and, in fact, the three roots lead one 
to expect, under some conditions, a complex course. 

The maxima and the minima are found by setting the first 
derivative equal to zero, and solving the equation; that is, in 


finding the points were a is zero. 


dp _—RT , 20 
dob? 


In the expression above, me is negative for values of v that are 
Cee sm, for near bthe term RT'’/(v — b)? can become greater than 
the ~ — “ term. Again, ob is negative for very large values of 


v, ca in this case, since v* increases more rapidly than v?, the 
second term becomes less than the first. Thus for large and 
small values of v the first derivative is negative, meaning that the 
curve slopes towards increasing v. Between large and small 


values of v the “P term is positive under some conditions and 


hence the curve slopes to the decreasing v’s. 


The values of v for maxima and minima are given by solving 
the equation above when e = 0. This solution yields an 


equation in a, b, v, and T of the form 


This is a cubic in v and thus has three real roots or one real and 
two imaginary roots. That is, there are either three values of v 
which satisfy this equation for maxima or minima, or there is 
only one. Thus two conditions exist for the curves, that is, 
they have either three points where ss = 0 or only one. 
Now the course of the equation which was deduced from the 
value of the sign of 24 for values between v = b and v = © 
indicates that the curve descends with increasing v to a minimum, 


rises when ee is positive to a maximum, and finally descends 


asymptotically to 0 atu=o. There appear to be between v = b 
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and v = » then, only one maximum and one minimum. The 

three roots of the equation for maxima and minima indicate, 
: pe | 

however, three points at which a = 0. 

Thus one of the three points must lie at values of v less than b. 
It is therefore of no importance for the present analysis. That 
the third root lies in this region can be shown by transforming the 
equation for maxima and minima to one whose origin is not at 0 
but at 6. If this is done the expression becomes RT (b + w)? 
— 2aw? = 0, where w =v — b. This equation expanded gives 


ws + (80 - zr + 3b2w + 63 = 


Now a well-known relation in the theory of equations says that 
for a cubic the product of the three roots must be equal to the 
negative value of the last term, that is, that the three roots w1, we, 
and ws 3 multiplied together should be equal to —b%. But in 
the equation above the last term is positive and hence one of the 
three roots must be negative. In such an equation for the case . 
that two of the roots are imaginary and one only is real the rela- 
tion further indicates that the real root is negative. Hence 
referred to b as origin, one of the three points at which 4 is 0 
must always lie at negative values, that is, one of the three maxima 
(or when there is only one real maximum or minimum that one) 
must lie at values of v smaller than b. This agrees with the 
conclusions arrived at from the slopes, namely, that the isotherm 
has either no maximum or minimum or only two. The shape of 
the isotherms must therefore take the form either of the curve 
marked 13.1° or 100.1° in Fig. 29 for the cases where there are 
three real roots and one real root respectively. It is seen that 
this curve also fulfils the condition for three real roots of Van der 
Waals’ original equation, for a given value of p will intersect the 
curve in three places. To find the values for the maxima and 
minima, numerical values for a, b, and 7’ would be required. By 


2 
evaluating at for these points, one would find, from the sign 


d*p ; P ; 
of 2 a to which value of v the maximum belonged. Letting 
d? 
om equal zero would determine the position of the point of 


inflection between the maximum and minimum, 


Gas Pressures in Atmospheres 


is 
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Now the expression for the maxima and minima, 


240. — bb)? 
eR 
Rv? 
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10 
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s 
90 
80 
TOF 
q 
q 
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40 
S 
30 = iz 
S 
Q 
205 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0)15 0.0200 
Volumes in terms of lem? NTP __ — Andrews Experimental Results 
a=0007/8 b=000/90  — -------- Computed from Van der Waals’Equatior 
Fia. 29. 


a continuous function of v. For values of v small enough to 


approach b it has a small value, and for values of v which are 
very great, since v* increases more rapidly than (v — b)?, it has 
small. values. Between the two extremes it has a maximum 
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value. Physically, there exist values of T above this maximum 
which must lie above this curve, that is, there are conditions of 
temperature in which the three maxima and minima do not exist. 
At such temperatures, however, the isotherms still exist, but 
they can have only the one minimum; and this one has values of v 


less than 6. In such curves the sign of is always negative, 


T being so large that a can never exceed enor The curve 


then slopes down continually to higher values of v. The 
particular temperature at which the curve ceases to have one 
minimum and one maximum above v = 6 can be called the 
critical temperature. The value of 7’. when the function is a 


maximum is found by setting - equal to zero and solving for v. 


dT _ 6aRv?(v — b)? + 2ahv*(2v — 2b) _ 0 
dv 3hv4 
—3(v — b)? + 2v? — 2vb = 0 
v? — 4bv + 3b? = 0 


(v — 3b)(v — b) = 0 
Vo. = 8b 
or. i, sobs 


For v. = b, T is zero and this is a minimum. Thus the maxi- 
mum is atv. = 3b. 
Accordingly, 7. can be found at once to be 


T = 2a(3b — b)? _— 8ab? 8a 


R(3b)> Ss 2h7Rb®~—-27ROB- 


Thus there is a value of 7’ depending on the ratio between a and b 
for which the curves pass into curves having no point of inflection. 

Thus if a family of isotherms were plotted for the Van der 
Waals’ equation at different values of 7’, it would be found that 
above the value 7’, the curves were simple curves dropping 
down to 0 at great values of v with no points of inflection as in 
the curve for 100.1° and 48.1° (Fig. 29). Below this value of T 
the curves have a minimum, a maximum, and a point of inflection. 
At the temperature 7’. the curve passing through it has the 
maximum, minimum, and point of inflection lying infinitely 
close together. Hence this condition should make it possible 
to find a series of relations between p., v-, and 7, and the con- 


——__ 
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stants a and b at this point. To find these, merely three equa- 
tions need be used:. 
RT a 
HEARN (1) 

the original equation. 

ie Rawat h 2a _ 

Dae ree SCS 0, (2) 
the expression for the maximum and minimum which now lie at 


the same point. 
Say | agen A i 6a _ 
dv? (v—b)> vt | y 3) 
the expression for the point of inflection. 
Since maximum, minimum, and point of inflection lie together 


Eqs. (2) and (3) may be written in the forms 
2a 
RT, — v3 (v. a b)? 


RT, = a peti 


where 7’. and v, now correspond to the same isotherm, the critical 
one. For this isotherm Eqs. (2) and (3) can be combined, since 
RT. = RT.. 


Therefore IE 


Therefore v, = 3b. 
This was found before as the condition for a maximum 7’, for 
which three maxima or minima ceased to exist. From Eq. (2) 
and the value for v, above, 

ay =H; * 2a 


3a(v. — b) 
Ve 


dv —s4? ts 2763 p. 
Therefore 7, = aed 
: 27Rb 
8a a a 


Finally, from 7, and v, one has pe = F753 — ops = 972" 


Thus one has a set of three equations between T’., v., and p, and 
a and b. 


a 
Ape a Sia as BN Re = O75 


and if 7'., v-, and p, can be measured one ought to get a and b. 

Now the question arises, Do real gases follow these laws? If 
this is so, it should be possible to evaluate a and 6 either from the 
isotherms or from values of p., 7'., and v, taken from observations. 
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Van der Waals, who as a mature man left business to undertake 
scientific study, deduced his now famous equation in his doctor’s 
dissertation at Leyden in 1873. Attempts at bettering the 
ideal gas equation had first been made by Clausius (see Sec. 18), 
who introduced the correction for the volume of the molecules 
into the equation by writing v — b in place of v, and by Hirn, 
who in 1864 added an expression to the pressure term to take 
account of the attraction of the molecules. This term, however, 
did not give the variation of the force with the volume. It was 
by a consideration of Laplace’s theory of surface tension that 
Van der Waals..supplied the missing relation and completed the 
theory. About ten years previous to this Andrews studied a 
peculiar phenomenon first observed by Cagniard de la Tour. 
This was that if-a tube containing liquid carbon dioxide were 
heated gradually, a temperature was reached (31.1°) at which the 
meniscus dividing the liquid and gaseous phases disappeared. 
Investigation showed that no matter what the pressure became 
above this temperature the CO. which had been partly in the 
gaseous, partly in the liquid phase below this point changed to a 
homogeneous, transparent state in which there was no indication 
of the gas and liquid. The temperature at which this occurred was 
called the critical temperature. This curious observation directed 
attention to the behavior of gases in general at the higher pressures, 
and other gases like SO2 were found which showed this behavior 
near ordinary temperatures. Today, this temperature has been 
determined for most of the well-known gasesand vapors. Andrews 
began a series of measurements extending from 1863 to 1876, in 
which he studied the behavior of the isotherms of CO: at various 
temperatures and up to pressures of 200 atmospheres. These data 
gave Van der Waals the material upon which to test his theory. 

Van der Waals first used the accurate measurements of 
Regnault on the isotherms of CO, which were carried to pressures 
of 27 atmospheres. Solving for a and b, using the methods 
depending on the pressure and volume coefficients, he estimated 
a to be .00874 atmosphere em‘, and b to be 0.00023 em’. Intro- 
ducing these values into his equation, he was able to obtain a 
closer agreement between his curve and Regnault’s experimental 
points than Regnault obtained with his empirical equation. He 
then applied this equation to the computations in the region of 
Andrews’ measurements. In this case the agreement was not so 
striking. In fact, the comparison of the computed curves and 
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the observed curves of Andrews are not given in texts because of 
the discouraging nature of the agreement. It seems, however, 
that the direct comparison is of sufficient value in indicating the 
strength and the deficiencies of the theory to merit reproduction. 

To compute the isotherms it is best to use the values of a and b 
given by the critical data obtained by Andrews, since these are 
more accurate than the values deduced from Regnault’s curves. 
Using these values, it is then equivalent to fitting the system of 
theoretical isotherms to one point, the critical point, on the 
observed system of isotherms. Andrews obtained for CO, the 
following values: JT. = 31.1°C., p., = 73 atmospheres, and 2, 
= 0.0066 cm* for a cm* of gas at N.T.P. Before using these one 
might compare these values with those computed by Van der 
Waals from the equation using the a and b taken from Regnault’s 
data, namely, a = 0.00874 and b = 0.0023. 

ve = 3b, v, = 3(0.0023) = 0.0069 cm* computed, 0.0066 cm’ 


observed. 

_ 8a eee ee SU.00874) e 
Bee 973 25770 Gonsya¢,4 OOF abe 
T, = 34°C. computed; 31.1°C. observed. 

Ve =nG = er 61 atmospheres computed; 73 


276? = 27(0.0023)? 
atmospheres observed. 
For the computations of a and b from Sepals results it is best 
8a 
~ 276R ab 
difficult to obtain with certainty from the measurements, while p, 
2 2 
and 7’, could be accurately measured. These give a = aa 
1 a ae 
8p- 
a partial check on these values, 6 can be compared with the 
observed v, = 0.0066. Since v. = 3b, the data give 0.00573. 
Thus there is some discrepancy between the values which may be 
attributed to errors in measuring b as well as errors in the theory 
of the equation to be discussed later. 

With the aid of these constants, the isotherms may be 
computed from Van der Waals’ theory as follows, taking 0.00718 
for a and 0,00190 for b: 

0. E: 
Oy 


to use the equations, 7’. and p. = ==,’ since v. was 


= 0.00717 atmosphere & cm‘ and b = = 0.00191 cm’. As 


\o — 0.0019) = RT. 
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Now if the gas were ideal (7.e., a and b were 0) and p were 
expressed in atmospheres while v was taken as 1 em’, pv would 
be unity. Thus RT would be unity. At 0°C. and 760 mm pres- 
sure R would be 1473 for this gas. Thus for the ideal gas 
pv = — For the real gas with a and 6 finite, however, at 
0°C. and 1 atmosphere the true p and the true v are given by the 
above. Hence, the above equation for 1 atmosphere and 1 cm* 
becomes 
(1 + 0.00718)(1 — 0.0019) = 1.0053. 


Therefore, in order to compute p and v the equation becomes 


(» =f ae) — 0.0019) = 1.0053 


vy? 273° 

Hence, by putting in the values of 7, the absolute temperature, 
and introducing values of v, the equation may be solved for p. 
Taking the values of 7 and v corresponding to Andrews’ experi- 
mental isotherms for 13.1, 21.5, 31.1, 35.5, 48.1, and 100.1°, 
the Van der Waals’ isotherms were computed from the above 
equation. The resulting dashed curves may be seen in compari- 
son to Andrews’ actual curves in full lines in Fig. 29. 

It is observed at once that in this region the close agreement 
that Van der Waals found for Regnault’s results does not exist 
between the observed and computed values. It is, however, seen 
that, leaving a certain feature of the low temperature isotherms 
aside (7.e., the maximum and minimum), the general shape of 
the curves and the evolution of their form with temperature are 
strikingly similar. The nature of the similarities indicates that 
qualitatively the phenomenon is represented by the Van der Waals’ 
equation. The cause for the agreement of Regnault’s values 
together with the apparent failure here can be easily seen by looking 
at the equation as used for computation. 


vi 
= 1.0053(5"") 0.00718 | 
P*~@—0.0019)  # 
It is seen that p is given by the difference of twoterms. These 
terms for small values of v are especially large and a small change 
in a or b will make an enormous change in p. Thus unless a and 
b were closely constant and known to several significant figures 
an accurate superposition of the curves in this region would be 
impossible. When v, however, is larger, say near 1 or 2 atmos- 
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pheres, the corrections a and b become insignificant. Errors in 
their values are negligible and a close agreement is to be expected. 
Van der Waals, who was interested in establishing his theory, did 
not publish curves of this sort. Instead, he assumed the value of 
a taken from Regnault’s values. Then, taking p and v from 
Andrews’ results, he computed the value of b. The values found 
for b varied between 0.0025 and 0.0015 in extreme cases, while 
they lay close to the value 0.0023 from Regnault’s work, when 
data taken for v greater than 0.004 cm’ were used. Now it can 
be seen from Secs. 19 and 49 on the value of Van der Waals’ b that 
if vis less than 2b, the spheres of exclusion of all the molecules must 
interpenetrate. Thus, on a collision, the average distance of 
approach of molecules is decreased and the shortening of the free 
path is changed. This change is of such a nature that b is no 
longer 4w, but less. Hence, the rapid decrease of b with values of 
v below 0.004 cm* is a direct consequence of the kinetic theory and 
was to be expected. Thus Van der Waals’ initial assumption 
that b was constant independent of v was not quite correct in the 
extreme case of Andrews’ measurements. Neglecting this devi- 
ation, it can be seen that the values of 6 computed by Van der 
Waals from Andrews’ results show a fair constancy, and the sen- 
sitiveness of the plotted curves to these small deviations is 
demonstrated. 

Before going on to discuss more in detail the causes for devia- 
tion, the apparently most glaring discrepancy must be discussed. 
The experimental curves of Andrews below the critical tempera- 
ture do not show the maxima and minima exhibited by Van der 
Waals’ equation. Below the critical temperature the flat portions 
of Andrews’ curves mark the point at which visible condensation 
was taking place. In the theoretical equation this discon- 
tinuity does not occur. In looking at the physical significance 
of the region lying between the maximum and the minimum of 
the theoretical curve, it is seen that it represents a region where 
with decreasing volume the pressure is falling. Thus the maxi- 
mum is a region of unstable equilibrium, for as soon as it is 
reached the volume decreases of its own accord, since the pressure 
is not needed to maintain the small volume. It is not surprising 
that this region cannot be studied experimentally. Neither can 
the other regions near the maximum and the minimum be studied 
because of the instability of the gas in contact with its environ- 
ment. . In this case, however, it is the adhesive forces of the walls 
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which act to cause condensation of the liquid on them before the 
maximum is reached. Actually, in certain cases where great care 
is used in reaching the condition the curves can be followed beyond 
the straight linear portions observed by Andrews, that is, in certain 
cases, with supersaturated vapors and supercooled gases conden- 
sation is avoided temporarily. These represent points along the 
isotherms reaching into the region discussed but not to the maxi- 
mumorminimum. Thisstate is, however, so unstable that sudden 
mechanical shocks, particles of dust, or any slight disturbances 
cause almost explosive condensation. It is obvious that it is 
impossible to earry on accurate measurements in this region. 
Thus the failure to find the maxima and the minima of the theory 
is not a weakness of the theory but lies in technical difficulties 
involved in making measurements where external agencies such as 
the walls do not intervene. Above the critical temperature, of 
course, this difference disappears. No liquid can exist there and 
the theoretical and observed isotherms could be made to agree 
with remarkable precision by properly evaluating a and b for 
these conditions. 

The serious deviations of the theory, as was pointed out, lie 
in assumptions as to the constancy of aand b. It was shown that 
in the most interesting region, that is, for v approaching b, b 
should not be a constant. There are other reasons why b should 
not bea constant. b depends on the radii of the assumed incom- 
pressible spherical molecules. Now, actually, it is known that 
molecules are not rigid spheres. They are complex planetary 
systems of negative electrical charges revolving about a posi- 
tively charged central nucleus or sun, whose mass comprises most 
of the mass of the molecules. The repulsive forces in the 
atoms and molecules must be due to the repulsions of the outer 
negative charges of the electrons when the atoms approach each 
other sufficiently closely.1° Thus the repulsions are due to the 
interactions of the force fields of the electrons at the surfaces of 
the molecules. These become appreciable when the distances 
between the outer electrons of two colliding molecules become 
less than the distances between the electrons and the nuclei of 
their respective atoms. The distance to which the molecules 
must approach each other before their kinetic energy of approach 
equals the potential energy of the repulsive forces and they con- 
sequently reverse their relative velocities and separate, having 
collided, is a function of their relative kinetic energies. Thus 
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the faster the molecules move, the closer they must appreach in 
collisions. It is, therefore, not strange that « and hence b, which 
is proportional to o*, should be a function of the temperature of 
the gas. Accordingly, the assumption of a constant b needs 
modification for changes in the volume and in the temperature of 
the gas.* 

Again a was assumed a constant. Actually, as is seen from the 
deduction of the equation from the theorem of the virial in Sec. 
50, this depends on the radius of the sphere of action of the forces 
between molecules, being small compared to the cube root of the 
volume. Otherwise the quantity could not be integrated from 
zero to infinity, and a would not be independent of v. Whether 
this holds at values of v which are close to 2b may well be doubted. 
In his book, “A System of Physical Chemistry,” W. McC. 
Lewis determines the value of ¢(r) (see Sec. 50) such that for all 
volumes a will be independent of v. It is argued that if a is to 


be a constant then the internal pressure must vary as * If the 


law of force gives the force asf = = the pressure p’ will be propor- 


* An interesting comparison is made by Jellinek® in his ‘‘ Physical Chemis- 
try,” vol. 1, Part 1, p. 391. He shows that each of the isotherms of Andrews 
can be closely fitted (except in the unstable region) by Van der Waals’ 
equation if the proper constants are chosen. Good agreements can be 
obtained at the following temperatures for the values of a and 6 given: 


T t = 0.0023, a = 0.008497 
LS at arh curves fit for a curves fit for b 
(eri OF 0.008497 0.0023 
64.0°C. 0.007529 
100 .0°C. 0.006798 0.0032 


Thus the equation fits for either b constant and a varied, or a constant and 
b varied. From 6.5 to 100° the a values vary 20 per cent when b is constant, 
and for a constant the b values may vary by 30 to 40 per cent in this same 
range. Jellinek says that the use of a variable a seems more adequate for 
this reason as well as from the indications of the data on the variation of 
B, the pressure coefficient, with temperature. On the other hand, Van der 
Waals’ theory demands that 6 vary with the volumes when these become 
small and a might be expected to vary with volume also. So that variations 
in both a and b with volume and temperature are to be expected, @ varying 
less with volume than 6 and b less with temperature than a. ; 
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tional to ee or ake since the area of the surface is proportional 


to v8 and ver, But from Van der Waals’ equation ple 


and v is the volume containing a given number of molecules. 
Since the distance between every two molecules, on the average, 


must. be ‘J = accordingly r* « v and hence prey Thus he claims 


This 


assumption applies to the case where the integration of the 
virial is carried out over the whole volume, and the forces 
extend over it all. If this rigid statement as to the law of force 
were correct, it would be only for this one special law of force that 
any approximation to a constant value of a with volume could be 
expected. Thus a in the extreme ranges of Andrews’ values 
may be a function of v, though probably distinctly less so than b. 
Finally, the attractive forces causing the term a are the molecular 
forces of attraction which enter into cohesion. They are due to 
. the interaction of the force fields produced by the combinations 
of positive and negative charges in the molecules. 

The forces could then be regarded as due to the stray electrical 
lines of force from the charges present which do not succeed in 
completely neutralizing each other at small distances from the 
molecules. How such forces arise may be imagined from the 
cases of polar molecules, like those of HCl, in which the nega- 
tive charges are segregated in different portions of the molecule. 
In HCl the Cl atom appears to have a preponderance of the nega- 
tive charges and the H a preponderance of the positive charges. 
If two such polar molecules are near each other they will tend to 
orient themselves in their mutual fields so as to attract each 
other, 7.e., positive ends to negative ends. The law of force in 
such cases, however, falls off rapidly with the distance. Other 
molecules can be considered as being electrical quadripoles and 
even more complex configurations. A study of the work of 
Debye (see Secs. 95 to 97, Chap. X) and others on dielectric con- 
stants and their variation with temperature, as well as on con- 
duction by electrolytes, will give some notion of the nature of 
the forces involved. If the temperature is so low that the poten- 
tial energies of these molecules when in contact exceed their 
kinetic energies the molecules will “stick” on impact. That is 


‘ hy 1 
that, since = x must equal 4, that is ¢(r) = a 
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to say, the gas will condense. If not, there will be a resultant 
pressure measured by = in Van der Waals’ equation. The 


higher the temperature the greater the disorienting action on 
the molecules and the less chance there will be for the forces to 
act. The result will be that a is a function of the temperature 
just as the dielectric constant of gases is, and in this case would be 
expected to decrease as the temperature increases. 


Atraction 


Repulsion 


Fia. 30. 


One may well ask how it is that the molecules can at the same 
time exert attractive forces of cohesion and repulsive forces at 
impact. The explanation is very simple. All that is required 
is that the forces decrease with the distance at different rates. 


For example, if the attractive forces of cohesion varied as fz = 
, 


z while those of repulsion varied as fr = ane then the 


forces could be plotted as functions of r at different distances, as in 
Fig. 30. In this case the repulsive forces are negative while the 
attractive forces are positive. It is seen that at first the attraction 
predominates over repulsion up to the point where the curve 
intersects the axis. At this point repulsion becomes the greater. 
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If the particles were at rest close to each other they would approach 
to the distance r given by the point of intersection and remain 
there. If there was relative motion, the particles might approach 
more closely (7.e., until the kinetic energy of the particle equaled 
the potential energy due to repulsion). The value of « would 
be given by the value of r at the latter point. The so-called radius 
will, in general, however, not be far from the point where attraction 
and repulsion are equal, because the real powers of r,-x, and m + x 
are much greater than those assumed, as will be seen in a later 
chapter! (Sec. 64). 

It is thus clear that the simplifying assumptions made by Van 
der Waals, 7.e., the constancy of a and b, are inaccurate, for a 
and b should and do vary with T and v. The failures of the 
theory are thus to be attributed to these causes rather than to its 
being an erroneous theory. Attempts to improve it which are 
not purely empirical must endeavor to take account of these 
changes, and the extent of success achieved will form the body of 
Sec. 54. Even with this crude assumption, however, the theory 
has succeeded very well in giving an orienting picture of the 
equation of state of a real gas, and the uncertain values of a and b 
serve very useful purposes in helping to account for gaseous 
behavior. 

53. The Joule-Thomson Effect Interpreted by Van der Waals’ 
Equation.—The values of the constants a and b of Van der 
Waals’ equation may be determined in still another fashion. 
This is by means of the so-called “porous-plug’”’ experiment of 
Joule and Thomson. Inasmuch as the interpretation of this 
effect by means of Van der Waals’ equation leads to a clear expla- 
nation of an otherwise complex phenomenon, it is of considerable 
value to give the analysis. 

If a gas expands by a volume v against an outside pressure p 
it does work equivalent to the product pv. The energy for 
doing this work comes from the heat energy (i.e., the kinetic 
energy of the gas molecules). The expanding gas then does work 
but loses heat energy in the process. If the process isso conducted 
that no heat flows in, the gas is cooled. This external work 
performed would be the only work performed by an ideal gas. 
In a real gas, however, the molecules attract each other and the 
expansion of the gas against the internal pressure also consumes 
energy. In this case the gas would also be cooled and the work it 
did would result in increasing the potential energy of the gas, for 


——_ 
—— 
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if the gas were left to itself so that the attracting forces alone could 
act it would contract and the work of contraction would again 
come out as increased heat energy of the molecules. Thus for 
real gases an expansion against external pressure would result 
in a cooling, due to two causes—one the external work done, the 
other the work done against the internal pressure. To see 
whether the ideal gas law held or whether there were internal 
forces of attraction, Gay-Lussac performed the following experi- 
ment: Two carefully heat-insulated vessels A and B of Fig. 31 
were connected by a valve V. One was filled with compressed 
air, the other was evacuated. A thermometer was placed in 
each. When they had reached the room temperature the valve 


OS ae ee 


was opened and the air in A flowed into B. After the first air 
had entered B the succeeding air expanded from A and compressed 
the airin B. If the process was done so quickly that heat did not 
flow into or out of the system, the air in A should have cooled and 
the air in B should have been warmed by the work of compression. 
Since the heat of compression in B came from the heat which was 
present in the gas in A, no loss or gain from the environment 
having occurred, the heating in B should equal the cooling in A 
if no internal work was done. If work had been done against 
molecular attractions, then, since before expansion the gas had 
the volume A while afterwards it had the volume A + B, 
there should have been a cooling due to the internal pressure p’ 
acting against the expansion from A to A+B. The gain in 
heat in B plus the loss in heat in A should not then have equaled 
zero, but should have been less than zero, by an amount depend- 
ing on the specific heat of the gas, the volume changes, and the 
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magnitude of the p’ = - pressure term of intermolecular 


; ; a ; 
attractions. Since a is small and since the thermometers 


2 


available to Gay-Lussac had a high heat capacity and were 
inaccurate, it was to be expected that he found the sum of the 
temperatures in A and B equal to zero. 

A similar result was also obtained by Joule. In this experi- 
ment the vessels A and B were placed in a water bath. Thus 
if the heating in B were less than the total cooling due to the 
expansion in A ‘and the work against the internal pressure, the 
net cooling should have lowered the temperature of the bath. 
Again, because of the large heat capacity of the bath and the 
inadequacy of his thermometers, no cooling was observed. 


£ mai la 
A B 
Fie. 32. 


Later Joule again attacked the problem with the help of Sir W. 
Thomson, Lord Kelvin. On this occasion they used a method 
involving the continuous expansion of the gas through a porous 
plug of cotton wool. In this instance they obtained a positive 
result and the experiment has become famous in history as the 
Joule-Thomson “‘ porous-plug”’ experiment. 

The theory of the method is as follows: Consider a cylinder with 
a partition # in which there is a small hole. Also imagine two 
pistons A and B, one on each side of the partition # in Fig. 32. 
If a gas be in the volume AB and the piston A be moved in — 
slowly, the air in AH will be compressed. As a result, it will 
flow through # into HB. If B be connected to some mechanism 
so that it exerts a constant pressure on the gas # which is less 
than the pressure on A, the gas will flow from A to HB and will 
move B outward, that is, it will do external work on B. Experi- 
mentally, this is accomplished by letting air in an external 
reservoir flow through a small opening continuously; the pressure 
difference between AF and EB causing the flow, and the pressure 
in EB giving the constant back pressure. If O is the area of the 
cylinder then p,0O is Fy, the force on A, and 720 is Fs, the force on 
B, If A moves x; ems and B moves x2 ems then the work done is 


AN 
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Fix, = p,Ox, = py. Likewise, For, = poOx2 = poo. After this 
process the work done on the gas is pv; and that done by it is pov». 
If the initial internal energy in A per unit mass of gas was U, and 
the final internal energy of the gas per unit mass of gas in B was 
Us, then, by the law of conservation of energy, the energy change 
per unit mass of gas is given by 
G=—U, + U; — pir + Pode. 

The convention of signs used in this equation, and in what follows, 
makes the work done by the gas positive and that done on the 
gas negative. U:isgreater than U,, for the gas has gained internal 
energy, and U2, — U, is positive, for it is the work done by the gas 
in expanding against its internal pressure. It now becomes 
necessary to evaluate U1, Us, piv1, and peve by the use of Van der 
Waals’ equation for a real gas. 


we v2 a | il af 
peri ae= —(:,-5,) 


Writing the equation for the gas in AF and EB, 
(: + — a (vi — b) = olay 


and oe + ay (v2 = b) = RT». 
b 

Hence D1 + — — bpi — = = RT; 
ab 

and P2vea se a bpe — ve => tee bt. 


Combining these to get ave — pi, 
PEL ON eof UTE aa ¢ = 2 + b(pe — pi) + 


V2 Vv 
ab & <e it) + R(T? =e T)). 


Now ab is a small quantity of the second order, and so may be 
neglected. The expression for Q then becomes 

Q = Uz — Ui + Dove — pili = Bea = 5) 

| b(p2 — pi) — R(T: — T). 
To reduce the expressions in v into terms of p for practical use in 
the equation, the ideal gas relation pv = RT may be utilized, 


for al: is a difference of the first order. An ideal gas 
: Ve VL 


166 THE KINETIC THEORY OF GASES’ 


differs from these by one part in a thousand or so. The error 
introduced in the difference between these two quantities 
expressed in terms of the pressure would be made one-tenth of 1 
per cent by neglect of the corrections, since both v; and v2 are 


volumes differing by a large amount. Thus v2 = os and 2, 
2 


Bees and the expression 2a( — a becomes 
P1 Ve v 


1 


2a Pema Lis 2» 2a Tip2 — Topi : 
RT, RT, R T2T, 
Now 7 and 1» differ by only a minute amount, as the early 
experiments of Gay-Lussac and Joule showed. In fact, 7; — T2 


is of the order of 0.2°C. The factors multiplying pe and p; are 
of the order 


273.2p2 — 273.0p1 
(273:2)(270.01 te 
An error of less than one-tenth of 1 per cent would be introduced 
(p2 — Pp) 
ir 
chosen as the average value between 7 and T2. Thus 


a Hoenig PS, (p2 — pr) 
‘ Veg Vy a RT Pa Ex 
Ayes is given by 


Q=—- ~r) + b(pe — pi) — R(T: — T2) = 


(a ne Vip — ps) = 


Now per unit mass of gas Q = JC.(T1 — T2), where J is the 
mechanical equivalent of heat and C, is the specific heat at 
constant volume. Thus each unit mass of gas which goes from 
AE to EB is cooled or heated by 7; — 72, and as it has a specific 
heat C,, the heat consumed in raising that mass from T; to T' is 
(T; — T2)C,. Since the right-hand side of the equation is in 
work units, Q must be multiplied by J to make the equation 


in this quantity by writing this , where 7’ could be 


a (po — 


uniform. Also an ideal gas has C, — C, = % and in this 


experiment, since the gas is expanding, it is C, which is needed. 
The error produced by using this approximation is negligible, 
for the heat consumed in overcoming molecular forces is small 
compared to the external work involved. Accordingly, the equa- 
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tion can have Q replaced by Q = JC,(T; — T2) = 4 (J) 


(Ti — Tz) + JC,(T1 — T:) 
and one obtains 
— R(T; — T2) + JC,(T1 — T2) = 


2 
(er a ») (pi pie: R(T Ts) 
or JC,(T1 — T2) = (er - ) (pi aa D2); 
a Ww ii aa he = Ts bes iE 2a bees ; 
that is, i een ia yo, (ar ) 
This equation says that if the gas in AFH at a pressure p; be 


allowed to expand against a pressure p2 in #B there will be a 
difference of temperature 7, — T»2 set up on the two sides of H 


whose value is given by = ‘e — ) where a and b are the 
Pp 


Van der Waals’ constants, 7 is the absolute temperature, R 
the gas constant referred to the units in which a and b are expressed, 
C, is the specific heat at constant pressure, and J is the mechani- 
cal equivalent of heat. 

It is now of interest to discuss this result. According to the 
equation, the difference in temperature should be directly pro- 
portional to the difference in pressure. For pressure ranges 
which are not too great, this holds quite well. For higher pres- 
sures, the neglect of some of the terms in the derivation lead to a 
disagreement which is taken care of in a more perfect equation 


to be studied later. Furthermore, it should vary with Ie 
Pp 


which is not surprising, for the higher C, the less the rise rm 


temperature produced by a given amount of work. If a 


is greater than b the gas should be cooled, for 7; — T>2 will be 
positive, indicating that 7 is greater than 72. For some gases 
where b is larger than a, one obtains 7’; — J» negative, that is, a 
heating a the gas. It is obvious also that for high values of 
RT the => a 7 will be less than b. Hence the effect should show a 
reversal in sign on reaching a certain temperature. The value of 7’ 
for this vo (the inversion temperature 7’;) is given by setting 
2a 2a 


RT, =borT; = Rb 
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These conclusions may now be tested by comparison with experi- 
ment. Since a and bare usually expressed in cm® X atmospheres, 
and cm? it is necessary to transform the equation to the proper 
units. C,, which is given per gram of gas, must be multiplied 
by p, the density of the gas. J, which is in ergs, must be con- 
verted into em* X atmospheres by division by 1.013 X 10°. 
R is in this case 14473 for RT, = 1 when p = 1 atmosphere and 
v = 1cm'*. The equation then is 
Ap pi cme Ve: ply ean 
273 
For CO2, a = 0.00874, b = 0.0023, Van der Waals’ values for 
Regnault’s data taken at low pressures, comparable with the 
experiments for AT of Joule. 
C, = 0.000399, T = 273. 
Therefore atl. 0.925, Joule observed eee 1.05. 
Ap Ap 
For air, taking a = 0.00257 and 6b = 0.00156 from critical 


data, using C, = 0.000307 and 7 = 273, one obtains ‘ = 


0.274, Joule observed a mean ea of 0.259 with values ranging 
from 0.244 to 0.288. For He gas in which b is greater than a, 
using more recent values for a and b given by Jellinek,!? and 
transformed to fit the equation as here given, one has a = 0.00038, 
b = 0.001025, C,= 0.000305, and T = 273° abs. These give 


Ts CP ed 
= = 0.029. 
Ap = (pi — Ps) a 
Joule observed a value of mm = — 0.039, that is, the gas 


was heated on the side HB by an amount equal to 0.03°C. above 
the side AF per atmosphere temperature difference. 

From the values for a and 6 the inversion temperature 7’; of 
this heating effect can be estimated for Ho. 


2a 2a A 
T; a Rb or hie Frees 273 abs. 
o 0.00076 ares z ee 
tik 0.001025 2"3 202° abs., or —71°C. 


Hence, at —71°C. the heating effect in hydrogen should change 
to a cooling effect. Actually, Olszewski”found a reversal at 
—80.5°C. 
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All these results show that, in general, there is agreement - 
between the observed and theoretical values. Again, as in the 
critical constants, the effect depends on differences of small varia- 
ble quantities. Thus the numerical agreement is not entirely 
satisfactory. Further errors are introduced by the simplifying 
assumptions used. A careful thermodynamic treatment of the 
case, to which the reader is referred to Jellinek!® gives the more 
exact result that 


dp Cp 
Writing Van der Waals’ equation in the form 
eats & ab 
"=D pt pet? 
and simplifying it by replacing pv by RT, 
a RE a abp 
0 > ET Re 
@ Save a _ 2abp 
A dni Cal Be 
and 
ov _ 2a  3abp 
an) RP er? 
Thus 
aT (2a _ 3abp — b: aS. 
dp eta VietT? JC» 
This differs from the former equation in that it has the negative 
sabp . . dT 
term ie it. Thus for large values of p, Ta should decrease 
with increasing pressure, as it is observed to do. io 
2a 3abp 


becomes zero for the condition that RT BT ~ b=30) 


This is a quadratic equation in 7 and there are thus 
two temperatures at a given pressure at which the effect dis- 
appears. This makes the pressure temperature curve for the 
disappearance of the Joule-Thomson effect a parabola and its 
course is more complicated than the simple theory which holds 
only for low pressures requires. 

The Joule-Thomson effect is also used in determining that 
temperature on the Centigrade scale which represents. the 
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absolute 0 of temperature. The method is, however, thermody- 
namical and finds no place in this text. 

54. Other Equations of State.—As has been seen, Van der Waals’ 
equation is but a first-order approximation. Its imperfections 
have spurred various workers on to improve its agreement with 
experiment. In studying the improvements proposed, one might, 
with Jeans,'4 use two deviations as criteria in discussing the equa- 
tions. It was found in Sec. 52 that v, = 3b for gases from Van 
der Waals’ equation. In general, v, is more nearly 2b. Also it 
should follow from the theoretical values of p,, v-, and T, that 
pve = 38RT.. Actually, RT, is more nearly 3.7p.v. than 2.66 
Pe, as the theory demands. 

It is possible to write Van der Waals’ equation in another form 
known as the “‘reduced equation of state.” If for the variables 
p, v, and 7 one substitute the variables P, V, and 7, related to 
p, v, and T by 71 = 7m P= V= = then from the 
values of the critical constants (Sec. 52) one obtains Van der 
Waals’ equation in the form 


3 ch Bets 


This equation is the same for all gases, for the characteristic 
constants a and b have been eliminated. It is merely necessary 
to find p., v., and 7’. to express the equation in the reduced form. 

There are two ways in which the improvements of Van der 
Waals’ equation have been attempted. The first is by means of 
added constants of an empirical nature. The second is by the 
more rigorous deduction of the equation allowing for temperature 
and other variations of a and b. 

With the relations above in mind, one may go to a typical 
attempt to modify Van der Waals’ equation to agree with facts 
more closely by the use of empirical relations. Kammerlingh- 
Onnes!® uses a quantity K defined by the relation K = a 
which characterizes the deviation from Van der Waals’ equation 
as suggested above. This K is dimensionally a pure number. 
Calling Vi = ¥ the Van der Waals’ equation above in this 


new notation reduces ‘Ses 


(reat) re-2)=7 
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This can be transformed into 
: tee Ty at 27 
a a eee OAV x 
8Vx 

which expands into 


Bierati tty (5 a eter as Pe 


8 647; 64Vx5?  -512V x 


This equation is, however, not satisfactory even when the 
experimental value of K has been introduced, for it was seen that 
it was not only the position of the theoretical isotherms but their 
actual shapes which deviated from the observed ones. In other 
words, making the critical isotherm agree in one point with experi- 
ment did not insure agreement of the other isotherms. Kammer- 
lingh-Onnes assumed a purely empirical form of the equation 
above and wrote it 


PVx = M(1+y, — ea 


et art | Vy 
where B, C, D are eae series of the from 
be bs bs bs 
Brbitpatpat pat pet sy a 

This gives at least 25 adjustable constants. Such an equation 
has no basis in theory. With as many constants it should be 
possible to obtain close agreement with any observed curve. 
For a discussion of the success of this equation one may be 
referred to Jeans.'4 It serves as an example of one of the most 
successful attempts at an accurate empirical representation. 

Clausius attempted an empirical modification of Van der 
Waals’ equation. This takes the form 


(» + 7G miceage |e b) = RT. 


He introduces in place of the old constant a a new constant a’, 
which is divided by the absolute temperature. Thus he makes 
the old a inversely proportional to the absolute temperature. 
Besides this, an adjustable constant c is added to the v in the 
expression for the internal pressure of Van der Waals. The 
introduction of a temperature correction into a is not quite 
empirical, for a is theoretically expected to depend on tempera- 
ture. This correction alone improves the fit of Van der Waals’ 
equation to the data leaving c out. Better agreement is obtained 
for a properly chosen c. The formula fits Andrews’ results in 


C D E =) 
8 
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CO, better than the original equation at high densities; at low 
densities it gives a poorer fit. For other gases it is even less 
successful. Clausius then devised a still more elastic equation 
containing one more constant and putting an undetermined 
exponent on the temperature correction. These gave better 
fits for some gases, as was to be expected, but again failed when 
extended to more gases. Thus it appears that the agreements of 
empirical equations obtained by extending Van der Waals’ equa- 
tion can, by choosing enough constants, be made to fit experi- 
mental data more or less accurately. They, however, teach 
nothing about the phenomena and do not suggest further investi- 
gation. They serve a useful purpose in expressing the true 
behavior of a gas in a condensed and serviceable form which 
permits of the introduction of such accurate relations into 
applications demanding the relations which they yield. 

Two attempts at a theoretical improvement of the equation of 
state applicable to limited ranges of volume have met with a suc- 
cess that merits discussion. The first attempt results in an equa- 
tion first empirically proposed by Dieterici which has now been 
placed on a rigorous theoretical basis by Jeans.1® The latter 
deduces this equation from a generalized calculation of the 
gaseous pressure. This general expression for the pressure is of 
an exceedingly complex character, involving the molecular densi- 
ties due to different conditions existing. Jeans evaluates the 
expression for the gas pressure, assuming spherical molecules 
having a definite diameterc. He allows for the existence of forces 
of cohesion, the method of attack involving a study of the changes 
in molecular densities at and near the surface of the gas produced 
by these forces. Making certain approximations he arrives at the 


expression p = AT Br which is Dieterici’s equation. It is 


seen that it is the same as Van der Waals’ equation except that 
the p + a is now replaced by pe®7*, This equation gives Van 


der Waals’ equation when a and b are small. Theoretically, as 
Jeans points out, this equation has a range of validity no better 
than Van der Waals’ equation at great pressures. It gives for 2, 
however, a theoretical value of 2b, which is more nearly in accord 
with experiment, while K = ae = et or 3.695, which fits the 

experimental values more closely than does the value 2.66 from 


— 
——__ 
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the original equation of Van der Waals. In fact, it was to 
obtain these numerical relations that Dieterici set up his original 
equation, this equation being the best of several proposed. It 
agrees with the data for isopentane well for pressures less than 12 
atmospheres, and holds fairly well beyond this range. In general, 
it is numerically slightly more satisfactory than the original Van 
der Waals’ equation, although it is far from correct. 

Finally, Reinganum,'’ using the theorem of the virial, much 
as it was deduced in Sec. 50, carried the considerations for gases 
at moderately high pressures further by putting in corrections for 
b and a with temperature. This was accomplished through tak- 
ing account of the relation of the energy of the heat motions and 
the potential energies of the molecules due to the forces of cohesion 
and repulsion in evaluating the virial. The processes by which 
this is accomplished fit in readily with the development of Sec. 
50, but are too lengthy to reproduce at this place. They will be 
found in Jaeger’s® ‘‘Fortschritte der Kinetischen Gas Theorie,” as 
well as in Jellinek, vol. 2. The resulting equation takes the form 


bet 27rn? 


c 


T 
If oe be considered small compared to 1, division by the term 1 


c 


+ gives a close approximation to the equation above in the 


n2 Aa 
form (» — ee) Jo — be?) = RT. An analogous approxi- 
mation was made with v + bin the deduction of Sec. 50. 
2 
Thus — = aE is the equivalent to Van der Waals’ a, and 


be’ is the equivalent to Van der Waals’ b. This new expression 
merely, therefore, accounts for the theoretical value of a and for 
the variation of a and b with temperature. The way in which the 
term equivalent to a varies with temperature is undefined and is 
left to experiment to determine for each gas. The variation of b 
with temperature is fixed except for the knowledge of the constant 
c, which remains to be determined for each gas by experiment. 
The equation has the disadvantage over Dieterici’s equation in 
that it has one more undefined constant and an undefined func- 


174 THE KINETIC THEORY OF GASES 


tion of the temperature. It should, therefore, be more easily 
fitted to the results than the latter equation and is perhaps a bit 
more accurate. The volume correction for a or 6 is absent in 
this equation, for it must be remembered that the expression was 
deduced to hold only for conditions where pressures were 
relatively low. It contains this condition in the specific assump- 
tions that at no time more than two molecules should be close 
enough together to exert powerful forces on each other. 

The last two equations thus give the best theoretical attempts 
at extending Van der Waals’ equation and hold for relatively low 
pressures. As is seen, these are not especially successful, and it 
might be assumed that the complications introduced by their 
use in practical applications more than offset any advantages 
gained. They are, however, substantial advances and must be 


so regarded. 
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CHAPTER VI 


TRANSFER OF MOMENTUM, TRANSFER OF ENERGY, 
TRANSFER OF MASS THROUGH A GAS. THE KINETIC 
THEORY OF THE COEFFICIENTS OF VISCOSITY, 
HEAT CONDUCTION, AND DIFFUSION 


55. Introduction.—In Chap. III it was shown that, in spite of 
their high speeds, gas molecules liberated at one point in a space 
did not instantaneously appear at points at moderate distances 
from the origin. The reason for this was shown to be due to the 
effect of collisions with the myriads of molecules present in unit 
volume which prevented a molecule traveling for more than a 
very short distance in any given direction. This led at once to 
the concept of the mean free path, which was discussed in detail in 
that chapter. The correctness of this concept was there demon- 
strated by direct measurements of the mean free path and distri- 
bution of free paths all of more or less recent date. When the 
kinetic theory was developing, the experimental technique and 
the knowledge in such fields as electronics had not developed to 
the extent necessary to permit these verifications. In fact, no 
direct test of the mean-free-path concept was then possible. In 
attempting to demonstrate the correctness of the hypothesis, it 
was natural that the workers should have turned for its verifica- 
tion to the striking discrepancy with the notion of rapidily moving 
molecules (7.e., the slow diffusion and heat transfer) which had 
led to the mean-free-path concept. Thus at a very early date the 
three phenomena depending on molecular velocities and free paths 
which could throw light on the low values of the latter were care-_ 
fully analyzed. These three phenomena depend on the transfer 
of matter, of momentum, and of energy through a gas. They 
lead in an experimental study to three constants depending on 
the nature of the gas, called the coefficients of diffusion, viscosity, 
and heat conduction. 

The analysis of these three constants from the kinetic-theory 
point of view led to predicted variations of the constants with 
pressure, temperature, and masses of the molecules, some of 
which were at the time unknown, whose verification afforded a 
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striking proof of the correctness of the assumptions involved. 
They also led to predicted relations between the coefficients of 
heat conduction and viscosity, which were found to be approxi- 
mately correct. Some of the predictions, notably the temper- 
ature variations, were not fulfilled. Where this was the case, it 
was found that the theoretical simplifications and some of the 
assumptions (e.g., that of the independence of molecular diameters 
of the temperature) were not strictly true, and that to this extent 
the theory had to be modified. 

The deductions also led to relations which enabled the 
mean free paths of the molecules L to be evaluated. These values 
are in excellent agreement in order of magnitude with those esti- 
mated from the Van der Waals’ equation (Chap. V) and from the 
more direct measurements of Chap. III. The lack of complete 
numerical agreement must be ascribed to two causes: first, to 
the fact that, as the free path L is a function of the temperature, 
the results of the measurements are not strictly comparable 
(e.g., as in the electron free paths, where the velocities were 
notably higher than those for ordinary molecular impacts, and the 
values of the diameter as deduced from the coefficient of viscosity 
n); and second, to the uncertainty as to the value of the numerical 
constants resulting from differences in the manner of averaging 
the velocities (e.g., the Maxwell and Tait free paths (Sec. 39) or 
Jean’s persistence of velocities).1_ Atthetime, however, the agree- 
ment between theory and experiment was most striking, and 
today, in spite of the more complicated analysis necessary for a 
satisfactory treatment, the study of these coefficients in the light 
of the kinetic theory furnishes an inspiring example of this type 
of analysis. It is the purpose of this chapter to give both the 
elementary treatment of the problems and some of the later, more 
accurate findings. For the proper treatment of the subject, it 
seems best to derive the expressions in an order which places the 
coefficient of viscosity first, heat conduction second, and diffusion 
last, because of the relative mathematical simplicity of the cases 
of viscosity and heat conduction compared to diffusion. The 
chapter will be divided into three parts: Part I, Coefficient of 
Viscosity; Part II, Coefficient of Heat Conduction; Part III, 
Coefficient of Diffusion. 

56. Irreversible Phenomena.—Before proceeding to a discus- 
sion of Parts I, II, and III, it is of interest to point out a marked 
difference in the case of these phenomena compared to the 
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phenomena which formed the basis of the discussions of all pre- 
vious chapters. In those chapters the discussion was limited 
chiefly to the cases of gases in equilibrium. In such cases the 
temperature and the partial pressure of the gases remained 
constant throughout. In fact, the deductions of Chap. IV 
depended on this equilibrium. Thus in the cases treated there 
was no streaming motion in the gas and one part of the gas was 
like another part as regards constitution, momentum, and energy 
distribution. Part I and the following parts deal with gases 
which are not in equilibrium and which are striving to attain that 
state. 

It is a fact of common experience that, if a gas is set in motion 
in its container, the motion will be gradually dissipated until the 
temperature and the pressure of the gas are uniform throughout 
and there is no directly observable motion in the gas. The 
phenomenon of the dissipation of internal motion is known as 
“viscosity.” It is perhaps the simplest of the irreversible 
phenomena. 

Again, if the gas in a container is not at a uniform temperature 
throughout, differences of density arise, and so, owing to the 
buoyant action arising from gravitational force and governed by 
Archimedes’ principle, convection currents arise. These motions 
are dissipated by viscous friction, and so, ultimately, temperature, 
equilibrium is attained. But there is a more direct process by 
which the temperature equilibration is carried out, and which is 
present in arrangements where conyectional streaming is pre- 
vented. This process is that of heat conduction. 

The third principal irreversible phenomenon is that of diffusion. 
In this a gas consisting of a mixture of different varieties, the 
composition of which is initially variable from point to point, 
gradually becomes uniform. As different gases do not have the 
same density at the same temperature and pressure, there is also 
convective action which results in mixing when the gas is, as is 
usually the case, in a gravitational field. The phenomenon of 
diffusion, properly speaking, is, however, one which takes 
place independently of this convective action. It is due, as are 
the other two real processes, viscosity and heat conduction, to 
the eternal and chaotic random heat motions of the molecules. 

The designation ‘‘irreversible” for these phenomena arises 
from the fact that all three are conditioned by the second law of 
thermodynamics, being processes in which the energy is degraded 
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(7.e., in which the molecular chaos (‘‘mixed-upness’’)- of the 
universe is increased). It is important to note that the second 
law of thermodynamics tells merely the direction of the phe- 
nomena—that is, that the streaming motions will be dissipated, 
that the temperature will become uniform, and that the compo- 
sition will become uniform. Thermodynamics does not offer any 
information about the time rate, or speed, with which these 
processes take place. Experiment and the kinetic theory, by 
giving information about the time rates of these phenomena, 
thus make a great advance over the doctrine of energetics. 


I. VISCOSITY 


57. The Experimental Definition of Viscosity.—Consider a 
gas in a container having plane parallel walls infinite in extent. 
Assume, now, that one of these remains fixed while the other one 
moves relative to it with a velocity wu. Let the distance between 
these two walls be z. An arrangement of this sort could be 
realized experimentally by having the moving wall a long, flat 
belt moving endlessly over two rollers, and considering a small 
region far from the rollers. Experiment has shown that the gas 
will be set in motion in the direction of the moving belt, that it 
will be at rest relative to each boundary, at the boundary (except 
for a slight slipping to be discussed later), and that the motion of 
the gas between the plates will fall off linearly from the moving 
plate to the fixed one—that is, the gas next the moving plate will 
’ be set into motion by it, momentum being lost by that plate in 
transmitting motion to the gas. The outer layer of gas will then 
set the next inner layer into motion, suffering thereby a loss of 
momentum, so that its velocity will be less than that of the plate. 
Thus a gradient of velocity will be set up across the gas space, 
which experiment shows is a linear one. If the velocity of the 
layer of gas at the plane z = 0 is designated as 0, and at z = 2 
as Uo, the rate of increase of speed with z, or the velocity gradient, 

Uo 


is =e When the steady state of motion is reached, the upper 
0 


plate is losing momentum to the gas, and as a result experiences 
a viscous force or drag which is equal to the rate of loss of momen- 
tum. Thus the viscous force of the gas is measured by the rate 
of change of momentum involved. 

Experimentally, it was found that the force was proportional 
to the area of the moving plane exposed to the gas, and to the 
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velocity gradient in the gas. That is, if f be the force on the 


plane, A its area, and a the velocity gradient, then 


d 
du 
f= AT 
and if F be the force per unit area, 
le Sipasyet oe 
ace 


Here 7 is a constant of proportionality characteristic of the gas, 
the coefficient of viscosity. The negative sign denotes that the 
force opposes the motion u. It is the significance of 7 in terms of 
the molecular quantities which it is desired to derive from the 
kinetic theory. In the c.g.s. system of units 7 gives the force in 
dynes per cm? acting on the surface when the velocity gradient is 
1 em/sec. in a em taken normal to the surface, 7.e., along the 
z-axis. To orient oneself, it may be of interest to note that y for 
air is 1.8 X 10-4 dynes/cm? per unit gradient, while 7 for He is 
0.9 x 10-4, » for water is 0.01 at 20°C., and 7 for glycerine is 
8.5 at 20°C. In mentioning the value of for liquids whose 
definition and experimental measurement are precisely the same 
as for those of gases, it becomes essential to point out a funda- 
mental difference between the interpretation of 7 for the two 
classes of substances on the kinetic theory. In gases the inter- 
molecular forces are considered as completely negligible, or at 
least relatively small, in their effects compared to the peculiar 
type of transfer assumed. In liquids, the intermolecular forces, 
as evidenced by cohesion, play an entirely dominating réle. 
Hence viscosity in liquids is largely governed’ by cohesive forces 
and shows little dependence on density, molecular velocity, or 
mean free path. It is, therefore, not surprising that liquids whose 
cohesive forces rapidly become weakened as temperature in- 
creases should show reduced viscosity with increasing temperatures. 
In gases where, as will be seen, the viscosity depends on the rate 
of transfer of momentum, the viscosity zncreases as temperature 
increases. 

58. The Simple Kinetic Analysis of Viscosity—The first 
analysis of 7 from the point of view of the kinetic theory was due 
to Maxwell in 1860.2, From the discussion of the previous sec- 
tion, it was evident that the viscous drag exerted by the gas on 
the plane was due to a loss of momentum of the plane to the gas, 
This transfer of momentum from the faster layer to the adjacent 
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slower layer was then found to take place throughout the gas, 
leading to the establishment of a velocity gradient from one plate 
to the next. It also leads to the manifestation of a viscous drag 
on the stationary plane which could be detected by a suitable 
measuring device, showing that some of the momentum of the 
moving plane is being transmitted through the gas to the fixed 
plane. 

This transfer of momentum through the gas may be pictured 
by the kinetic theory in the following fashion: According to the 
distribution law, the molecules are moving in the gas in a com- 
pletely random fashion with average velocity components equal 
along the three axes. The streaming motion of the gas merely 
indicates that there is a minute average additional velocity of 
all the molecules in the given directions. This additional 
velocity, a few cm/sec, is so small compared to C (about 40,000 
em/sec) that it may be assumed to be of little influence on the 
Maxwellian law of distribution. If the velocity gradient exists 
in the gas, the molecules in one of the upper, more rapidly moving 
layers (that is, one having a small additional component w; in the 
x direction) will move from this layer to one of the lower 
and slower layers, carrying with it its initial component wu; in the 
x direction. If in this lower layer where the speed of the mole- 
cules along the x direction is lower (7.e., where the average velocity 
of the molecules in the x direction is wz < wu) the first molecule 
suffers collision, its added momentum will be given up to the lower 
layer. Thus the lower layer will move faster as a result of this. 
On the other hand, some molecules from the lower layer will, by 
their heat motions end in the upper layer, and being slower, will 
decrease the average momentum of the molecules in the upper 
layer. It is then by such a process that the momentum is trans- 
ferred from layer to layer of a gas and it is from a precise analysis 
of this process that it should be possible to derive the expression 
for 7». 

To this end the following simple assumptions may be made: 
Let it be assumed that an average molecule traverses a distance 
equal to the mean free path between impacts. The length of this 
path is then a rough measure of the thickness of the layer of gas 
in which viscous action occurs. _On the two sides of a layer of 
gas L cm thick, whose plane is parallel to the plates, the differ- 


ence of streaming velocity in the gas is given by L a for the 
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velocity gradient normal to the motion of the gas is a 


Thus molecules of mass m coming from the upper side of this 
layer to the lower side carry an excess of momentum mee 
from the upper to the lower side. Now, on the average, one-third 
of the molecules are moving with paths that are up or down. 
Thus the number of molecules of speed é going up or down across 
unit area per second will be one-third NZ, where there are N mole- 
cules per cm*. The momentum transferred across this layer up 
and down by the molecules is thus 

1 mes 5: 

per ae. 
Now this calculation was made on the assumption of a uniform 
gradient. This presupposes a steady state.* That means that 
momentum is being passed on from one layer to the next as 
rapidly as it is received. Thus the transfer of momentum across 
the layer Z is the same as that given to the gas by the moving 
plane at 2 or given to the stationary plane at z=0. This 
momentum transfer in the gas thus results in a force —F being 
exerted on the moving plane at 2), the reaction a force equal in 
magnitude but opposite in sense being exerted on the lower plane 
at z = 0, of magnitude +7. Hence 


F= 5 Nel SY. 
By the definition of 7, this force F = i per unit area as 


regards the lower plate. Therefore 
| n = 5 Nmél. 

This equation also follows in exactly the same form from a dis- 
tinctly more rigorous deduction to be given in the following sec- 
tion. For a discussion of this expression for 7 as compared with 
experiment the reader is referred to Sec. 60 at the end of 
the deduction of this expression. 

59. Maxwell’s Deduction of the Value of 7.—Assume a gas 
in which a uniform velocity gradient is set up by some adequate 


*Tt is to be observed that by “equilibrium in a gas” is meant uniformity of 
temperature, velocity, and composition throughout the gas, whereas the 
term ‘‘steady state’? merely means that the temperature, velocity, and 
composition at a given point do not vary with time, They may, however, 
vary from place to place. : : 
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experimental arrangement. Choose a point in the gas stream and 
set up a system of coordinate axes such that the gas moves along 
the x-axis with a velocity uo, while the velocity gradient lies along 
the z-axis. Thusatz = 0, uwillbe wu. As the velocity gradient 
du 


is aS the velocity at any point z = z will be 


Owing to this gradient, the molecules which are continually 
moving from positive values of z through the zy plane are carry- 
ing with them momentum corresponding to the region where they 


last suffered animpact. The validity of this assumption is ques- 
tioned by Jeans! on the basis of his theorem of persistence of veloci- 
ties. Similarly, the molecules moving from negative values of z 
are moving through the zy plane, transferring their low momenta 
along x to the upper layer and decreasing the average momentum 
of the layer. The net momentum transfer per unit time through 
unit area gives the force per unit area exerted due to the velocity 
gradient across the zy plane. To get this, one takes a small ele- 
ment of volume dv (Fig. 33) and finds the rate of transfer of 
momentum downward through a small area dxdy due to this 
volume. The same may be done for the upward transfer 
of momentum through dady due to a small volume dv’ below the 
zy plane. By integrating these over all the space above and 
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below zy the net momentum transfer through dady per second, 
and hence the force exerted, may be found. 

Assume a small volume dv having N molecules per em in it. 
Assume, further, that, on the average, a single molecule experi- 
ences Z collisions in unit time. This quantity may, for purposes 


of simplification, be considered as 7 a constant, where ¢ is the 
average velocity and LZ is the mean free path. As was seen in Sec. 
39, this is really not the case, and in later work the accurate 
expression for the mean collision frequency will be used. In a 
time dt the Ndv molecules in dv experience NZ dv dé collisions—that 
is to say, in the time dt, NZ dv dt molecules start new paths, leaving 
dv. As all directions are equally probable, the number which 
leave dv and move towards the small area dxdy is the number of 
paths starting in dv during dé multiplied by the ratio of the sur- 
face cut out by the solid angle subtended at dv by dxdy, dady cos 
6, to the surface of the sphere of radius r drawn about dv. Herer 
is the distance from dv to dxdy and @ is the angle the line r makes 
with the z-axis. Of this number of molecules moving towards 


dxdy, only the fraction e 4 goes the distance r or more without suf- 
fering a collision and being diverted. Thus the total number of 
molecules leaving dv during dt that pass through dzdy is 


Now if, on the average, it is supposed that a molecule possesses 
the x component of velocity appropriate to the scene of its last 
collision, each of the above molecules carries an amount of 
momentum 


m (we + r cos as) 
dz 
from dv through dady. Hence the momentum transfer is 


Nmr cos? (Me te dady dv dt 


Arr? 


_ Nmuoz% dady dt co 
4r 


s@ —; 
=o Na 


The negative sign indicates that the momentum is being carried 
from greater to lower values of z. This quantity must be inte- 
grated for r from r = 0 tor = o, It must also be integrated so 
that dv covers all the space above the zy plane. To do this, 
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dv must be replaced by dr(r sin 6d¢)(rd@) and 6 integrated from 
0 to 5 and ¢ from 0 to 27. Thus the momentum transfer 


going through drdy downward from the space above the xy 
plane is given by the quantity 


a Oi or 5 2a 
Nazdy} = — ue a 2 uf, e iar | cos @ sin aio | do 


du[*° -2 2 Be ze 
ue re tar { cost asin odo | as | 


In a similar manner, the momentum transfer from below the 
«ty plane upward from a volume r? cos 6déd¢dr in a time dt may 
be found as 


a ome : 2x 
Nazayt ee if e tar | cos 6 sin oao { do 


4r 
fo) oe Sf. 3 an 
= - re ‘ar { cos? 6 sin sao | as 


the — sign inside the bracket being due to the fact that below 


the xy plane u = (ue —r cos 0 a“). Adding the two terms 


Nazay, and Nazay+ to get the net transfer M, it is found that 
the first members of the two expressions cancel and there is 
obtained on integration for the net transfer per unit area per 
second, 7.e., the viscous drag, the quantity 


M__ _4eNmel?du_ _ly du _ _ du 
dady dt — B(dw) d@uars.8 dzi* mie de 
since z= : 


Thus one has 
ae sNmél, 


This was precisely what was found in the preceding section. 
The integration here was carried out assuming Z to be a con- 


‘stant. Its assumed value 7 was the value which one would 


have obtained using the Maxwell value for the mean collision 
frequency which is assumed independent of the velocity c as 
shown in Sec. 39. To take account of the variation, the Tait 
expression for the mean collision frequency must be used. 
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The treatment given by Tait, which is the more rigorous one, 
differs from the one given above only at the point where the 
integration of the free paths takes place. In this treatment, 
Maxwell’s law of distribution is assumed to hold even though it 
applies strictly only to equilibrium. However, the quantity 
which before was written as Z =; is no longer so. L is a 
function of c. If the free path for a given c be taken as / and if 
one writes for N not a constant NV, but N., giving the number of 
molecules with velocities between c and c + dc, the equation 


found above for M becomes 


M = pe cella A ay cos? 6 sin vao wf rze a 
Aor dz 0 


Ve avn! “ac 


The integral with respect to @ and ¢ leads to the factor ci 


Again, in place of the collision frequency Zz = i one now writes 


z= 3 where / is a function of c, which is given by the Tait 


ares equation (Sec. 39) as 


ner 


where L is the Maxwell free path. Thus the equation for M = 
Nazay| + Nazayt becomes 


are. a teat 
M = 3 Nm dady dt a Ie ap : Pat “ete “de | 


OG 
or, calling — = 2, 
a 


ae pd Bee 
M=-— 5 Nm ded dt — " loxe—#e vt a the 


Integrating this for dr first, setting c = za and/ = 


a 2rx?L 
¥(2) 
M du 1 du ab~/2r ~4a%e— da 

Maric’ 


——.— then 


dady dt "de 35" de /q 
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This complicated integral was evaluated by Tait and led to the 


° Ax> e- dx 
value { —. =a(SoSs 
; ‘ v(x) 
Therefore GS aN ma(0.838 /2L) 


or = 5 NméL (0.838 Ne) 
naw, LOB k G NméL); 


that is, the Tait value for the viscosity is 5.1 per cent higher than 
the value deduced by the Maxwell form of averaging. Phys- 
ically, this difference is caused by the fact that the faster moving 
molecules have longer free paths and thus carry more momentum. 
This, if taken account of in averaging, as was here done, leads 
to the viscosity being greater because of the added effect of the 
longer free paths. Jeans,! persistence-of-velocity treatment gives 
a still greater value for the constant. In this case the 14 is 
replaced by 0.461. 

60. Agreement between Elementary Theory and Observation 
for the Coefficient of Viscosity——The expression deduced for 7, 


7 — 5N méL, with some uncertainty in the value of the constant 


14 depending on the method of averaging, can be transformed for 
discussion as follows. Since 
me 


1 
| eae eee : 
/ 2no2N : 3+/ 2re? 


1. It is seen at once that, since é oN n should vary as 


/m. For gases this holds quite accurately if account be taken 
for the variation of o, which is comparatively small, for most 
gases. 

2. Furthermore, the expression is independent of pressure, for 
neither m, ¢, or ¢ is a function of pressure. This surprising rela- 
tion was deduced before the value of 7 as a function of pressure 
had been measured. Investigation’ showed it to be true for pres- 
sures from a few mm of mercury up to several atmospheres, con- 
trary to expectation, for it seemed absurd that the viscous drag of 
a rarefied gas should be the same as for a dense one. At low pres- 
sures the relation fails, since the mean free path then becomes 
comparable with the dimensions of the apparatus and the assump- 
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tions used in deducing 7 no longer hold (see See. 77). At very 
high pressures, where attractive forces between the molecules 
become appreciable, the relation might again be expected to fail, 
for momentum transfer of the liquid type begins to occur (see 
Sec. 64). 


3. Again, the € above can be replaced by J SRE » where 
aNam X 
N, is the Avogadro number, m the mass of a molecule, R the gas 


2 
38V x0? 


VW mkT, where k = ae the Boltzmann constant. This pre- 
A 


dicts that » should vary as the square root of the absolute temper- 
ature. Experiment‘ shows that 7 increases with temperature 
more rapidly than this and does not followapowerofT. The fail- 
ure of this prediction to hold depends on the erroneous assump- 
tion that o is independent of 7. The value of « depends on the 
mean distance of approach of the molecules on impact. This 
depends on the repulsive forces between molecules and their 
energy of agitation. The greater the forces the greater the appar- 
ent value of c. Since increased 7’ means an increase in kinetic 
energy, and hence a lessened effect of attractive forces on the free 
paths of the molecules, as well as a closer approach on impact, it 
is not surprising that 7 is found to increase more rapidly with 7 
than the ~/T. If 7 were found proportional to 7’, then « would 
1 
1 7 
rapid change. It seems, however, worth while to point out 
that the deviation is not serious from the point of view of the 
establishment of the kinetic theory, for it predicts an increase in 
n with 7’ which is nearly fulfilled, whereas previous experience 
with liquids showed the reverse effect. The deviation is, how- 
ever, very welcome, as it makes it possible to test the variation of 
o, the apparent diameter, with 7’ and thus leads to an evaluation 
of intermolecular forces. This will be discussed more at length 
in Sec. 62, under the theory of Sutherland. 
The measurements of 7 afford the best values of L obtainable. — 
Thus a check of the theory from the point of view of a prediction 
of the value of » from theory and a comparison with the observed 
values is meaningless, for Z otherwise determined is far less exact. 
It is interesting to compute 7 at 0°, 760, for Nz from o derived 


constant, and 7’ the absolute temperature. Thus 7 = 


only have to vary as to cause this. This is not a very 
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from Van der Waals’ 6 and compare it with the observed value. 
For air, « = 3.53 X 10-8 cm, 

m = 28.0 K 1.66 X 10-*4 grams € = 4.54 X 104 cm/sec. 

_ 28.0 X 1.66 X 10-*4*X 4.54 X 104 
30/2 m 1.245 X 10-15 

n = 1.27 X 10-4 

_ The value of 7 observed for N2 at 0° is 
_ 4 = 1.66 X 10-4. 

The values agree in order of magnitude but differ by about 17 
percent. Part of this discrepancy would be taken care of by the 
Tait free path. If a constant in the equation computed by 
Jeans,! including a correction for what he terms the “persistence 
of velocities,” were used, a very good agreement would result in 
this case. It is seen, therefore, that, while the result is approxi- 
mately correct, the question of the constant factor is an important 
one. Again, it must be pointed out that it is questionable to 
use values of « obtained from critical data with those from viscosity 
theory, for the real significance of a value o depends on the 
measurements from which it is deduced. Thus it is quite prob- 
able that the value of o entering into b is not the same as the one 
used for viscosity. 

61. Criticisms of the Simple Theories.—In what has preceded, 
certain points were passed over as sufficiently accurate, with little 
or no comment. Two of these merit further discussion and will 
be taken up in this section. 

The first limitation for the development is that it postulates 
that the state of motion is nearly steady, 7.e., that the speed of 
the gas stream at any point does not vary much with the time. 
This requirement is introduced by the fact that no distinction is 
made between the time at which the molecules leave the volume 
element dv and the time at which they cross the surface element 
dxdy. The numerical magnitude of this limitation will be 
estimated later. 

A second point bears on the validity of the assumption that 
“‘on the average, a molecule possesses the z-component of momen- 
tum appropriate to the scene of the last collision.” The analysis 
of this assumption and associated ones occurring in the theory of 
heat conduction and diffusion and- have been treated by Jeans! 
under the designation of “ persistence of velocities.” The analysis 
pertaining to this correction is given in his “‘ Dynamical Theory 
of Gases,” and only the results will be given in this text. 
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Passing now to the more detailed study of the first of these 
corrections, it is important to determine the thickness of the gas 
layer in which practically all of the viscous action takes place. In. 
the theory of Maxwell the momentum transfer is integrated over 
all space. Actually, however, the distant volume elements con- 
tribute practically nothing to the viscous action across daxdy. 
The expression for 7 after integration over the polar angles @ and 
¢ is 

7 = yvme | e Lrdr = 5 Nel. 


If one considers the viscous action of those molecules whose last 
collision occurred at a place less than d distant from the place of 
crossing dady, this will be less than the total amount by the follow- 
ing fraction of the total viscous action: 


ro) r d 
(eigen) 


This shows that all but about 4 per cent of the viscous action 
across a surface is effected by the crossing of molecules within a 
distance of five times the mean free path from the place of cross- 
‘ing, while all but 0.3 per cent is gained by including molecules 
from distances up to eight times the free path. The conclusion 
is that virtually all of the viscous action in a gas occurs over an 
extremely thin layer of the gas. 

The result of the preceding analysis makes it possible to form 
an estimate of the amount of the error made in neglecting the 
distinction between time of leaving dv and time of crossing dzdy 
Molecules coming from a greater distance than 8L need not be 
considered and the time for the average molecule to go this dis- 


tance is given by es a quantity whose order of magnitude is 


10-° see. Thus the deviations from the steady state occurring 
in practice are unimportant in their effect on the theory. This 
is especially true, since modern methods utilize only the steady 
state. 

62. Sutherland’s Theory.*—To clear up the discrepancy which 
arose when it was found that the experimental increase of 7 
with temperature was greater than that indicated by the simple 
considerations just presented, Sutherland gave a simple analysis 
of the effect of attractive forces between the molecules. 
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If the molecules are hard elastic spheres whose centers attract 
each other according to some law of the distance, there are two 
ways in which exchanges of momentum may occur: 

1. The molecules may pass near each other so closely that one 
affects the other without an actual collision, or 

2. They may collide with each other in the same manner as 
“forceless”’ elastic spheres. 

The Sutherland® theory ignores the effect of the first mode of 
exchange of momentum on the viscosity and considers how the 
action of attractive 
forces may serve to in- 
crease the number of col- 
lisions. Since the mean 
free path is altered as well 
by the first as by the sec- 
ond type of collisions, 
the theory can hardly be 
thought of as being ade- Fic. 34. 
quate until this is done. 

It is sufficient to consider the motion of one molecule relative 
to the other. In the Fig. 34 let O be the center of one molecule 


B A 


and let AB be the direction of the motion of the other molecule 
relative to O. The curved line represents the actual orbit of the 
moving molecule, C the point of minimum approach, b the dis- 
tance which would have been that of minimum approach if no 
forces acted, p and ¢ polar coordinates of center of the moving 
molecule. 

Let mF'(p) be the magnitude of the force between the mole- 
cules when their distance apart is p; then the equations of motion* 
are® * es 

1 
Ae Ee) cigar oP) 
These may be combined in the usual way to obtain the integral 
of angular momentum in polar coordinates: 


* The treatment here is based on the standard case of the two-body prob- 
lem with central forces in one plane. The law of force is undefined. The 
treatment may easily be found in such texts in dynamics as Routh, or Web- 
ster, under the title Dynamics of a Particle. 
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If they are combined to form the energy integral, then: 
1g?) ory 

Sica 

in which 7? is the square of the relative speed, 


_ (dp\* do\? _ (dp\?, 
+= (4) +e(@) -(@) TF 


On differentiating this latter relation, 


dp Wp ,h?dp_ | dp 
RET ROR Se os p> dt aPC 
pita 
or di? = p = —F(p). 


To obtain the value of h it is observed that when the molecules 
are separated to great distances 


h = 1b, ; 
where r is the relative velocity. Integrating the differential equa- 
tion and determining the constant by the fact that 2 =r 


when p = &, 


dp\* _ b®r? * 


At the position of minimum approach CO, p = po and = = 0. 


For this distance the preceding equation yields: 


22 = 
TF 19] Fide <0 
Po 
Po 


9 co 
or b= po + ai F(o)de | 


Now collisions will occur if po is equal to o or smaller, so the pre- 
ceding equation shows that the effect of the attracting force is 
to make the effective sphere of action, of radius 6, greater than 
o, that of the forceless spheres. This enters into the free-path 
considerations of Sec. 37 in such a way as to substitute 6? for 
o” and thus gives the new free-path formula: 
L, = : = ) 
V2eNe' 1 be 4 i (eye | 
where L, designates the Sutherland modification of the Maxwell 
free path. Since r? is proportional to the absolute temperature, 


at Pe D 
af P(o)dp = 7 
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where D is a constant characteristic of each gas. The free path 
then becomes such a function of the temperature as is given by 


Lim 


D 
oar 


DL, = 


b 


where L,, is the Maxwell free path of Sec. 37. 
If this value be substituted in the Tait viscosity expression of 
Sec. 59 one obtains: 


fee Helen 


1+2 


Reinganum’ has used the same physical picture—that of 
attracting rigid elastic molecules—and by other mathematical 
methods has obtained for the temperature variation of 7 the 
formula fe 


mice Ts Pane ie 
in which D’ is a constant characteristic of each gas, analogous to 
the Sutherland constant. The derivation results from the use of 
the theorem of the virial and proceeds along lines similar to that 
of his equation of state (Sec. 54). 

63. Measurement of Viscosity.—Before proceeding to more 
detailed discussion of experimental results it is desirable to discuss 
briefly the methods of measuring viscosity. The oldest method 
is based on the study of the rate of flow of the fluid through a capil- 
lary tube. The flow of liquids through capillaries was first 
studied systematically by Jean Louis Marie Poisseuille,® a 
French anatomist, who was interested in the physics of the circu- 
lation of the blood. His work was published in 1842. Other 
methods are based on the measurement of the damping of the 
oscillations of pendula,® the constant deflecting force of a cylinder 
in a rotating gas,!° the fall of small spheres through a gas,!! ete. 

The foundation of all the methods lies in the solution of the 
hydrodynamical problem of fluid motion corresponding to the 
arrangement used. The theory of some of the methods is simple, 
while others lead to difficult problems in partial differential equa- 
tions. The student who is interested in the hydrodynamic side 
of viscous fluid flow is referred to Lamb’s!? “Hydrodynamics.” __ 

In deriving the Poisseuille’s empirical formula from hydro- 
dynamics it is assumed that all motion of the fluid is parallel to 
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the length of the tube. This requires that the tube be very long 
compared to its diameter in order that irregular end effects be 
negligible. At the wall of the tube the fluid slips, so that the 
difference in speed between the wall and the fluid adjacent to it is 


in which e is the ‘‘ coefficient of external friction” (see Chap. VII, 
Sec. 77). The solution of the appropriate differential equations 
then yields for the volume of fluid flowing 
through the tube in unit time (Sec. 77) 


V =o + ee 


in which P is the pressure difference between 
the two ends, L is the length of the tube, and 
Risitsradius. If there is no slipping of the gas 
along the walls,e = © and the formula is 
aPR4 
YT ai 
Graetz'’ gives the corresponding solutions for 
capillaries of other forms than circular cross- 
section. Osborne Reynolds!* has shown that 
above the critical velocity 
_ 20007 
~~ Dies ; 
in which p is the density of the fluid, the 
motion becomes turbulent, and Poisseuille’s 
rae a &. law fails. Most of the research work on gas | 
cylinder method for Viscosity has been carried out by the study of 
measuring viscosity the flow of gas in capillary tubes. 
yay. A method, capable of high precision, which 
has probably given the best recent results, is that of the con- 
stant deflection of a cylinder in arotating mass of gas. This is 
described by Gilchrist!® and by E. R. Harrington.'® 
In this method a cylinder (Fig. 35) is hung up by a delicate 
suspension so that it may turn about a vertical axis. Surround- 
ing the cylinder is a larger one which is rotated at a uniform speed. 
The gas is set in motion and the viscous forces which act on the 
inner cylinder cause it to turn until these forces are balanced by 
the torsional action of the twisted suspension. Let it be sup-. 
posed that the radius of the inner cylinder is a and that of the 
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outer cylinder is 6, while the angular velocity of the outer cylinder 
is w; Let L be the length of the cylinders. In the steady state 
the speed of the gas will be zero at the inner cylinder and bw, at 
the outer cylinder. The force on an imaginary cylinder of radius 
rin the gas will be 


F = 2xrln os 
and the moment of this force is 
a Ov 
Fr = 2rr?Ln an 
By .. is to be understood the rate of change of the relative 


motion of adjacent layers of the liquid. To find this one may 


write 
v= rw, 
then 


However, the w on the right-hand side arises from the variation in 
v which would be present if the gas rotated with uniform angular 
velocity, like a rigid body, when certainly no viscous action is 
developed. This term therefore does not enter into the value of 


2 to be used in the analysis. As a measure of the rate of shear 


of the gas one then has 2 =r , and hence 


Fr = Qerind oe 
gives the torque which each outer gas layer exerts on the adjacent 
one inside. In the steady state the torque exerted by each layer 


must balance the reaction of that which each adjacent layer 
exerts, since the angular acceleration of the gas is zero, that is, 


Fr is constant throughout the gas. The preceding equation may 
be now integrated as follows: 


b Wi 
a Denk | ie 
0 


Pl 2 _ | = Arnlw, 


or 
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The torque Fr is that exerted on the inner cylinder. It is 
measured by the angle of deflection of the inner cylinder, the 
amount of torque for a given angle of deflection being first deter- 
mined by independent experiments, that is to say, Fr = 7,0, 
where 7'o, the torsional constant of the fiber, may be found from 
the period of oscillation of the cylinder. 

64. Experimental Results——The simple theory of viscosity 
predicts that 7 should be independent of the density. At low pres- 
sures, this breaks down because the free path becomes comparable 


Viscosity of COp as function of density 


with the size of the vessel (Chap. VII). At very high pressures, 
deviations will result from the increasing effectiveness of the 
forces between the molecules. All experimenters find 7 accu- 
rately independent of density* from 760- down to 10-mm pressure. 
Below this pressure surface phenomena intervene. 

Warburg and Babo!’ have carried out an interesting set of 
measurements of 7 for carbon dioxide at high pressures. The 
theory predicts that 7 should be independent of density; inde- 


pendence of pressure then follows if the perfect gas laws are — 


' applicable. These are not applicable for COs at high pressures, 
and so it is more significant to discuss the relation between 7 
and density. Figure 36 shows a plot of the Warburg and Babo 
measurements of 7 as ordinates against the density as abscisse. 
An indication of the extent of the deviation from perfect gas 
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conditions is given by the fact that a pressure of 45.3 atmospheres 


made the density 0.1, which is about 500 times the density for 1 
atmosphere. * 


HEE 


+ 

: Law 

x 

ea elas lall || 

Ae 

Z ann 
° 

Uv 

3 SEREy 4mm 
ee, 


\ 5 eeleadd 
a 


Fra. 37, 


Viscosity x1o4 


2 4 ; 
Square of Density 
Fia. 38. 


*Recently, P. Phillips!® (Proc. Roy. Soc., A87, 48, 1912) has made a more 
extended study of the variation of the viscosity of carbon dioxide with 
pressure. His measurements extend to 120 atmospheres’ pressure at tem- 
peratures 20, 30, 32, 35, and 40° and thus extend into the liquid state 
through the critical point. Figure 37 from Phillips’ paper shows the 
variation of » with pressure at one temperature. Figure 38, also from 
Phillips, shows 7» plotted against the square of the density, indicating that 
the relation of 7 to density, while parabolic, has an abrupt change of param- 
eter at about d* = 0.48. 

This relationship, Phillips points out, ‘“‘would mean that in this region of 
very rapid alteration of density with temperature or pressure the change 
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The curves show that the viscosity is remarkably independent 
of the density even in a region where large deviations from the 
gas laws have set in. As the density is increased still further, 
the molecular forces provide an increment to the viscosity which 
is approximately proportional to the square of the density. 

Turning now to the variation of » with temperature, experi- 
ment shows that the Sutherland formula (Sec. 63) fits the facts 
over the range of conditions in which it could be expected to be 
valid. Bestelmeyer!® was the first to make measurements 
suitable for testing the formula over a wide range of temperatures. 
He found for nitrogen the following ratios of 7, to 717°, the viscosity 
at 17 C: 


UP AA Ro aeRO A Ditastutt ee Bs 300 .4 98 .41 —78 .66 —190 .63 
LAR ee a ne RU 0.7204 0.3204 


and showed that the deviations of these measures from the 
Sutherland formula with D = 110.6 were less than 3 per cent. 
Similarly, Markowski®® checked the Sutherland formula for 
hydrogen, oxygen, and nitrogen between 0 and 180°C., as did 
Schmidt?! from —195 to +185°C. on air, helium, hydrogen, argon, 
nitrogen, and oxygen. On the other hand, Zimmer finds the 
Sutherland formula incorrect below —20°C. for ethylene and 
carbon monoxide, the actual viscosity being greater than the 
formula would indicate. The deviation is discussed in connec- 
tion with a hypothesis of association of the gas molecules. 
K. Onnes?? finds the Sutherland formula inadequate for hydrogen 
and helium at very low temperatures. Probably the best treat- 
ment of viscosity given is that of Chapman,?’ whose general 
treatment of transfer theory gives the best theoretical results 
obtained. His work, which is beyond the scope of this book, 
will be discussed more in Parts II and III of this chapter. 

65. Relation of Viscosity to Molecular Constitution.—In 
recent years, A. O. Rankine** and associated investigators have 
obtained some interesting results connecting viscosity, and hence 
molecular size, with chemical constitution. The investigations 
were carried out by means of an ingenious modification of the 
in viscosity is due almost entirely to the change in attraction between two 


adjacent layers of the fluid, for this would be proportional to the square of 
the density. In other words, the viscosity in this region depends almost 


, a ; ; 
entirely on the ~— term in the Van der Waals’ equation,” 
F 
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capillary-flow method. The Sutherland formula is assumed as 
valid. The constant D was determined from measurements of 
n at two different temperatures. 

The work on the inert gases gives values for the relative atomic 
diameters, which are plotted in Fig. 39 against the atomic num- 
ber of these elements. These results indicate that there is a 
break in the rate of increase in size of the atoms at argon, where 
there is an abrupt change in slope of the line joining the points. 
It is to be noted that this is the point in the periodic table where 
the first long period begins and shells containing many electrons 
begin to be added. C. J. Smith®® compared the values of 7 for 


rm 
o 


Relative Atomic Diameters 
a 


Atomic Numbers 
Fig. 39. 


CO, and N2O, also CO and N2. It will be noticed that the gases 
in both pairs have the same molecular weights. He found 


Temperature, nCOz nCO 
degrees centigrade nN2O Ne 
15.0 1.001 1.000 
100 .0 1.003 1.001 


indicating that these similar molecules of similar weight have 
practically the same size and free paths. 

Rankine and Smith?* have also carried out an interesting study 
designed to show the change in collision area of a series of mole- 
cules whose weights were the same but which contained an 
increasing number of hydrogen atoms. The gases chosen, and 
the ratios of their collision area found, are: 
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Assuming the Sutherland formula for extrapolation, Rankine’! 
has computed the viscosities of the rare gases at their critical 
temperatures and has found the values to be proportional to 
the square root of the atomic weight. He has further noticed 
that the ratio of the critical temperature to the Sutherland 
constant D is a constant for several gases examined, the mean 
value being 

T. 
D 
Hydrogen is an exception, the ratio being 0.45 for this gas. 


= 1.14. 
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Il. HEAT CONDUCTION 


66. Definition of Heat Conduction.—In Sec. 56 the transfer 
of heat in a gas by the molecules of the medium was shown to 
occur in two ways. The first mechanism depends on the effect 
of the earth’s gravitational field on the changes in density 
produced by the temperature gradients, and was termed ‘‘ convec- 
tion.” It is the result of mass motion of the gas, and 
consequently is not directly a kinetic phenomenon. A treatment 
of such mode of transfer falls primarily into the domain of hydro- 
dynamics. The second mode of transfer operates in all cases 
of gaseous heat conduction and it constitutes an essential phase 
of the exchange of heat between the layers of different temperatures 
set up by convection. As was stated, it depends on the direct 
transfer of kinetic energy by molecules of one layer with a higher 
energy to molecules of lower average energy in another layer. 
Thus it is a strictly molecular phenomenon and may be treated 
by the kinetic theory. 

As the gravitational field of the earth is ever present, it becomes 
practically very difficult to avoid the occurrence of convection 
in the experimental study of conduction. By the proper choice 
of orientation of the plates in the gravitational field (e.g., placing 
them normal to the earth’s field, the hotter one above), by use of 
low gas pressures, and by the use of very narrow gaseous gaps 
the convection may be relegated to a relatively insignificant 
place in the heat transfer between the surfaces considered. 

If two large horizontal planes are assumed, the upper one at a 
temperature 7’, the lower one at a temperature 7’) separated a 
distance d, the quantity of heat Q transferred from one plate to 
the other across an area A in a time ¢ is given by 


Q =e KA(T; = T of (dt, 
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where f (d) stands for some function of d. As the distance d is 
decreased, the equation takes on the form 

T, — To ; 

ae" Gerke 

This is precisely the relation found for the case of unidirectional 
flow of heat through a large plane of solid substance by conduc- 
tion. The occurrence of this equation indicates that all convec- 
tion has ceased and that one may consider K, the constant of 
proportionality, to have the same meaning as that given for 
solids. Experiment shows that it is a constant for each kind of 
gas. Thus when convection is eliminated in a gas, heat transfer 
follows the same laws as for solids, the gas having a constant for 
heat conductivity characteristic of itself. The constant depends 
on the speed with which molecules of a higher energy content can 
diffuse into regions of lower energy content through the gas, 
that is, it is really a function of the rate of molecular transfer of 
kinetic energy from layer to layer. In solids, the conduction of 
heat? seems to be an entirely different phenomenon, although the 
mechanism is little understood. In these bodies the molecules 
are rigidly bound in equilibrium positions by elastic forces. 
Their heat motions are then oscillations about their positions of 
equilibrium. To what extent heat conductivity depends on the 
transfer of energy from one quasi-elastically bound molecule to 
its nearest neighbor is little known. The close ratio of electrical 
conductivity of metals to their heat conductivity, evidenced by 
the Wiedemann-Franz' law, has suggested a more kinetic picture 
of this conduction. It seems possible that there exist, in the 
metals at least, free electrons in some numbers, darting here and 
there through the regular channels between the evenly spaced 
molecules. Such electrons were supposed to lead to the therm- 
ionic emission? and the electrical conductivity. On the basis of 
the Wiedemann-Franz law, it may be possible that they are also 
instrumental in the heat conductivity. If this were so, the 
mechanism in some solids could be considered similar in nature 
to gaseous conduction. On the whole, it is probably safer to 
assume that the elastic vibrations play the predominating réle. 
Thus, although gaseous conduction obeys the same law as con- 
duction in solids, it probably is due to an entirely different 
mechanism. It is not surprising, therefore, that the K for gases 
increases as 7’ increases, while the similar quantity for metals 
decreases. 


- ' 
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It is more accurate to write ee = Po in the differential form 
denoting d as dz, an element of distance chosen along the z-axis 
normal to a stl It must be remembered, in representing 


™,-T 
ey ia ante ies erat the flow always takes place from the hotter 


to the colder point. The magnitudes of heat conductivity K 
for various types of conductors are given below to familiarize the 
reader with the magnitudes involved. K in the c.g.s. system 
gives the calories carried across 1 em? in a second when there is a 
temperature gradient of 1°C. per cm normal to the plates. 


TypicaL. VALUES oF K 


Temperature, 
Gas or substance degrees 1 
centigrade 
Rc 0 oth 62 cS CoCr EC ee 0 0 .0000568 
[ENS nih uted Se ee 0 0.000339 
eR aCe (UNG ULC Mi ctrres Fateh cca gore «Face vas rave) cicavdyanet sits 0 0.00143 
An Cin = Soacke Brot RORCiae Sones ae are ee ae : 0.0003 
IBN 5 he ha Hae Dee eee eA 0.0015 
NILE Ape ad db ache ASE ee 18 0.504? 
(Oi 5 3. ond erase AO ore OF Ee 13 TROON 
INCE. 2 7 5 cys A perenne ee 18 1.00 


67. The Simple Kinetic Theory of Heat Conduction.—The 
considerations involved in the evaluation of K are quite 
analogous to those involved in the evaluation of 7 as given in 
Sec. 58. With K, however, it is not momentum that is trans- 
ferred, but kinetic energy. With this difference the two simple 
deductions are essentially parallel. 

Assume the gas arranged in layers normal to the z-axis, the 
warmer layers being uppermost. Then 7 depends on z only. 
When the steady state is reached, as much heat flows out of any 
layer at a given time as flows into it, that is, from the equation 


2 
of continuity’ for this case, ae = 0, and integration leads to 


dz 
(Bebe ort se 
point of the gas T = T) ree Fs aS where “Es positive in the 


an equation which states that (a) isaconstant. Hence at any 
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arrangement under consideration. One-third of all the molecules 
are moving along the z-axis, or one-third of all the velocity com- 
ponents lie along z. These are the molecules which carry heat 
from one layer to the other. If the mean free path be L, one may, 
as before, consider a layer of thickness L. The average temper- 
ature difference of the molecules on the two sides of this layer 


will then be in. If each molecule has a mass m and the 


specific heat of the gas is = C,,* the difference in energy content of 


the molecules is mC. Of the third of the molecules mov- 


ing along 2, one-half are moving downward. In 1 second =n é 
molecules pass downwards through each cm? of the layer L 
and carry energy which is equal to sNemC Le downwards. 
Here N is the number of molecules per cm’ and ¢ is the average 


velocity. Likewise, ; Né molecules pass upward and they carry 
— TNemC ola in energy units upwards across 1 cm? in unit 
time. The negative sign comes in here, as the gradient below the 
T) plane is negative. The total energy transfer is the difference 
of the energy carried down and that carried up. Taking this 


difference, one has Q the energy carried per cm? per second as 


Al 
Qvaged 
ree N emul — 
Q dT 
But by definition rrr K oa 
Hence K = zN meLCy. 


= : NméL, one has the interesting relation, 


K = nC». ; 
This equation is also the one obtained from the more complete 
derivation which takes into account the distribution of velocities 


Since, however, 7 


* This would be strictly true for a monatomic gas where there is only 
energy of translation in C,. It seems that where rotational energy is con- 
cerned the contribution to this in C, might be expected to be involved in the 
energy transfer to its full value, This does not seem to be true, as will be © 
seen in Sec. 69, : 
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as well as the distribution of free paths. Neither of these deduc- 
tions are strictly rigorous and a discussion of the values.of K will 
follow at the end of Sec. 69, where a more rigorous treatment is 
outlined. The elementary reader would do well to read the intro- 
duction to Sec. 69 and, omitting the mathematics, read the dis- 
cussion at the end of the section. In the next section the more 
complete deduction, taking into account the distribution of free 
paths and velocities, will be given. 

68. Deduction of the Constant of Heat Conduction, Taking into 
Account the Distribution of Free Paths and Velocities.—To derive 
the expression for the transfer of energy from one layer of the 


Fia. 40. 


gas to the other by the molecules, one may proceed as follows: 
Assume a gas space large in extent having a uniform temperature 
gradient, the temperature above being higher than that below. 
Assume that the steady state has been reached and consider the 
transfer of heat across the zy plane taken normal to the temper- 
ature gradient along the z-axis. At the zy plane assume the 
temperature to be 7). Thus above zy the temperatures will be 


T=T,+ res and below this plane the temperatures will be 


T=T- a To start with, attention may be concentrated 


upon a small area drdy of the zy plane (Fig. 40) and the total 
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number of molecules crossing this in unit time from above and 
below considered. The net energy transfer due to these molecules 
will give the total heat conduction and hence determine K. Con- 
sider a small volume dv at r em from daxdy such that the line r con- 
necting dv and dzdy makes an angle 6 with the normal to dzdy, 1.e., 
with the z-axis. Thuszfor the volume dv isr cos @. — If each of the 
molecules in dv has a mean free path L and a velocity c, then each 


: times asecond. Nowindvthere 


are Ndv a3 < Tn ae molecules having a velocity between c and 
us 


molecule starts a new free path 


c + dc, where a is the number of molecules in a em’. Hence 


ee © ducte” de molecules of speed c will leave dv in a second 
aL 


(see Sec. 35). Of these, the number in a cone of base dxdy cos @ 
will have paths directed towards @ if all directions are equally 


é . dxdycos? 4 N ec? 
probable. That is, - Agtinmite [oak 


leave dv per second headed for dxdy along r. Of these, the fraction 


dve “de particles will 


e “(see Sec. 21) only will succeed in crossing dzdy without 
impact. As each of these is assumed to have an energy corre- 
sponding to the position of dv in the region in which heat is being 
transferred, its temperature will be 


ra Me 
i To + ea 


Each molecule that leaves dv will then carry an amount of energy 


d 
m04( 7. +. a) 


from dv through dxdy, where m is the mass of a molecule and C, 
is the specific heat. Thus the energy carried from dv in a time 
dt through dady by the molecules of all speeds is 


—Ndaxdy cos 6dvdtmC, He 
Arr? 


(7. +r cos Pues aes | ce. a 


z 2 ptt. —F 
ts | Tie = cos 6 e dz | 
= —NdadydidvmC, © Thx dee | 


dE = 
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oo ce 


: 4 — : 
where the evaluation of —7= ce "de gives the quantity é. 
0 ady/) 7 


Since dv = (rd@) (r sin 6d¢) dr, the total energy transferred from 
the whole hemisphere is the integral of dr from 0 to infinity, of 


dé from 0 to ~ and of dé from 0 to 27. Hence the amount of 


2 
energy transferred from above the zy plane downward in the 
dQ 
time dt is mT i 
oye es a al e rea cos @ sin aw do 
1 dT - 2 . . AL } 
pas} re ar cos? 6 sin 6dé ; do 


In a similar aes the energy transferred from below the zy 
plane upward amounts to 


a oo r 3 Qa 
dQ, _ _+Ndady cmC, EZ {; SE { cos 6 sin oao |. dé 
Ar Jo 0 0 


di! L 
Ba ra ( ams aa eo. I 
i ali re arf cos? 6 sin 6dé i do 


The — sign in the oa indicates that the heat goes from a lower 


to a higher temperature, and the — sign in the brackets in 


dQ 
dt 


: : dT 
perature at any point r cm away from dzdy is Ty — r cos re 


—“+ comes from the fact that below the zy plane the tem- | 


Adding the two terms and integrating, the net energy transfer is 


dQ. _ Mies dT 
But K is defined as 
dQ dT 
EO aa eee 


Hence K = sNmeLC = 7C», as was found before. 


69. Correction of the Derivation of the Coefficient of Heat 
Conductivity and Comparison with Experiment.—The preceding 
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derivation, strictly speaking, was not rigorous, although it is 
experimentally valid in order of magnitude. The error lies in 
two effects. In the first place, since the pressure is constant 
(z.e., since there is no mass motion in the gas), while 7 varies 
from place to place, the density of the gas must be variable and 
decreases as 7 increases. This means that N varies with z 


in such a fashion that VN = N, — Beil above the zy plane and 


dz 


N=N,+ <— below this plane. In the second place, ¢ varies 


— 


with 7 and hence the collision frequency = and the free path 
which depends on it < are both functions of z. These were 


neglected in the previous derivation. This requires the use of 
the velocity free path and collision number in place of the terms 
c 
L 
the Maxwell distribution law held in this derivation. Since this 
law is an equilibrium law, it cannot hold here, for heat conduction 
is not an equilibrium phenomenon (see Sec. 56). This error is 
probably slight because the lack of equilibrium due to the small 
differences of velocities involved in heat conduction is small when 
compared to the velocities existing among molecules in thermal 
equilibrium. It will therefore be overlooked in what follows. 
This neglect may in part be responsible for the discrepancies 
observed in the more rigorous equation to be discussed. It 
might be added in passing that the simple equation deduced 
above seems to fit as well as it does in view of these omissions 
since conduction takes place over short distances, so that the 
changes in N with r are comparatively small, and thus the errors 
introduced are not serious. 

The question of these corrections has been attacked from the 
point of view of this text by many workers. O. E. Meyer® and 
Jeans® have given the treatments which most closely reproduce 
the true state of affairs and are generally accepted. The treat- 
ment of Jeans follows the plan laid out by Meyer, however, add- 
ing some corrections. Chapman? and Enskog,® using a different 
line of reasoning, have carried out a more accurate study appli- 
cable to monatomic gases and depending on the law of force 
assumed between the molecules. These treatments are, in the 
main, beyond the scope of this book, and for complete details 


»and L, in the equations above. Finally, it was assumed that 


oi > 


| 


TRANSFER OF MOMENTUM 209 


the reader is referred to the original articles. It seems, however, 
instructive to note the way in which Meyer® introduces the correc- 
tions into this equation and to point out wherein Jeans extends 
them. This will be done briefly in what follows. 

Let each molecule leaving the volume dv considered above 


carry with it the energy ne? appropriate to the average molec- 
ular energy in dv. In this volume the mean collision frequency 
must now be represented by the factor = in place of 7 and the 
mean free path under these conditions will be represented by 
= An analysis similar to that of Sec. 68 then leads to the 
Me rcesion for the energy transferred per second through dady 
from a volume dv above the zy plane as expressed by 


dQ _ mc’ dxdy cos 0, -2 AN, -S 
Pete cys sin 0déd¢drze Bye de. 


At this point in the analysis it is convenient to replace the a of the 
distribution law by the factor = to conform to the equa- 
m 

tions used by Meyer and Jeans in order to facilitate comparison 
with these writers. This transformation is carried out in another 
portion of the text (Sec. 43). For convenience, it will be repeated 
in afootnote.* Collecting the terms and making the substitution, 
the total heat transfer from one side of the xy plane to the other 
through dzdy after carrying out the proper integrations, may be 
represented as, 


20 b 
Q= af ag { dady sin 6 cos 6dé 
2 Jo 0 


© hm 36 iit Ne ay —hme2 
if u(=) dr i cle *e de. 
0 “ie 0 


The integrations to be performed are complicated by the added 


* NmC? = Bi ue = k, the Boltzmann constant, one has 


2kT 
C= a As a = 20" (Sec. 35), one may write a? = cone If h= 


pS Sails 
AT’ ~ ecomes = 
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facts that N = N, = = r cos 6, and that h = ho Bek r cos 6, 


the plus and minus signs referring to the regions above and below 
the zy plane, where N = N,.and h=h,. Since r is a small 
quantity, terms involving higher powers may be neglected and a 
substitution of these values for NV and h makes the equation for 
the total energy transfer through dzdy take the following form: 


Q= 2 Nm(") Abs ‘ae’ dady siné@ cossdo |" ar | Wde. 


In this equation WV has the value given by 


a 1 dN dh 
=e iy Cc p—hmc* = 
VY =ctze e€ he tds rp + (5 met | 


The two quantities NV and h vary simultaneously, thus for simpli- 
fication of the integrations it may be best to express one in terms 
of the other. This is accomplished by means of certain conditions 
defining the equilibrium in the gas. They are included in the 
three following statements: 

1. The mass of gas passing across the zy plane in any given 
time in both directions along the z-axis must be equal. If it 
were not, the density of the gas would vary as a function of the 
time, which it obviously does not do by definition of pure conduc- 
tion phenomenon. 

2. There is no mass motion of the gas, hence the excess of 
momentum transfer parallel to the z-axis must be constant for 
every unit of cross-section of the zy plane. 

3. Since the conditions for heat transfer assumed that the net 
quantity carried along the z-axis is the same throughout the area 
studied, the same criterion of equal net heat transfer for any unit 
area of cross-section of the zy plane must also hold. 

These relations may be expressed in the form of equations, 
each of which contains an integral of the same form as the one 
considered above. The three integrals differ only in that in the 


first one, applying to condition 1, the factor ye? is absent, that 


in the second, applying to condition 2, the Sync? is replaced by 


mc cos 6; while the third, applying to condition 3, is the original 
equation under consideration above. 


TRANSFER OF MOMENTUM 211 


In the integrals introduced by conditions 2 and 3 it may be 
assumed that N and / are linear functions of z. The first deriva- 
tives of these are then constant and where they are multiplied by 
r (in itself small) they may be neglected for the present treatment. 

The first integral, depending on the transfer of heat by a net 
mass movement of the gas, may only be solved through a con- 
sideration of the relation between N, 2, and h. Such a relation 
is obtained through simple integrations in the form of 


= aie —hme2 1 dN 3 ees 2 dh 
: = 4h ee \W dz a & met 7 bac 


Originally, O. E. Meyer integrated this equation making two 
approximate assumptions representing extreme conditions. 
Taking a mean value of these two results, he arrived at a relation 
1dN _31dh 
Ndz 4hdz 
W. Conrau actually integrated the correct expression by mechani- 
cal quadratures and found, instead of 34 as the numerical factor, 
1 dN 1dA* 


a factor 0.71066. Thus jes Pas 0.71066 his Substituting 


this for es one at once has W in a simplified form. 


Ear 2.21066 dh 
W = ctte °ehme.] — Wig Coe mc dz ©O8 97: 


Integration of Q, as far as is directly possible, for values of z above 
the xy plane and below it lead, on addition, to the net heat trans- 
fer per unit time as 


dQ. dT, dh(hm\* (° 
& = —Kdedy = = nmr) J, 


3 
4 
c (22 " etme 


tal 
— 


between N and h from this process that says that 


* Equilibrium of mass distribution throughout the gas is one of the con- 
ditions of equilibrium on which the distribution law is founded. In assum- 
ing N a f(z), an assumption was introduced contrary to thislaw. It lead to 


the relation above 
1 dN 1ldh 


Had equality of density obtained, this expression would have been 

1dN _1dh 

N dz hdz 
This discrepancy Jeans points out is the order of magnitude of the error 
mtroduced by the assumption of the distribution law holding accurately. 
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It is then necessary to reduce hm and mon to terms contain- 


ing the temperature 7 and C, the specific heat at constant 


volume. Conversion of the units to heat units and comparison 


with the experimental equation of heat conduction ~K Tandy 


leads to the evaluation of K in the following form: 


Ki ee J, : (me = a emhmetde, 
96/4 pee: h 

Again, in earlier papers Meyer integrated this by a method of 

approximation. At a later date, however, P. Neugebauer 

carried out the accurate integration and found that the value of 

the integral was such that K is given by 


K = 0.5205 NméLC,. 
Since 7 = ; NméL, 

K = 1.53nC. 
If Meyer’s value of 7 be used where 7» = *méL 


K = 1.6027 Con. 
where jm is Meyer’s value of 7. 
Thus it is seen that a rigorous deduction brings a numerical 


factor into the relation 


a which is greater than unity. This 


factor is generally designated as « and one may most properly 
write that 

K = eC, 
where e varies from 1 to 2.57, depending on the mathematical 
analysis. The value of « from theory, then, is not definite and 
depends on the extent to which approximations were made in 
deduction and how it was deduced. 

Jeans® carries out essentially the same analysis as Meyer but 
includes certain terms expressing the variation of collision 
frequency omitted by Meyer. 

Jeans further departs from Meyer in that he considers more in 
detail the contribution of energy given by each molecule when it 
moves from 7’; to J». Up to the point where the energy transfer 
is considered, Jeans follows Meyer’s method. He obtains the 
expression for the net flow of molecules with velocities between c 
andc + dcin the z direction as 


o-_ 


ee 
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4 
31020/ hmv (2) 
2 
where x? = hmc?, and sani VicV hm) = =, 


the mean collision frequency. Now each of these molecules 


(x? — 2.21066) > 7 be da, 


on, = 


Sanat energy of translation across the zy 


ne or 
J 2h 


carries 
Pe 


x? 
2hJ 
per molecule, where J is the mechanical equivalent of heat. If 
IT; denotes all the heat transferred in this fashion, then on 
integration 


plane. Thus the heat energy of translation transferred is 


= a 2 dh 
= ans ° ~ 8h2Iro2~/hm dz’ 
=(x? — 2.21066) 
where = Be eet lp? 
es fe: (2) i 


Now, as will be shown in Chap. IX, each molecule, if polyatomic, 
carries the energy g of which part is translational part rotational, 
and part vibrational in the molecule. Jeans calls the ratio of 
internal (including vibrations along the line of juncture of the 
molecules as well as rotational (see Sec. 91, Chap. IX)) to the 
translational energy, 8. Now it is not certain that the transfer 
of internal energy is equal to 8 times the translational, for, as Jeans 
points out, the internal energy coming from dv is not 8 times 
me? 


7% where c is the velocity of the molecule, but is 6 times 


1—, —,. rae ; 
gine’, where mc? is the average value of mc? indv, The internal 


energy to be expected is, then — oe where / is evaluated in the ele- 


4h 
ment dv, org BE ol s, cos 6 fe. This follows, since snc? = 
a kT and kT = 1, therefore fee ake This contri- 
2 2h 2 4h 


bution to the energy flow must be included in the original 
differential equations. It leads to integrations which cannot be 
evaluated in finite terms, and the problem remains unsolved. 
Roughly, Jeans assumes that one may write I’; = 611, or, more 
strictly, '; = ABT;, where A is a number which cannot be calcu- 
lated, Jeans qualitatively demonstrates that A must be less 


214 THE KINETIC THEORY OF GASES 


than unity, as follows. It is obvious that it is the molecules with 
long free paths that are efficient as energy carriers. On the aver- 
age, however, these long free-path molecules must have the 
greater energy of translation. Thus, while they have a greater 
translational energy, their internal energy does not correspond to 
this same high value, since the internal energy is not connected 
with efficient transfer. Hence A must be a factor which makes 
ABT; less than the maximum to be expected BI. 
Since the total heat transfer is 
Kat _ ‘ik K dh 
dz  2h?R da’ 


this must equal 


r:+ 7; = (1 + Apr, 


whence 
_ 401+ AB)R , 
sein 
areal. <a mG. ed + 8) 2 (see, Seo a 
te 


For viscosity, if persistence of velocities be left out, Jeans found 


qa ee | 1.051 A| 


/2nNo? 
where 1.051 is the constant for the free path. 
~ AI oe 
Thus K = 3 1051 nC». 


gt 


King? has performed the integrations of the factor J, = i) Vn 
0 z. 


dz and finds Jy to be 1.4625, and J; to be 0.4631. ThusJ =I, — 
2.21066 I; = 0.4387. 
Hence K = 1.895yC,. 

This equation has not been corrected for persistence of veloci- 
ties. Both 7 and K, however, are proportional to the mean free 
path and hence both are equally affected by the persistence of 


velocities, hence e will be little affected by this correction and 
the equation stands. This value of e may be improved according 


: ’ 1 wee 
to Jeans® by the introduction of a factor = 146) inside the 


, —. 
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integrand for the value of I above, where © depends on the per- 
sistence of velocities. Making this correction in analogy to a 
correction used in the case of viscosity, Jeans obtains 


K = 1.497nC,. 


This value of ¢ is about that which Meyers obtained in setting 
n = 14NmC¢L, which was 1.53. 

Chapman, ’ proceeding on entirely different lines, found e for 
all monatomic gases for laws of force between the molecules of the 
form yr—S, including the case where S = 5 studied by Maxwell. 
The value found to a first approximation, which is correct to 
within a few per cent as shown by further approximations, gives 
e = 2.500. Enskog* found a complicated expression for e, which 
reduces to 2.56 when S = 5. These values are concordant and 
higher than the values deduced on the simple mechanical picture. 

The values of « observed for the monatomic gases by various 
observers are as follows (see Jeans‘) : 


°c. 2.40 
18 Oh aoe an eee See ee —191.6°C. 2.23 

—252.1°C. 2.02 

O2C; 2.49 
LNG, pot ly ie, RO eo) eae eNO i 182.5°C: 2.57 
INCOMEEENE conc hs cosets, one se 10°C 2.501 


Schwarze found for He, 2.507; for Ar, 2.501; Hercus and Soby for 
He, 2.31; for Ar, 2.47. Thus the law as deduced by Chapman 
and Enskog appears to be correct. 


The values of = e observed for a number of gases is given 


nC» 
in the accompanying table. 


| € obs 1497 — 5) 
[Eby oy UM bee eee en a ea ee ee 1.91 1.90 
HEIGL on) UA a OS OS SO ee a 2.38 2.44 
SO 3 Ve cer Aen ee Rn eRe ee 1.88 1.91 
Tle caso ha AACE eee En 8 OA ence ea OE 1.91 
‘Cola Wie, awites hath ate aca CRIES oe Cine cee aaa Loo aera 
PRI PMNS Aa caus chs Gies- wis Sinuate Mumia eee S oa) ae 1.91 1.91 
TODS, OR Site ees ee nn Oe 1.86 1.88 
AD) NOES ers ca ein ss sara poh ch elas v @ feyatere 1.90 1.90 
AE MUA Ect ih a Soe isiaceie Moher’, spehe! aie exons wie a. 2.49 2.44 
COLD Ce «ote view Oko oA Bee E50 1 ie 
SNOT eRe eta ats ch ancga a6 ab olin ehup ia 1.76 tis 
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When 8 is 0, ¢ is largest, and when £ is large, e has its lowest 
values. This Jeans points out may come largely from the ignor- 
ing of the factor A by which 8 should have been multiplied. 

If the simple equation which was deduced at the beginning of 
this discussion, had been taken, to wit, 


K =, 
another approximation can be made. This may be written 


ee kes R 
K=1C, =50 +8) om, 


where C, has been replaced by its equivalent in rotational and 
internal energy, 8 being the ratios of these energies to translational 
energy present. 

Since experimentally for monatomic gases when 6 = 1 


and not 


as simple theory would have it, it may be proper to increase 
arbitrarily the factor 1 in the general equation for C, by the 
factor 54. Thus the correct equation for K would be 


or 


1 
= 4 (Oy ae. 5)nC>, 


where y is the ratio of the specific heats. This expression for K 


leads to values of « = which agree fairly well with the observed 


K 
7Cy 
values as seen in column 3 of the table above. It must be borne 
in mind, however, that this agreement is forced by the introduc- 
tion of the arbitrary factor 54 in the place of unity in the simple 
equation, as a result of the values found for monatomic gases, 
and the values from the treatments of Chapman and Enskog. 

From these considerations it may be concluded that, in order 
of magnitude, the value for K can be correctly predicted by the 
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kinetic theory. There still remains a numerical factor e whose 
value yielded by the theory up to the present is not quite satis- 
factory. The difficulty chiefly lies in the mathematical complex- 
ity introduced by all the conditions which determine its existence. 

As regards the variation of K with pressure, and temperature, 
the same may be said as for viscosity, except that the variations 
of C, with these factors must be taken into account. Thus K, 
the coefficient of heat conductivity, should be independent of 
pressure to the extent that C, is independent of pressure. This 
was first enunciated by Maxwell.1! It was confirmed experimen- 


_ tally first by Stefan!? and later by others. This surprising law 


was found to hold from pressures at which convection ceased 
down to quite low pressures which are of the order of a mm of 
mercury. At still lower pressures K becomes less. But this 
action is due to the fact that below these pressures the mean free . 
path becomes comparable to the dimensions of the vessel and 
the mechanism of heat transfer must be analyzed from a different 
standpoint (see Sec. 80). Again, assuming C, constant, K should, 
as is the case for 7, be theoretically proportional to the square root 
of the absolute temperature. It was found, however, that, owing 
to the decrease in the action of intermolecular forces with increas- 
ing temperature (7.e., the apparent decrease of the diameter of the 
molecules from this cause) the mean free paths, and hence the coef- 
ficient of viscosity, increased more rapidly than with the square 
root of the absolute temperature. Thus K should vary in the 
same manner with temperature as n does, that is, K should increase 
with 7 faster than proportional to ~/7. Some preliminary 
experiments by Winkelmann" seemed to indicate this to be true. 
Measurements of K are, on the whole, very difficult and inaccurate 
in gases because of the difficulty in eliminating convection and 
radiation. Later experiments above 0°C. seemed to indicate that 
K increased less rapidly with 7 than the value of 7. In fact, some 
experiments indicated that K was more nearly proportional to 
WT. The results of the many experiments are none the less quite 
discordant, and little can be concluded from them. Below 0°C. 
a much more rapid decrease in K with a decrease in 7’ was noted, 
as was observed to be the case for viscosity and as is predicted 
by the theory of Sutherland" for viscosity. The conclusion to be 
drawn is that, in general, K shows the same trend with temperature 
that 7 exhibits, although the variation may not be accurately 
parallel. 


218 THE KINETIC THEORY OF GASES 


On the whole, however, the success of the kinetic theory in 
predicting and evaluating the heat conduction has been striking, 
and the unexpected agreement of the predicted constancy of K 
with pressure variation was, indeed, a dramatic triumph. Need- 
less to say, the inaccuracy of the measurements of K and the large 
uncertainty in e make this coefficient of little use in ene 
L, the mean free path. 
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Ill. DIFFUSION 


70. Definition of Diffusion.—If a gas of one sort be confined in 
a vessel adjoining another vessel filled with a different gas at the 
same pressure, and if the vessels be suddenly made to communi- 
cate with each other, the first gas will slowly spread throughout 
the two vessels until its concentration is uniform. The other 
gas will simultaneously move in such a manner as to distribute 
itself equally throughout the space in both vessels. This phenom- 
enon is known as the interdiffusion of the two gases. If the 
attention be fixed on one gas only, the statement may be made 
that it diffuses into the other gas and the time rate of this process 


= | 
—_ 
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may be studied. Fixing one’s attention on the one gas, it has 
been assumed from experiment that, for the steady state, the num- 
ber of molecules N diffusing through a given area dzdy in a time dt 
may be expressed by the relation 


Nazayat = —D a dtdxdy. 


, oe : 
In this equation au is the rate of change in the number of 


molecules of the gas per unit volume (i.e., the concentration) 
along the z-axis normal to the zy plane. D is a constant of pro- 
portionality and depends on the gases in question. The concen- 


tration gradient a is the cause of the process of diffusion and 


is proportional to the partial pressure gradient ae of the gas. 


The sign is negative since the transfer takes place from oes 
values of N to lower ones. 

Obviously, the constant D depends on the rate at which the 
molecules can move across the area dxdy as a result of the gradient 
of their partial pressure p. This, as with all pressure phenomena, 
is, obviously, caused by the heat motions, and the problem 
then merely devolves itself into one of determining the net 
number of molecules moving across a given area under a con- 
centration gradient due to their proper heat motions. The 
phenomenon of diffusion also occurs in liquids and solids, and in 
both of these the general laws are the same. As is the case in 
viscosity and heat conduction, the effect of the intense inter- 
molecular forces in these latter two cases, however, complicates 
the problem, and the treatment that is given for the case of gases 
does not apply. 

_ While fixing the attention on the molecules of one kind simpli- 

fies the analysis from the mathematical point of view, it greatly 
restricts the applicability of the results to the more general cases, 
for unless the diffusion occur for one kind of molecules into a gas 
composed of molecules of the same mass velocity, and free 
paths, the equation is incomplete. In general, then, the inter- 
diffusion of molecules must really be treated. To this end a 
gas may be considered in which the pressure is everywhere the 
same and which consists of two kinds of molecules, A and B, the 
composition varying from layer to layer along the vertical z-axis, 
being constant. however, parallel to the x- and y-axes. Call ma 
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and mz, the masses and Ny, and N; the number of the two kinds of 
molecules per cm*, It is convenient to express the composition 
by the variable mol fraction FY of A, where this may be defined as 

Na 

Leal 

Then by experiment it is found that the mass of A diffusing down- 
ward across the element of area dxdy of the plane z = 2 in a 
time dt may be assumed to be given by the expression 

dF 


d(msN4)z0 i —D dz maNdadydt. 


In this treatment NV = is the same as the concentration gradient 


” used in the simpler case. 


If, now, one considers a cylinder of base dady and height Az 
parallel to the z-axis the mass diffusing into the cylinder in dé 
is given by the expression above. The mass diffusing out of 
- the cylinder at the point z = 2) + Az is then given by 

OF fe) fs) 
d(msNa)ztaz = mNdedyat| D ae + e (? 2) (de 
The difference of the quantities entering and leaving the cylinder 
gives the accumulation of molecules A in the cylinder in the 


time dé as 
maNdadydzdt 2 (p&). 
c Y 02 D 0z 


This quantity is also the time rate of increase of the mass of A 
molecules in the cylinder, that is, 


maN = dadyAzadt. 
Putting these two quantities equal to each other, | 
maNdadyA zdt < (D Gal = m,N. ns dxdyAedt 
or al = a? ai 
If D be assumed independent of z, one may write i = De (a 


This latter equation says that the rate of increase of the mol 
fraction of molecules with the time is the diffusion coefficient 


+e 
- = 
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multiplied into the rate of change of the mol fraction concen- 
tration gradient = with z. 


This expression is exactly the same as the Fourrier! equation 
for heat conduction in a solid body. In the latter case the quan- 
tity F would be replaced by 7’, the temperature, and D would be 
replaced by h?, the ‘‘temperature diffusivity” of the substance, 


77 


where h? = *, K being the coefficient of heat conductivity, 


c the specific heat, and p the density of the substance. Both 
these equations in practical application assume fA and D inde- 
pendent of TorF. This, although not strictly true, is sufficiently 
correct for the solution of most problems.* Thus all the classical 
solutions of the Fourrier heat equation may be carried over to the 
case of diffusion with the modifications indicated. In the present 
discussion, as is done practically with heat, it is often simpler to 
deal with cases in which a steady state has been approximated, 
that is, the experiments are performed in such a manner as to 
make = = 0. Then al takes on a constant value, and experi- 
mental measurement and discussion are simplified. This is the 
case in the simple treatment given in Sec. 71. 

Some notion of the phenomenon, may be gained from the table 
below, which gives the values of D for some of the commoner 
substances. ‘The diffusion coefficients are given as the mass of 
the diffusing gas which crosses 1 cm? per second when there is 
unit concentration gradient present at the point (7.e., when 
d(msN 4) 
dz 
no difference in what units the diffusion is expressed as long as 


= 1 gram per cm? per cm along z). In fact, it makes 


* The variation of D with F, when it occurs, gives rise to an apparent mass 
motion of the gas. This may be seen by carrying out the differentiation, 
assuming D to be a function of F and hence of z. 


oF oF oD oF 
Fit a 


The increase of ad due to the variation of D with F is that which would 


: ' . dD 
result if the gas were to have a mass motion with a velocity wo = ane 


for the quantity ae has the dimensions 7 That this is so will be seen 


in Sec. 72. | 


222 THE KINETIC THEORY OF GASES 


the gradient and the number are expressed in terms of the same 


. N z é 
units, for D = "4". 
ual dadydt 
dz 
Gas Zhas 
Gas diffusing. diffused into D degrees 
centigrade 
ig ee cee arik 3 sk ee ee eee O2 0.677 0 
fs CR eR Dp SAB ACME Smee als Seb CO: 0.538 0 
0 Ate Soran Retard Hehe na gatereee Ne Onlzn 0 
Oy SRR Co ea oe eee He 0.722 0 
COs RAG Riek ee N20 0.15 0 
CLO Hitt en eee Air 0.102 0 
CEH OU eee Se eee COz 0.068 0 
CeH OH GAs. ate he eee He 0.378 0 
Substance diffusing Solute D for 1 sec. 

Glycerine fie er oe eee Water 7.38.¢ 10% 
Asotamide..:,.shfS.sagp eae eee ema thee Water 10.4) 3210- 
IMamTiOSG. 4 <.s:4ante see. t eng er ete Cee ne ence Aa are 1 
HCI sat aah: sie ee eee Water 2.66 <x 10-5 
NaGl isc Sev oe ee eee eee Water 1.28 * 1075 
Na CH; COs .352 A er ee ee ee ee Water 9.025. 10-° 


In solids the rate is far slower yet, and it is interesting to note 
the large difference in the values of D for gases and for solutions. 

71. The Theory of Self-diffusion of Molecules.—Consider 
molecules of a certain mass and diameter diffusing into a gas of 
molecules of similar mass and diameter. The phenomenon 
is known as self-diffusion. Assume that a uniform rate of flow 


has been established, that is to say, that x = 0. Under these 


conditions the molecules have reached an equilibrium state and 


a linear concentration gradient a along the z-axis has been 


obtained. Assume, further, that the concentration decreases 
from above downwards. The state pictured would be nearly 
achieved if molecules from an indefinitely large vessel of CO2 
were diffusing along a long tube into an indefinitely large cham- 
ber of N2O molecules. After some time the rate of change 


‘ 


* - . ul 
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in concentration at one point in the tube would have ceased and 
the concentration at any point z above an arbitrarily chosen ry 


plane normal to the tube would be given by N + a where NV 


is the number of molecules per cm’ at z = 0, or at the zy plane. 
Below the plane at a point z the number of molecules would be 


N-z = Consider now an area dady in the zy plane. At L 


em above it there will be N + L = molecules. If Lis the aver- 
age free path, 1¢ of the molecules moving with a velocity ¢ 
will have velocities directed so as to pass down through dady 
on their next free path. The number of molecules in a layer dL 


in height and of base dady is drdydL @ ao Lae) These are 


the molecules which will in the next path pass through dady 
downwards. Now the length dl may be represented by the 
molecules traveling with a velocity ¢, which in a time dé pass 
through Z. Hence the number of molecules passing from the 
volume dxdydL or dxdyédt through the area dxdy as a result of the 
concentration gradient in the time dé will be the number that lie 
in this cylinder multiplied by the fraction which have velocities é 
in the direction z such that they will pass through dzdy, that is, 
Nay = —f ded yedt @ + 2 ‘iy 
the — sign denoting that the molecules are passing from higher 
values of N to lower values. In a similar manner, the number of 
molecules passing from the layer L below zy upwards through 
dady in dt will be 


1 Es d 
Nat = + 6 dxdycdt @ = La) 
The total net transfer of molecules through dzxdy will be 
Na = Nay + Natt 


or Na = — 5 dnd yedtL a 
Na 


The number passing per unit time will then be N azay = d a whence 


the number of molecules diffusing through dxdy per second will be 


1 dN _ 
Nazay = oa dady =F cL. 
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But this has been shown by experiment to be given by 


dN 
IV feae = —D = Fi dady. 


Whence 
1 


This is the coefficient of diffusion as defined for the simple case. 


Since 7 = sNméL it follows at once that D = ret But 


uF 
p 


mN is p, the density, so that one may write D = 


Fig. 41. 


The same expression may be derived in a more rigorous fashion, 
taking into account the distribution of free paths and velocities. 
Assume, as before, that the steady state has been reached and 
that the concentration above and below the zy plane may be 


represented by N + ck and N —z oy Consider an element 
of volume dv above the zy plane at a distance r from the area 
dxdy, such that the line from dv to dxdy makes an angle @ with 
the normal to dxdy, Fig. 41. Thus z =r cos 6. Each of the 
molecules in dv has a mean free path L and a velocity c, then each 
molecule starts a new free path a times a second. Now in dv 
4. ,-5 dN 
af ce de( N +reos 6 i ) molecules with a 


velocity between c andc + dc. Of these, the number in a cone 


there are dv 
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of base dxdy cos 6 and height r will have velocities directed towards 
dxdy, that is, 


dzdy cos-0 4 8 
Arr? aba /_ L 


e = dedo( N + r cos fn). 
dz 


will start for dxdy per second. But, of these, only the fraction 


e © will have paths exceeding r and will, accordingly, be able 
to pass through dzrdy without impact. Hence the number of 
molecules from dv passing downward through daxdy per second 
will be 


Ries re cos oy -; 4 c -# ( 


= dN 
Cae es 7° de\ N + r cos fn). 


Expressing dv in terms of the polar coordinates, dv = (dr) (rdé) 
(r sin @ dd), one has the number Nay} given as 


55 abyJq «dee “cogs 6 sin ddéd¢ (w +r cos 6 


In a similar fashion the number passing from a volume dv below 
the xy plane may be found to be 


- dady c* 
RL g84/z 


These expressions must now each be integrated for c from 0 to, 


Niet 


e “dce “cos @ sin ododd (w — rcos 6 =) 


qT 
2 
the total numbers of molecules of all velocities passing through 
dxdy from the volumes above and below the zy plane. Inte- 
gration gives 


for r from 0 to ~, for @ from 0 to = and for ¢ from 0 to 27 to give 


N, = ee oe gif 


4 
Né dNé 


To get the total number passing through daxdy these expressions 

would have to be added, remembering that Ny has the negative 

sign, for the molecules are moving from a region of higher concen- 

tration to one of lower concentration. Hence Nacay = —N| +N7 
dN 


bie Os Alas 5a MPa 
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Since by experiment for the steady state 


NG = =D ce dxdy, 


then at once D = stl, which was the result arrived at before 


in a much more elementary fashion. It might be added in 


passing that had - been 0, Nazay would have been 0. For this 


case N, equals Ny = aS that is, one would have found the 
number of molecules striking a square cm per second from above 
or below to be e This result was obtained in Sec. 40. 

72. The Theory of Interdiffusion—In this section the more 
general treatment of the interdiffusion to two gases A and B will 
be taken up where the masses of the molecules A and B are not 
equal. In what follows use will be made of the mol fraction, 
and the notation in the latter part of Sec. 70 will apply. 

As the temperature is constant throughout the gases the most 
probable speeds of the A and B molecules a 4 and ag will be differ- 
ent as a result of the equipartition of energy. Thus 


Masa,” = Mndin”. 


It will be assumed that the variations of 7’, the mol fraction of 
A, with z are so small over a free path that the distribution of 
velocities of the two kinds of molecules may be considered 
Maxwellian. 

Although the molecular density remains constant in pure 
diffusion, since the total pressure is everywhere the same, the 
changing composition means a change in the mass density. This 
means that there is a mean mass velocity of the gas in the direc- 
tion of diffusion. Let this velocity, which is very small, be 
denoted by w.. It is a mass velocity of the molecules along the 
z-axis of coordinates, diffusion taking place along the zaxis as 
assumed in Sec. 71. Owing to the presence of this mass motion 
velocity, wo, the number of molecules having components along 
the various axes, is no Bes the same. Out of N molecules of 


the type A, af ——e Sea de will have velocities between wu and 
Qa TT 


u+du, and uid Sy rh molecules will have velocities 


as r 
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_ ww aitelt 


‘dw molecules will have 


between v and v + dv, but 


oye T 

velocities between w and w-+dw owing to the component 
W., for the velocity w is composed of the mass velocity w, and 
the translational heat velocity w— w,. Maxwell’s law ap- 
plies to the translational velocities only, and these must be 
included. This will be w — w, for the positive component, and 
—w-+ w. for the negative component. Both terms represent 
the difference in two velocities. The sign of the whole expression 
is immaterial, since the term is squared. The number of mole- 
cules having velocity components between wu and u + du, 
v and v + dv, and w and w + dw simultaneously is, then, 


N _ [u? +o? + (w — wo)?] 
aA* dudvdw. 


oa? 8° 
At a point in the gas where the mol fraction has a value F there 
will be F times the number of A molecules with velocities lying 
within the limits specified above. Of these, those lying in a 
volume, w dtdxdy will pass through an area dzrdy in a time de. 
The total number which will pass through this area in dé requires 
integration from —o to + forthe wand v components, and from 
0 to o for the w component if only the transfer from above down- 
ward is regarded. For the net transfer the integration would 
have to be carried from — © to + for the w component as 
well. Thus the net number of A molecules crossing dady in the 
plane z = z, in the time dt is given by 


+o + © +o on ES EE +(w— Wo)? 
Natdedy ( pela, i aat_s, § dudodu. 
OA 3732 


This expression n will not vanish for two reasons: First, because of 
the component of streaming motion wo, and, second, because 
has different values on the two sides of the wy plane. Now the 
molecules which pass through the area dxdy are only those that 
had their last collision a free path away, that is, only those 
molecules which started anew from a collision L em away will 
pass through dzdy. Thus the value of F chosen is the one which 
corresponds to the scene of the last impact. If the molecular 
path makes an angle @ with the z-axis, this distance will be L 
cos @ distant from z. For a steady state or where F does not 
change rapidly with the distance, one may write 


dF 
F=fF,+ (f)x cos 6, 
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Moreover, since w, is small compared to a4, one may write 


_ (w—wo)? ato 
a =(1 + Putte) «4*. With these substitutions, the 


Qa 
expression for the net number of A molecules crossing wnit area in a 
time dt becomes: 


+o Pte Po 
8" Pf Yoc om di) eat) 


_ur+o2-+w? 
e€ «A*  dudvdw. 


This may be transformed to an expression in the polar coordinates 
c, 6, and ¢, as in Sec. 35, and then becomes 


see | ef, ‘de | B +L cos 0( 28 By le + 2500s s) 
A 


ce oe, sin 6 cos 6dé. 


Integration with respect to ¢ gives the factor 27. Multiplica- 
tion and neglect of small terms of higher order than the first 
one gives 


2Ndt (° x Wel (=) ; Sas 
ae prea = aA? 
Sit ae | |. aie 2P en 3 cos @ + L cos @ aa)olee 


sin 6 cos 6dé. 


Integration with respect to @ yields 


4Ndt (° Wel ob sa 
shia Gere aA? 
sear ah, |r +) lose ead 


Assuming L independent of c, integration leads to the result 


1/o0F 
Ndt { Fowo + A(R \s,b 


This is the net number of A molecules crossing the plane z = 2, 
in the direction of the gradient. In a similar manner the expres- 
sion for the B molecules diffusing from below the z = 2 plane 
upwards may be found to be 


1/oF 
wat (1 — F.)w — (2): caln 


Here the concentration of B molecules is given by (1 — F.), 
where F’, is the mol fraction of A molecules, and the — sign comes 
from the fact that the concentration of B molecules decreases as 
2 increases. 
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Since the molecular density must remain constant everywhere, 
the total number of molecules crossing the plane must be 0, 


that is, 
1/0F\ _ 
— Nat (1 — F.)w. — 3%) sate } 
must equal 
oF 
Ndt { Paw a 2) tla) 
whence 


1/aF 
me aCe) oe e ‘le 


This value of w, may be substituted into the expression for the 
number of A molecules diffusing through unit area in the z =z, 
plane in the time dt, which is 


1/oF 
Nat} Fav, = (2) tla} 


and gives the number at once in terms of the mol fractions of A 
molecules, the concentration gradient, and the free paths and 
average velocities of A and B molecules, to wit 


1/oF Me a 1/oF 
atl =P) | esl — cal} + (GF). els | 


= pra ay |a- F.)ésLs -}- Fetal | 


The mass of A molecules crossing an area dxdy in unit time is 
then merely this quantity multiplied by m4 and dady, whence 


F 
d(maN 4) azdya — ~ twa if d. vay (1 (1 la: F oCalis + Palin | 
But by definition 
TER — pai if dudyma. 


aps 


Therefore 
= ‘| (1 — F.)é,L4 + Fetal | 


This is the classical expression for the interdiffusion of two gases 
in terms of their average speed and mean free paths. 

It is of interest to notice in passing that the mass motion of the 
gas was given by 


1/oF = 2 
(Diy aH) 4 at. — épLz \ 
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If the expression for D just found is differentiated with respect to 
F 


dD 1 
dF — Heal ee: eas | 


pate os aD 
° \@2/ dF 
which agrees with the formula found on purely hydrodynamic 
grounds in Sec. 70. 


or 


Since the viscosity of a gas is given by 7 = se6L the expres- 


sion for interdiffusion of the gases may be written as 
D = F2 + (1 — F,)4- 
PB PA 


73. Criticism of Transfer Theory.—This section contains a 
discussion of the theoretical results obtained in preceding sec- 
tions, together with a statement of some results of theoretical 
investigations on diffusion the details of which are too advanced 
for inclusion in this book. 2 

For simplicity, in the preceding discussion L was treated as a 
constant and placed in front of the integral sign. A more exact 
treatment would require that the expression for L,, the mean free 
path of a molecule of speed c (Sec. 39) be used, and that the integra- 
tion using this value be carried out. In Sec. 39 the value of L, was 
found for a molecule of speed ¢ moving in a pure gas. To be 
applicable above, it would be necessary to generalize the expres- 
sion to the case of a gas consisting of two kinds of molecules. 
The results of such a generalization lead to a complicated definite 
integral which must be evaluated for each value of the mol 
fraction F. Tait? has carried the analysis to the point of setting 
up the very complicated integrals involved, but they have 
seemingly never been computed, so that one cannot say how this 
refinement would affect the theory. 

The correction becomes considerably simpler when the gases 
A and B have the same molecular weight and the same diameter. 
In this case the most probable speeds a, and ag are equal, as are 
also the collision frequencies Z. Then L, is given by the expres- 
sion of See. 39. Using this in the theory, it is seen that the 
resulting integral is the same as that occurring in the viscosity 
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theory (Sec. 59), so that the result there given is applicable here. 
One has, then, 


D = 3° eL- 1.051 


as the coefficient of diffusion for two gases of equal molecular 
weight and diameter. The L here used is the Maxwell free path. 
The application of this correction does not change the relation 


Di= : , Since it affects both the diffusivity and the viscosity 


by the same amount. 

Maxwell,* Boltzmann, Chapman,® and Enskog® have con- 
tributed to the theory of diffusion by the study of the way in 
which Maxwell’s law of distribution of velocities is affected by 
the variation in composition. These highly mathematical 
investigations fall outside the scope of this book. Some account 
of them is given in Jeans,’ “Dynamical Theory of Gases,’”’ but 
for full treatment the student must consult the original memoirs. 

It may be stated, however, that the effect of making these 
refinements in the theory is to introduce a factor e somewhat 
greater than unity in the equation 


J 


D= - that is, D = e2. 


> 


For elastic spheres, Chapman finds that « = 1.200, 7.e., the self- 
diffusivity is 20 per cent greater than the simple theory indicates. 
For molecules repelling each other with a force inversely as the 
fifth power of the distance, Maxwell gave the exact theory and 
found that e should equal 1.504. In Sec. 75, where a discussion 
of the results of experiments on diffusion is given, it will be seen 
that the experimental value of the ratio is contained within these 
limits. 

74. Measurement of Gaseous Diffusion.—The first measure- 
ments of gas diffusion which were conducted in such a way that D 
could be evaluated from the data were made by Loschmidt® in 
1870. The method he used is virtually the same as that used in 
all subsequent measurements of gas diffusion. He used a glass 
tube 97.5 em long and 2.6 cm in diameter which was held in a 
vertical position. - At its center it was divided into two parts by a 
partition. Initially, the top half was filled with the lighter of the 
two gases to be studied and the bottom half with the heavier. 
Then the partition between them was carefully removed and the 
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diffusion began. At a measured time later the partition was 
put back in place again. The contents of the two halves of the 
tube were then analyzed, and from the change in composition 
the value of the coefficient of diffusion was inferred. 

It is desirable to give an account of the method in some detail 
in order to see what the experiments teach. The theory will be 
developed on the assumption that D does not depend on the 
composition of the gas at the place where the diffusion is taking 
place. Moreover, it will be remembered that when the diffusion 
equation was developed it was asswmed that the mass of gas 
crossing unit area in unit time was simply proportional to the rate 
of change of the composition of the gas across that plane. Let it 
be supposed that a series of experiments like those just outlined 
were carried out, starting with the same gases but allowing differ- 
ent times to elapse before the partition was closed. If, now, the 
values of D inferred from each experiment in such a set should 
prove to be equal, the experiments would have confirmed the 
hypotheses made inthetheory. If Dshould vary, however, it might 
be due to the fact that D is a function of the composition or to a 
more fundamental error coming from the assumption that the 
transfer of mass across a plane is not simply proportional to the 
composition gradient. The complete critical discussion of the 
experiments and their significance for these alternatives cannot 
be given in detail. The results will be given in the next section, 
where the measurements of D are summarized. , 

The theory of the Loschmidt method for the measurement of 
diffusion calls for the solution of the complete diffusion equation 
with appropriate boundary conditions. Let the length of the 
tube be a. Take the origin of x at the bottom so that the 
tube runs from x = 0 tox =a. At the initiai instant, ¢ = 0, 


assume the mol fraction F of A to be 1 from x = 0 to x = 5 
(z.e., let it be assumed that there be only A molecules in the lower 


half and that above this point, from « = 5 to « = a, there be 
none), also let it be assumed that there be only molecules of the 
B type in the upper half of the tube. Since no diffusion takes 


place through the ends of the tube, it follows also that 


oF 


ay O ate = O and zx = a at all times. 


: 


TRANSFER OF MOMENTUM 233 
The solution of this problem for the conduction equation of 
Sec. 70 when i % 0 is well known from the classical. work in 


heat and is given in detail in works on partial differential equa- 
tions, such as Byerly’s® “Fourier Series and Spherical Har- 
monies.” The solution is given in the form of a Fourier series 
and is as follows: 


P= ; a S 3 : sin it Ae cos 


This infinite series expresses the mode of variation of F with the 
time at each place in the tube. In the experiments, the partition 
is replaced at the time ¢ and the composition of the gas in the 
upper and lower halves of the tube determined by analysis. 
What is measured is the average value of F in each half of the 
tube. The measurements give Ff, and F,, the average values 
of F, in the lower and upper parts respectively. The averages 
can be computed in terms of D and ¢ from the series by the 


formule: 
F, = Ay Fdx F, = 2 [Fae 
2 


This yields for the two averages 
na 2 
oe See ES is sin? > fied oe) 
rae ae ees i ea Hl Bani(ce) 


The difference in the mol fractions is, fe: 
wa = ef pe 1 —222t 1 —25n2Dt 
F,—Pa= Sle at ‘+ ge a? ee a? ae - 


In this expression the terms after the first three are so small for 
moderate values of ¢ that they are quite negligible. It will be 
observed that the analysis of the contents of but one of the tubes 
is necessary, since if one is known the other follows from it 
directly. The manner in which D is to be computed from the 
above equation when F;, F., a and ¢ are known is rather involved 
and can only be carried out by successive approximations or 
graphical methods. In experimental work the times are such 
that the first three terms of the series only are necessary. 
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V. Obermayer’® has given a table of values of 7; — Fu com- 
puted from the series which greatly facilitates the evaluation of 
D from given data. 

The following table is abridged from that of V. Obermayer. 
It refers to a tube for which a = 86.62 cm. 


DIFFERENCE IN Motu FRActTION As FuNCTION OF Di 


Dt Fr, — Fu Dt Fi — Fu 
0.00 1 0.06 0.368 
0.01 0.738 0.07 0.323 
0.02 0.632 0.08 0.283 
0.03 0.549 0.09 0.248 
0.04 . 0.480 0.10 0.218 
0.05 0.420 


Stefan'! employed another method of measuring diffusion. 
In it the gas is simply placed in a vertical cylindrical vessel. 
At the initial instant one end of the vessel (the upper one if the 
gas is heavier than air) is opened. After a measured time the 
cylinder is closed and the contents analyzed. The theory of this 
method proceeds along similar lines to that of the Loschmidt 
method. The diffusion equation must be solved with appropriate 
boundary conditions. If a is the length of the tube, the condi- 
tions assumed by Stefan are, att = 0,F = 1for0 <a <a;at 
all times, at = 0 for = 0 and F = 0 at eg =a. This last 
condition corresponds to the assumption that the gas escaping 
from the cylinder at the mouth diffuses outward in the three 
directions away from the mouth, so rapidly that the concentra- 
tion is always zero at the mouth. This is, of course, not exactly 
correct, but requires a small end correction, 7.e., the actual 
accumulation of gas around the end makes the tube act as if it 
were slightly longer than it actually is. The theory of this 
correction does not seem to have been developed. It seems that: 
the Loschmidt method is capable of greater accuracy than that 
of Stefan. 

As was mentioned earlier in this section, if the assumptions 
leading to the differential equation of the diffusion are correct, 
the values of D obtained in a series of experiments should not 
depend on the period of time over which diffusion takes place. 
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Obermayer finds, however, small deviations of this sort such that, 
using the Loschmidt method, short periods of time invariably 
yield smaller values of the diffusivity than do longer periods of 
time. This led him to the conclusion that the mass transfer is 
not strictly proportional to the composition gradient, but is 
slightly less than proportionality would require for the large 
values of the composition gradient which occur during the first 
part of the experiments. All of these deviations are less than 
4 per cent of the mean value of D. They do not seem to have 
been given theoretical discussion. 

In the measurements made by students at Halle to determine 
the amount of dependence of D on the composition of the gas 
mixture, the Loschmidt method was employed in a slightly 
modified form. It is interesting to note that, as but slight 
dependence on the composition ratio was expected, these workers 
used the solution of the differential equations which assume D 
constant. This was necessary since the equations with D vari- 
able do not yield to solution. The work was so arranged that 
the composition did not vary much in an experiment, so the 
assumed constancy of D in the treatment is probably fairly 
correct. In some measurements, instead of putting pure A in 
one-half of the tube and pure B in the other, pure A was allowed 
to diffuse against a mixture of A and B of known initial composi- 
tion. From such data, values of D were obtained as a function 
of the mean composition of the diffusing mixture. In other 
experiments the upper half of the tube was further subdivided 
into two equal parts and computations of the diffusivity based on 
analysis of all three compartments. 

75. Experimental Results on Diffusion The measurement of 
diffusivity of gases can afford several crucial tests of the kinetic 
theory of gases and also yields valuable data on the size of 
molecules. The main result of the theory is that the diffusivity 
of a mixture of two gases is given by: 


x Cie n| 
PB Pa 


D 
or by 


D = ¢FLzés + (1 — F)L acu), 
in which ¢ is a numerical factor whose value is between 1.000 
and 1.200 on various assumptions, F is the mol fraction of A, 
7 and p are the viscosities and densities of the two gases involved, 
while Lu, Lg and ¢4, é; are the mean free paths and average 
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thermal velocities. Thus the theory predicts, for a given value 
of F, that the diffusivity should vary with temperature and 


pressure in the same way as do the ratios : for the two gases. 


Since L, and Lz, are proportional to a and to 7 at constant 


pressure, and é, and é, are proportional to ~/7, D should be 
proportional to the 34 power of the absolute temperature, and 
inversely proportional to the pressure. The accuracy of the 
measurements in this field is not so great as for the related effects 
of viscosity and heat conduction. From the experimental 
results, taken at pressures around atmospheric and at tempera- 
tures near normal room temperatures, it can be said that the 
diffusivity varies inversely as the pressure and as a power of the 
absolute temperature between 1.75 and 2. 

In the discussion of viscosity it was seen that 7, by the simple 
theory, varied as 7” and not at all with p. Moreover, if the per- 
fect gas laws are applicable, p varies as 7’! at constant pressure 
and asp. Putting these together, one has that on simple theory 
the diffusivity should vary as T*2 and as p-'. The observed 
exponent for the variation is somewhat greater, as was just 
stated, and this is consistent with the fact that » actually varies 
with 7 according to a higher power than 7”. This more rapid 
increase in the case of viscosity was explained by Sutherland 
(Sec. 62) in terms of the effect on the mean free paths of attract- 
ing forces between the molecules. A similar analysis might be 
developed for the theory of diffusion, but it should be observed 
that it would be more complicated owing to the necessity of 
taking into account the attraction of A molecules on each other; 
that of A molecules on B molecules, and finally of B molecules on 
each other. 

The next point on which it is interesting to compare theory 
and experiment is that of the variation of the diffusivity with the 
composition of the gas mixture. According to the simple theory, 
there should be a linear dependence on the mol fraction which is 
rather large when the values of Lé for the two gases are quite dif- 
ferent. On the other hand, according to a kinetic theory of 
diffusion developed by Stefan!! and Maxwell, for which there is 
no space here, the result is obtained that the diffusion should be 
independent of the composition and that the value should be 


D= 1.3367 
(see Jeans, p. 317). 
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The investigation of the dependence of D on composition was 
made the subject of a series of doctors’ dissertations by R. Schmidt 
(1904), O. Jackmann (1906), R. Deutsch (1907), and A. Lonius 
(1909), at Halle. The results of all this work are summarized in 
a paper by Lonius.’? The following table, from this paper, 
summarizes the results: 


DEPENDENCE OF D ON COMPOSITION 


Gases 
F D Observer 
A B 
Os H. ORD 0.27335 Jackmann 
0.252 0.27609 Jackmann 
Ne He 0.5 0.26565 Jackmann 
0.235 0.26830 Jackmann 
O2 Nz 0.5 0.073035 Jackmann 
0.467 0.073332 Jackmann 
Oz H, 0.25 0.27616 Deutsch 
ORS 0.28003 Deutsch 
0.75 0.28934 Deutsch 
CO:2 H, 0.25 0.21351 Deutsch 
0.5 0.21774 Deutsch 
0.75 0.22772 Deutsch 
Ar He 0.5 0.25405 Schmidt 
0.377 0.25040 Schmidt 
Ar He 0.273 0.24818 Lonuis 
0.315 0.24965 Lonuis 
0.677 0.25626 Lonuis 
0.763 0.26312 Lonuis 


The conclusion reached from this program of experiments is 
that, while D varies with composition, in no case was the variation 
more than about 8 per cent of the mean value of D. The Stefan- 
Maxwell theory is therefore incomplete. The theory of inter- 
diffusion, or transfer theory, gives the correct sense of the 
variation with composition but predicts a much greater amount 
of variation than is actually observed. 

The transfer theory of diffusion is brought more nearly into 
accord with experiment through the theoretical work of Jeans? 


7 
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in applying a correction for persistence of velocities. The 
researches of Chapman‘ and Enskog'‘ on diffusion by more rigor- 
ous mathematical methods lead to formule which predict the 
actual variation of D with composition quite closely. As a 
result of these more advanced developments of the theory it may 
be said that the experiments on this point are fully explained by 
the kinetic theory. 

One more point remains on which comparison between theory 
and experiment may be made and that is as to the value of the 
factor e, occurring in the equation 


in which D is the coefficient of diffusion of the gas into itself. 
Although this quantity cannot be determined experimentally, 
a method has been indicated by Lord Kelvin!’ whereby it may be 
estimated from data on the diffusivity of various pairs of gases. 
From the measurements of Loschmidt on diffusion and the 
modern data on viscosity the following table was compiled: 


EXPERIMENTAL VALUES OF e€ 


Gas D « (obs.) 


It will be observed that all of these values lie between the 
extremes 1.200 for elastic spheres and 1.504 for molecules repel- 
ling according to the inverse fifth-power law. 
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CHAPTER VII 


THE LAWS OF RAREFIED GASES AND SURFACE 
PHENOMENA 


76. Introduction.—The study of this phase of the subject may 
be begun from the historical point of view. The early investiga- 
tions of gaseous viscosity were carried out largely by means of 
the study of the flow of gases in capillary tubes. It was shown 
from a theoretical deduction of the coefficient of viscosity » (Sec. 
60) that this coefficient of viscosity is independent of the gaseous 
pressure through wide ranges of pressure. It fails to do this 
at low pressures, however, and the failure was ascribed to the 
fact that, as the pressure decreases, the mean free path becomes 
comparable with the dimensions of the apparatus used. Thus 
the assumptions made involving the statistical conditions under 
which 7 is defined no longer hold, and the flow eannot be treated 
in the usual way. The point at which the breakdown of this 
phenomenon occurs, however, depends on the dimensions of 
the apparatus used and the nature of the measurement. Its 
discussion, therefore, requires that the deviation be studied 
from the point of view of some given process of measurement. 
Historically, this occurred in a study of the laws of flow of gases 
through a capillary tube. At high pressures, and even down to 
a few millimeters of pressure the law of Poisseuille' holds. As 
the mean free path of the molecules approaches the diameter of 
the tubes used, the law fails. The failure is in the sense as if, 
instead of the velocity of flow being zero at the walls (an assump- 
tion made in deducing Poisseuille’s law and which this law justi- 
fied), it has a value greater than 0; that is, the gas appears to 
slip past the wall. The amount of gas coming out from a tube 
under these conditions therefore appears to be greater than the 
diameter of the tube would warrant. The experiments of Kundt 
and Warburg? in 1875 showed that an extension of the law of 
flow was necessary at low pressures, and indicated how this 
should be done. Theoretically, the conditions determining the 


flow were worked out successfully by Maxwell® for this case in 
240 
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1879. The analysis of the failure of the law, however, remained 
incomplete until the measurements of Knudsen‘ in 1908 threw 
more light on it. Jt thus became possible to explain the phenom- 
enon fairly completely. The further researches of Knudsen 
on this and other low-pressure phenomena following the work 
mentioned directed attention to the possibilities of a successful 
treatment of such problems by kinetic-theory methods. It also 
led, together with the development of more powerful pumps, to a 
study of methods of low-pressure measurements. With the 
impetus given by these investigations, the theory of heat conduc- 
tion in a gas at low pressures and the heat transfer from solid 
surfaces to gases at these pressures were carried on. Another 
phenomenon was also discovered and studied at low pressures. 
This is known as thermal transpiration. It consists of the flow 
of gas from a cooler rarefied body to a hotter one when these are 
connected by a capillary tube. In the development of the theory 
of heat conduction in a rarefied gas, together with the develop- 
ment of pressure-measuring devices, another set of phenomena 
received a study and some clarification. These are the so-called 
radiometric phenomena. The Crookes radiometer, so often 
seen in opticians’ windows, consisting of a set of mica vanes 
blackened on one face and mounted on an axis so that they are 
free to rotate inside a partially evacuated glass vessel and which 
rotate when radiation falls on them, is a good example of this type 
of phenomena. The action of various types of instruments 
showing such effects have been quite recently studied from the 
standpoint of low-pressure conditions and have in some cases 
received a satisfactory explanation. 

All these phenomena at low pressures in contradistinction to 
high-pressure phenomena emphasize the importance of impacts 
between molecules and the walls of the vessel relative to the inter- 
molecular impacts so prominent at higher pressures. This has 
two effects: The first is to make the various phenomena 
observed much more a characteristic effect of the particular appa- 
ratus and experimental arrangement, thus making generalization 
partially impossible and conclusions drawn from observa- 
tions apparently contradictory. The second effect is that it 

_ becomes necessary, to scrutinize, from the kinetic point of view, 
the nature of the momentum or energy exchange involved in 
collisions between gaseous molecules and solid surfaces. For 
instance, as will be seen in the discussion of capillary flow at low 


Bi. 
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pressures, the question arises as to whether the impinging mole- 
cules suffer specular reflection from the walls or whether they are 
reflected from the walls with a random distribution of velocities. 
Again, when molecules of one temperature strike a surface at 
another temperature one might well ask if the recoiling molecule 
left with the temperature of the surface or with a temperature 
intermediate between the two. This leads, therefore, to the 
study of the reflections of gas molecules from surfaces in general. 
The interpretations of the results of various observers lead to 
slightly differing answers to these questions, and at present there 
is no general completely satisfactory theory. It is possible that 
the different conditions actually lead to different processes 
of reflection, or, as stated above, the particular nature of the appa- 
ratus in each set of observations gives results so characteristic of 
the apparatus and conditions used that it is impossible to single 
out the true interpretation as regards the question of reflection. 

Intimately connected with the question of reflection comes a 
question raised by the fact that a considerable proportion of the 
molecules appear to leave the solid surface with a random distri- 
bution of velocities. Overlooking the molecular roughness of 
the surfaces some observers are constrained to believe that the 
molecules actually condense on the solid surfaces and remain 
there for a period of time long compared to the time of a molecular 
gas impact. Thus the question of the formation of layers of gas 
molecules on surfaces, or perhaps, more generally, the question 
of “sorption” of gas molecules, is brought up. Outside of the 
possibility of the actual solution of the gas in the solid, true absorp- 
tion (e.g., the case of H, in Pd metal, or of H2O in glass), two other 
types of surface absorption are shown to exist by Langmuir. 
These are the adsorbed monomolecular layers of gas molecules, a 
reversible phenomenon (whose equilibrium is governed by tem- 
perature), and a chemical type of adsorption which depends on 
primary chemical valence forces. The latter type of adsorption 
is of great importance in phenomena of surface catalysis of chem- 
ical reactions. 

In this chapter the subject of low-pressure phenomena will 
be introduced with a derivation of Poisseuille’s law for capillary 
flow at high pressures, as this gives a clear and logical introduction 
to surface effects. The extension of this by Maxwell to low pres- 
sures will then be given, introducing Maxwell’s assumptions. 
Then will follow Knudsen’s contributions to the experimental 
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and theoretical sides of this question and a discussion of the effu- 
sion of gases at low pressures. Following this a section will be 
devoted to some of the questions of heat conduction at low pres- 
sures and the heat transfer to solid surfaces. The theory of the 
molecular manometer of Knudsen and the problems of thermal 
transpiration will follow in the next sections. Following this 
there will be a brief discussion of repulsion radiometers, including 
the Crookes radiometer. In the succeeding section a summary of 
the question of molecular reflection from solid surfaces will be 
given together with a brief discussion of sorption, with special 
emphasis on Langmuir’s work on adsorption. It may be added 
that an excellent resumé of some of this work was written by Dun- 
noyer®in a small booklet of the series issued by the Société 
Francaise de Physique, Series 2, page 214, published by Gauthier 
Villars, Paris, 1913. 

77. Deduction of Poisseuille’s Law of Flow of Gases through a 
Capillary Tube, and the Definition of the Coefficient of Slip.— 
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Assume a section of a capillary tube down which a gas is flowing 
as the result of a pressure difference pi — pe at its two ends. 
Take a small cylindrical section dr at a distance r from the axis of 
the tube (Fig. 42). The force Ff; acting on this is given by 2z7rér- 
(pi — po) = Fy. If the flow has reached a steady state, equilib- 
rium exists between this force and the forces of viscous drag 
acting across the boundaries of the surfaces, 27rL and 2r(r + ér)L 
of the section, where Z is its length. The force Ff: on these sur- 
faces is composed of two components. The first component 
F >; is that of the inner faster layer of gas and is given by an equa- 


tion of the form F = ns? by the definition of viscous drag, 
where S is the area of the cylindrical surface, 7 the coefficient 
of viscosity, and = is the velocity gradient. As S is 


negative, for v decreases as r increases, and as S = 2mrrL, Fo; = 
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— 2. The second component fF», is the drag produced 


by the slower outer layer of gas of surface S = 2r(r + dr)L. As 


d(v + a) 
here the gradient of velocity is - ———.——— the force F%2, is, 
dv 
d(v + a”) 
dr 


equilibrium fF; = F, = F,, — F2;. One therefore has for the 
differential equation of flow 


Fo, = —2an(r + Sr)L Now F: = Feo — Fei, and for 


d(v a or) 
a 


Canceling common terms and reducing the equations, 


(pi — por = = ob (08 i + a 


if one neglect the term — nL a ér*, which is an infinitesimal of 


Qrr(pi — po)dr = —2arn(r + Sr)L + 2r “Sy 


dr 


the second order. Hence 
_ pips _.da we 
gl dr? ° or dr" 
Pi— pe. dy 1ldv 
ah is a constant of the apparatus, dr? and oa are 
both constant. A particular solution* of such an equation will 
take the form v = A + Br®, where A and B are constants to 
be determined. Now 


Since 


dv 1 dv 

dp ne ae 

dy a cay at Pi — Pe 
Gy? = 2B, thus 4B = — PBS, 


whence 


s, PPPS Riera 
v=A Ge Gy 


* The solution of the differential equation above can, of course, be under- 
taken by more general methods. The general solution does not differ from 
the one above except for the presence of an exponential term which vanishes 
when the boundary conditions are fulfilled. The method of solution out- 
lined above is simpler than the rigorous solution and so is given at this point. 


——= | oS Se 
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If v = 0 when r = R, where R is the radius of the tube, there is 
no slip at the surface of the oe and the equation yields 0 = 
if PitwuP2 2 Piers 2 
AL <—__<~?, whence A= oP Tee 
Thus the layer 6r at a distance r from the axis of the tube has a 
velocity v given by 
= (pi — Pp2) 2 2 
Y cnhenar rE (R lad 
To get the volume V of gas flowing out of the tube per second it 
is necessary to integrate v(2mrdr), the volume flowing out of a 
layer dr from r = 0 tor = R, the radius of the tube. 


R a 
Y= f Our (P1 — Pa) (R? — r?)dr 
0 sal 


— T(Pi — pa) Rt 

OS: 
If LZ is short, a correction should be made for the turbulent flow 
at the orifices. For sufficiently long tubes the law holds well, 
the length necessary for this depending on the value of R. Again, 
as was stated in the preceding section, when the pressures are 
low or when 7: — pz is very great the law fails, for then v is not 0 
whenr = Rk. That is, the gas slips past the walls with a velocity 
Vo at the walls. 

To take care of slip at the walls it must be remembered that 
the assumption that » = 0 when r = R was made in order to 
determine A. In order to handle the case when v = vy atr = R 
it becomes necessary to assume that atr = RF there is a frictional 
force f on the surface of the gas at the tube wall. This force f 
may be written f = eSvo; where S = 2rRL, vy is the velocity of 
the gas at r = R, and e« is a numerical coefficient of the force. 
The force at the boundary due to its drag is therefore proportional 
to the velocity and the surface, while its magnitude is controlled 
by these and a numerical coefficient of considerable theoretical 
interest. With these assumptions the condition for equilibrium 
at the wall (7.e., when tr = R) will be given by the following 
equation: 


BERT a bake fe ( — 2B) 


where the first term is the force 7; due to the pressure on the 
layer ér at r = R, f is F20, which is now the drag due to the walls, 
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and —27rRLn es is F2;, the drag of the inner gas on the gas at the 


surface. If the layer ér be taken sufficiently small, the term 


2rRér(pi — p2) becomes 0. Thus 
dv n dv 


—2rkinl 7 =f = 2rRLevy, or v) = spa 


But in the preceding analysis 


dr 2 vb 
whence 
+. ev Ce Ee 
ef ew 2215 
T (Pl eae 


Putting in this expression for v = vp = = On at r = R, one 


has to determine A by 


Vo = — 


or 


This yields for v, the velocity at r, the expression 


Gn = De) 7; ” 
Dear ie r+ 2K ~ ), 


and for the volume of gas flowing out per second the expression 


= ™(p1 — D2) 4 4n 3\, 
vy =e (2 + 2R 
Here ¢ is a constant of the walls and the gas. This equation 
shows that when measurements are made roughly the slip at 
the walls may be neglected. The deviation from the first 
equation deduced may be seen at once from 


_ x(p1 — ps) pi 
y = Pe R(t yh ree 


:" 


: 


It depends on R. If R is large compara to Ss it can be | 
neglected. 


The ratio which determines the question of 


of this term in the theory is called the “ coefficier 


aa 
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designated symbolically by ¢ = us It really gives the ratio 


of the internal friction of the gas (7.e., the coefficient of the vis- 
cosity) to the coefficient of external friction against the walls. 
The value of ¢«, and consequently of ¢, must depend on the nature 
of the impacts which are assumed between the gas and the walls. 
It is therefore necessary to derive an expression for this quantity 
in terms of the kinetic theory before proceeding further. The 
relation to be considered is due to Maxwell and its detailed con- 
sideration cannot find place here. The ideas used, however, 
will be developed at this point, together with the result. 

If the surface were perfectly smooth, specular or perfect reflec- 
tion would be observed, that is, the molecules striking the surface 
at any angle ¢ (Fig. 43) would rebound, conserving the velocity 


Fia. 43. 


parallel to the surface, but having the component of velocity 
perpendicular to the surface reversed. With such reflection 
the only force on the wall would be the pressure normal to it. 
The velocity at the surface would then be the velocity of flow 
along the wall (i.e., there would be no drag, e would be 0, and the 
gas would flow down the tube with no action on the walls), that 
is, its velocity through the cross-section of the tube would be 
uniform. ‘This is not the case, for actually there is a frictional 
term. This means that there must be some mechanism by which 
the gas is retarded by the walls. If the walls were composed of 
spherical gas molecules at rest with large spaces between them, 
the molecules striking such a wall would lose their momentum, 
for, on the average, they would be reflected as if they had veloci- 
ties after reflection equally probable in all directions. Maxwell 
points out that such molecules could be considered as “absorbed 
and reevaporated”’ from the surface at a temperature corresponding 
to that of the gas, if the wall and the gas are at the same tempera- 
ture. With such a process occurring, the gas would still have a 
velocity of slip. In this case, however, the velocity at the wall 
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would be less than that in the center and the gradient could be 
calculated. How this occurs can easily be seen. The molecules 
leaving the surface must equal those approaching it when equilib- 
rium has set in. Those leaving have random velocities, and 
hence no streaming velocity down the tube. Those approaching 
the walls have an average velocity component v appropriate to 
the scenes of their last impacts in the gas. Thus the layer of 
gas nearest the wall is composed, on the average, of equal num- 
bers of molecules with zero streaming velocity and with an 
average velocity v. There will thus be a velocity jump at the 
v 
x 
tributed as assumed by Maxwell, they may partly specularly 
reflect the impinging molecules. In such a case the slip will be 
greater than that above, and vo will be increased. Actually, 
the surface molecules of the solid are not necessarily distributed 
to give diffuse reflection, but, as Maxwell points out, they act so 
as to shield each other from direct impacts of gas molecules. 
The result will be that very oblique impacts will cause reflection 
from the outer ends of the wall molecules. They will thus be 
more nearly specularly reflected than will the molecules striking 
normally. The outcome of this will be that there will be a slip 
in the gas which will depend on the relative importance of the 
two kinds of reflection. To study this, he assumes that those 
molecules striking a fraction f of the surface will be absorbed, and 
1 — f will be specularly reflected. To calculate the slip he then 
proceeds as follows: Assume the gas to be flowing along y past 
a plane surface yz, and that the positive x direction is the direc- 
tion of the gas from the wall. Call u, v, and w the components 
of velocity along the three axes. If, now, a particular velocity 
be chosen one may term —vw, the incident value of the  compo- 
nent, and +wue as the rebounding value of the x component of 
the molecules that are specularly reflected. The xcomponent 
of the evaporated molecules will be +’. The mass of gas of 
velocity component —vw: incident on unit surface of the plane 
per unit time is, then, —piwi1, where p; is the density of mole- 
cules of velocity component wu; in the gas. Of these molecules 
the fraction 1 — f has wu reversed in direction. For the fraction f 
evaporated, the average component of velocity is u’, correspond- 
ing to the temperature 0’ of the wall. With these considerations 
one may write that for the fraction f that are absorbed the 


surface equivalent to If the molecules of the wall are not dis- 
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momentum normal to the surface must equal the momentum of 
the same molecules reevaporated from the surface at the same 
temperature, that is, 


—fpiui = fp2'ue". 


It also follows that the total momentum given to the wall by 
the molecules leaving is expressed by 


p22 = —(1 rea S)pius + fp2'ue’, 


where p1, p2, and p2’ are the densities of the molecules having 
velocities w1, U2, and w2’. 

Along the direction of motion y the velocity is v, and the inci- 
dent momentum is piu, the mass striking per unit time times the 
incident velocity v. Of these, 1 — f are specularly reflected and 
(1 — f)piuwi is the momentum along the wall which is not 
changed, that is, this is the momentum exchange which causes 
the additional slip. The momentum of the evaporated portion 
along y which has an average velocity component —v (the rela- 
tive velocity between gas and the surface) is, then, —fp2'2’v. 
The expression for the momentum of the reflected molecules 
along y is, then, expressed by the relation 


p2Ued2 = Cy iad 1) piu 7 fp2'U2"v. 
Between this and the preceding equations the quantities fpe’uUs’ 
can be eliminated and one has for the momentum transfer the 
following equation: 
(1 — f)prtivi + potad2 + v[(L — f)piui + pote] = 0. 

To solve this in order to get the velocity of the gas along the 
wall, the appropriate values for pi, p2, Wi, U2, and v4, v2, and »v 
must be put into the equation, and integrated for wu from —o 
to 0 and with respect to v and w from —o to +, and for the 
molecules which are leaving the surface for u from 0 to o. 
The functions to be inserted are taken from a more general expres- 
sion deduced by Maxwell for the case where the temperatures of 
the wall and gas may be different. They are too lengthy to 
include in this place. With certain simplifications to facilitate 
solution and the assumption that the temperatures of the gas 
and the wall are the same, he finds that the velocity of the gas 
at the wall is given by 


0 = 5 pa F Fe 
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where = is the gradient of velocity normal to the wall. It is 


seen that when f = 1, v) = ve na 3 a minimum value, and 
as f decreases v, rapidly increases. For the case of the flow in 
dv dv 
dx dr 


: a ee aaa 
oP NQM NOT 7 ae 
where M is the mass of a gram-molecule, F is the gas constant per 


gram molecule, and T' is the absolute temperature. But it was 
found in deducing the slip term of Poisseuille’s equation that 


a tube — is replaced by the — above, and one has 


whence 


This at once gives the value of the coefficient of slip ¢ in terms of 
the fraction f of the molecules evaporated from the surface, or 
the fraction 1 — f specularly reflected. It is thus seen that the 


term ¢ = 2 in Poisseuille’s law depends on the+/7, on f, and on 


5 ‘It is the variation of with pressure that is of interest, for 
the correction term for slip in Poisseuille’s law depends on 


( + aR) As long as pR is large compared with the other quan- 


tities, the term may be neglected, but when p becomes small the 
correction must be added. One is now in a position to compare 
the theory with experiment. 

Before doing this it might be stated that Baule’ also found an 
expression for the coefficient of slip similar to that of Maxwell to 
a first approximation. Baule interprets fin terms of a coefficient 
which gives the fraction of molecules which make only one impact 
with the walls of the solid. Thus such molecules do not come 
into complete equilibrium with the walls, and retain some of their 
incident velocity. Those that escape after several impacts have 
the random distribution of evaporated molecules of Maxwell. 
If f =1, his formula becomes identical with Maxwell’s. It 
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merely makes a more accurately analytical picture of what takes 
place at the wall. A very accurate measurement or the coefficient 
of slip was made by Blankenstein.* He used the rotating- 
cylinder method (see Sec. 63) in the gases He, He, air, and O2 
where the gases were kept very pure by a constant-flow method 
at low pressures. The surfaces were burnished surfaces of silver 
oxide deposited on brass. In this method the deflection is 


related to the momentum transfer of the gas by the factor (4) 


at high pressures. Here a is the velocity gradient at the sur- 


face, d being the separation of the cylinders and V the velocity of 
the moving cylinder. If slip appears, the momentum transfer 
aay where ¢ is the 
coefficient of slip defined above. By measuring the deflection 
of the cylinder at higher pressures and again at pressures where 
slip occurs, it should be less at the low pressures in the ratio 
d 
(d + 2¢) 
sures, ¢ may be computed as a function of p. From the values of 
¢ and p it is possible to determine f. For the gases He, Hp, air, 
and QO, the values of f obtained were 1.00, 1.00, 0.98, and 0.99 
respectively. Thus it might be concluded that there is practi- 
cally no specular reflection for H2 and He, while air and O» show 
about 1 or 2 per cent of slip. Other experiments by Van Dyke® 
and Stacy,° using shellac and oil surfaces with gases of a more 
doubtful purity, gave a specular reflection of from 8 to 20 per 
cent. The question of such reflection will, however, be more 
properly treated later on. The verification of Maxwell’s equa- 
tion, no matter what the theoretical basis of f, places this mode 
of procedure as a legitimate one. It is thus permissible to con- 
sider the apparent change in the outflow from a tube as pressure 
decreases, found by Kundt and Warburg,” from this point of 
view. The equation for the volume of gas flowing out of a tube 
as a function of the various quantities entering in was given as 


_ ™(Pi — Pe) Any. 
Mae 8SnL ea aK zm) 


This can be changed to the mass of gas G flowing out in unit time, 


is lessened and it may be written as 


By measuring this difference at different low pres- 


1 : 
which is what is actually measured. Asp = aPC”, where p is the 


252 THE KINETIC THEORY OF GASES 


density, and as ym 4C? = 5Mc: = RT, where M is the mass of 
a gram-molecule, therefore p = as - Since G = Vp, the equation 


for G becomes 
ah* M 1 
G= 8nL i — ) pp. fe 4:2), 
Thus G plotted as ordinates against p as abscisse is a straight 
line that should pass through the origin. As the pressure 


becomes very low, the factor (1 a “4 becomes appreciable, for 


¢ is proportional to . as shown by Maxwell’s theory. This 


causes G to decrease more slowly as p decreases, for the ¢ which 
increases as p decreases counteracts the effect of pressure in 
decreasing G. This portion of the curve was that studied by 
Kundt and Warburg and it is explained by slip. 

As the pressures decrease still more, the flow at first rises as 
pressure decreases and finally ceases to change with pressure at 
all, remaining constant. It was the portion of the curve for G, 
just before the rise and from there on, for which the theory was 
incomplete and was extended by the work of Knudsen" in 1909. 

78. Flow in Tubes for Rarefied Gases, Knudsen’s Equation.— 
The constant régime sets in when the pressures are so low that 
the mean free path of the gas molecules is comparable with R. 
If this occurs one cannot speak of a flow in the ordinary sense 
at all. It is perhaps best to discuss and interpret the régime of 
constant outflow first, for the transition from the Kundt and 
Warburg deviation from the straight line to the constant outflow 
through the minimum marks a transition from one type of 
mechanism of flow to the other which cannot be clearly grasped 
until the initial and final conditions of flow are understood. 

The derivation of the equation for this régime, due initially to 
Knudsen, is very instructive. He starts with the assumption 
that the number of molecules striking a em? of surface per second 
s 14Né (see Secs. 40 and 71), where ¢ is the average velocity of 
the molecules. If there are N molecules per cm’, the number dN 
with velocity components between c and c + dc is given by the 
Maxwell distribution law as ; 


dN = a c’e- atde, 


a8a/ 
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where a is the most probable speed. The number of these mole- 
cules which strike 1 cm? of surface per second is, then, jedN ; 


Since the molecules which have a component of velocity of trans- 
lation w parallel to the wall on striking are absorbed, and reemitted 
equally in all directions (that is, with the f of Maxwell equal to 1), 
the momentum given the wall by these dN molecules is jemodN : 
Since w is the component of the velocity of the gas molecules 
parallel to the wall, w may be written kc where k is a constant of 
proportionality. This merely expresses w as a fractional part of 
c, the molecular velocity, and ascribes the Maxwell distribution 
to the components win this manner. The momentum transfer 


is, therefore, jke’mdN . The momentum B given the wall by 


molecules of all velocities is therefore given by 


ie gNk =m m | “tae adem 3 Nkmpet. 


Substituting ¢ for a, where é = aie one gets B = am Nmké. 
ie 32 

As € is ‘) therefore ké = ae = =e = 9, 
This v is the geometric mean of the velocity of all molecules. It 
is therefore the velocity of the mass of gas down the tube, and 
one has B = = Nmév. This assumes v constant across the 
tube. This assumption only holds, in the Knudsen régime, where 
the free path is great compared to the radius of the tube, and 
hence there is no velocity gradient normal to the walls. Physi- 
cally, this means that the gas is so rarefied that the velocity 
transition at the surface which was confined to:a narrow region 
originally now extends across the whole tube. 

For a tube of approximately cylindrical form, call di the ele- 
ment of length of the tube, O its circumference at dl, and A its 
area of cross-section. In dé sec. this tube receives an amount of 


momentum given by 57 NmevOdlit, Setting Nm =p, the 


density of the gas, and expressing € in terms of the pressure p, 
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from the relation p = aN mé?, the above quantity becomes 


8 Bale ap vOdldt. 


If it is assumed that the wall Odl gets the whole momentum which 
results from the pressure drop — (Ba (that is, neglecting 
the end effects of the tube), one obtains the relation be- 
tween the momentumtransfer —A ee didt in the time dé due to 


the pressure difference across the area A, and the momentum 
transfer to the wall as 


age 520 = —Az 


For the mass G which goes through the area per second one can 
write G = Apv, whence 
2 
ee ae p A®dp 
3 pO dl 


If the ratio of the density and pressure, when the pressure is in 
dynes per cm?, is called p1; then 


_ 8 2 -Atdp 
Os Bex hae 


If the volume of gas flowing through the tube be used instead of 


the mass of the gas, that is, if one write Q; = e, then 
1 
6. ee 
‘OB Na Ay a oe 
For steady flow, Q; has the same value along the tube. Call- 


ing the length of the tube L and the pressure on its ends p; and 
pe, (pi > pe), one obtains 


0 8 21 
Ord = — ee 
A? at 


which yields on integration 


9g, = -L .@:-—2) ae 
8Jo A? 
IZ 
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that is, 
nee 


V/ iW ” 


3 (“0 


W is a constant of the form and dimensions of the tube only. It 
has the same function as a resistance factor in electricity, and 
can be called the resistance of the tubes. Thus it is possible for 
this case of flow in tubes to carry over Kirchhoff’s laws of 
branched circuits to the calculation of the gaseous flow in any 
system of tubes. For a cylindrical tube of radius R, O = 
2rR and A = 7tk?, whence 


-8 fee, 
8 N27 R8 


cat el I a 
Q: = Le os (pi — pe). 


where 


and 


Where gases flow out of the ends of the tubes with a finite 
velocity, the whole pressure drop is not taken up in overcoming 
wall resistance, for the gas has a kinetic energy on leaving the 
tube which it got from the pressure difference. In this case the 


relation fi x 
3- he {Dp var! dp 
S ae? Eee soe 


must be replaced by 


Bie HD dp. dv 
g pe a|2 00 = a9? ply 


where G = Apv is the mass of the gas flowing out per second, and 
dv 


a is the change in velocity per unit length of tube. Thus 


ee 288 2 (), 
BSV2—V/piA2 dl Api di\p 


which on integration over the whole tube yields 
3 fr _1 if 40) Gi. ps = pa 
= = j= os dl = —— a ——_————e 
Ae V/ pi G o A? al ie A*p, pipe 


Again setting a 
i= 3 tp ii dl 
MeN oA. 


— 


7 
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then 
Nas 1 
= (pi — Pro) G = 
int Pi Pe 
A’p\W pipe 
If the quantity 
4 G Piz pe 
A’piW pipe 


is small compared to 1, one obtains the previous relation G = 


V1 


w (Pt — pe) and the quantity U becomes 


For a cylindrical tube this is 
y= 32 R? (pi — po)? 
Or L? PiP2 


As U depends on 2 it is seen that, for experimental cases 


where S is of the order of 44999, U must be much less than 


unity, even when 7, is hundreds of times greater than po. 
Thus the velocity of flow from a cylindrical tube at low pres- 
sures can be taken as 


ne 3 
Gi= SV eV oP — Pz): 


This differs materially from the Poisseuille’s equation, having a 
coefficient of slip which reads 


rk* MM, 
The comparison is clearer if, for pi, the all is used, for 


then 


Nm ops GN Geen 
14NmC? a P a Rel: fi RoI” 
whence 
4 M R 
G=3V 20 Rot L (Pt — Pd: 


It is seen that for low pressures G is proportional to R*, and not 
k* as in Poisseuille’s law. Furthermore, G is independent of 


n and p. 
o% ‘ i | 
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The discussion of the minimum of the curves presupposes a 
comparison with the experimental results. In Figs. 44, 45a, and 


ue 
<a 
7 
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ee 
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ee 
pe 
iniee 
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ee 
ne 
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So 05 100) 125 50 5 200 225 250 
pincm. of Hg 
Fia. 44. 


Q 0.010 0.020 0.030 0.040 0.050 0.000 0.070 0080 0.090 0100 
p incm.of Hg 
Fig. 45a. 


45b the points found by Kundsen in CO; for a certain tube are 


given. In them T = ; Q 5 is plotted against p in cm of mer- 
7 2 
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cury. The régime from p = 0.004 cm to p = 0.000011 cm is 
shown in Fig. 456 on a logarithmic scale. As is seen at once, 7’ 
decreases linearly with p from 22 to about 0.24 em. From then 


0.000 ) A J I 04 F 0.0082 
p incm.of Hg indescending scale 0.0028 0.0036 
Fia. 45b. 


on it falls to a minimum, rising again to p = 0.0010 em, from 
which point on it remains as constant as the measurements will 
permit. The smooth curves which fit the results quite accurately 
are given by an empirical expression 


1 -- ete 
1 + cop 


where the constants a, b, ci, and c. can be found from least- 
square reductions. These constants depend on the dimensions 
of the tube and other factors. All tubes used gave similar curves, 
the constants only differing. It is first necessary to correlate as 
many of the constants as possible with the constants deduced thus 
far from the theory. This is easily done for the constants a 
and 6. The constants c; and cs, however, are the ones related to 
the minimum of the curve. And it is their evaluation which will 
throw light on this process. 


T=ap+b 


-— —. 
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The constant a can be evaluated as follows. If Poisseuille’s 
law is assumed to hold with no slip at the walls, it yields 


_ 1k 

18 ab P 
This term is equivalent to the portion 7 = ap of the empirical 
equation. The a should then be given by a = es ! = Calculat- 


ing a for his tubes from this expression, Knudsen finds agreement 
with the observed values within the limits of experimental 
uncertainty. 

For small values of p the equation goes over to the form 7 = b, 
iL cyp 
LPL 


the lowest eran one has the conditions of molecular flow, in 


for ap and 


pecomc 0 and 1 respectively in this case. For 


which 7 = eee and for cylindrical tubes of circular cross-sec- 
Pi 


: 4 ,— 1 R 1 Re 
tion T 3 VJ Qe ae T Hence b becomes b = 5 Vin = LY peal 

To obtain the values of c; and c2, two cases must eo considered. 
The first one is for pressures where the free path is small com- 
pared to the radius of the tube, but not negligibly small. The 


study of this case will give a ratio of the constants es The 
2 


second one is where the radius of the tube is smaller than 
the mean free path, but is not vanishingly small compared to this. 
The study of this condition leads to an evaluation of c. — ¢1. 
The two cases together then afford means of obtaining c, and c». 
1 + cip 
= Cop 


The equation then becomes 7 = ap + bes Putting in 
2 


For the first case p is so great that 


may be written as 


C1 
Co. 
the values of a and b one has that 


ee rte Saweviee © a 
8nL 3/2 -V/p1 Rp’ 


But in this régime (which is that of Kundt and Warburg) Poisse- 
uille’s equation also holds, including the slip term. This law 


wrilk4 


gives J = Ser TP o(1 +4) Comparing the two expressions 
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8vV/2ne1 
38V rv pipee 
of Kundt and Warburg showed that ¢ was similar to the mean free 
path, so that ¢ could be replaced by kd, where k is a fraction 
nearly equal to 1 and ) is the mean free path. Also, since Max- 
well’s distribution law gives a relation between \ and 7 of the 
form 


for T, one has at once that ¢ = The experiments 


8 
oe he 
~ 0.30967 pv/ pi 


then 


kvV/8n 8v/2ne1 


—_ —_ = a , 
/x (0.30967) Pp V1 3 rv pipes 


that is, = = 0.95k. As k is less than unity, : is a constant 
2 2 


independent of the radius of the tube and the nature of the gas 
whose value is less than 0.95. In fact, Knudsen’s experiments 


bear out the fact that = is between 0.85 and 0.78 and is indepen- 
2 
dent of tube radius, specific gravity, or viscosity of the gas, 


and he chooses -s =a (se 
2 


The evaluation of c. — c; is a far more complicated question, 
for which there is not room in this text. The general considera- 
tions by which this end is reached are instructive, and may 
therefore be briefly indicated. At pressures where the free path 
is greater than the dimensions of the tube, but not much greater, 
both impacts with the walls and with other molecules occur. 
The momentum of the moving molecules can then be carried to 
the walls by two processes: either by direct impact with the 
walls, or by the molecules struck by these molecules, which 
therefore have some of the streaming motion. The former can 
be computed from the number of molecules striking unit area of 
the walls, which is at The momentum carried by these two 
mechanisms can then be roughly evaluated. Allowance must be 
made in this calculation for the time elapsing between the impacts 
of the moving molecules and the others, and the transfer of this 
momentum to the walls. This calculation leads to the use of a 


a, 
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small numerical factor k of a value about 14. Using this, 7 is 


calculated to be 
avi r( — (1 —k) = 
Tat 


for a cylindrical tube of circular cross-section. Comparison of 
this with the empirical equation, which for the approximate 
values of p for which this occurs takes on the form 

T = ap + b(1 — (cz — e1) p) 
leads to the relation 


2 
(HF = (4-0 fp. 


This equation becomes 
f= ty = 1.2378 = 0.6117 ee: 


in the event that k = 14, if the values of a and b are substituted 
in it. The agreement is satisfactory in order of magnitude 
between the empirical c. — c; and the calculated cp — cc. It 


indicates proportionality between c, — c; and ae , but does 
not agree completely with the numerical factor ae hh Knud- 


sen substitutes a value d. From the value for = and the 
2 


value for cz — ¢c; containing d Knudsen deduces the values of 
Co and ¢,, as 


oo <dv"R 
n 
¢, = 0.8100 ~"! wa R, 
TLR Be 1 +0814 Rp 
ee p+ SV Be 
8n DL iF 


This equation is now no longer completely empirical in the sense 
that all the constants are more or less rigorously deduced from 
theoretical considerations and are in no sense arbitrary. The 
only one approaching an arbitrary value is the constant d. Its 
numerical value was estimated from rough theoretical considera- 
tions oniy and hence is uncertain. 
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To obtain a more correct empirical value of d and to test the 
equation, the expression for 7 can be differentiated to find 
the value of p for the minimum of the curve. This leads to the 
expression for pm, the pressure at the minimum: 


poirdne (2-3) 2) 
* vd pe m C2 m 


387 


where m = 39 ay, From this it can be shown that the 


following conditions must hold. They are that 


PmCz = constant. 


a = constant (7) is the value of T when p = 0). 
0 
es = constant. 


These conditions are tested on the empirical constants of his 
observations and found to hold. From the relation that pmc2 is a 
constant observed to be near unity, d is computed as 2.47. This 
value is checked by calculating on and as using d from 
0 Am 
his equation for the minimum and comparing these with the 
observed values. They agree fairly well. If, then, these values 
be assumed, 7’, the outflow per unit pressure difference, is 
obtained as 
V?tRp 


1 + 2.00 


4 7} 3 
Tato ptg Vm 1k Fe 
1+ 2.47~ Rp 


or, expressed in terms of the mean free path, 


Q: ~~ a a Rk} 1 


T= ~ palit sos 
Pi-— P2 8»/8(0.30967) L r»V/p1 5 
: : 1 aber 
a ee E 
3 L V pi 1+ 5R 


Thus, with the aid of the kinetic-theory analysis at low 
pressures, one has a complete analysis of the flow of gases down a 
tube of cylindrical cross-section. In making this analysis, 
certain new concepts about the momentum exchanges between 
solid surfaces and the gas have also been derived. 
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79. The Effusion of Gases.!2—Another effect. which is closely 
related to the above phenomenon is that of the effusion of gases 
through small openings. In the last section the laws of flow of 
gases through tubes of finite length at low pressures were dis- 
cussed. If, now, the tube be considered infinitely short, there is 
the phenomenon of the effusion of gases. 

Picture two vessels A and B having N’ and N” molecules 
per cm*in each. If the two are connected by a hole of area s in 
an infinitely thin partition, then molecules strike the opening 
from the sides of A and B in different numbers. The number of 
molecules striking s per second from the side A will be Ss and 
the number striking it from the side of B per second will be 

Wie 
Noi where ¢ is the average velocity of the molecules. As a 


result, there will be a number n = yes’ — N”) going from 


one side to the other per second through the opening. If the 
mass of a molecule bem, then if V’m = p’ and N’""m = p” one has 
for G, the mass of gas flowing through s in unit time, the quantity 


G=nm = eso" — p”), 


Remembering that ¢ = Ee where p, is the specific gravity of 
TP 1 


dyn 
cm? 
and assuming from the gas laws that p’ = p’pi and p” = p’’pi, 
where p’ and p” are the pressures in A and B, then 


oe TE V pi(p’ — p"’). 


Replacing G by Q = & then 
1 


(roughly 10-° atmospheres), 


1 
the gas under a pressure 


or 


This law should be obeyed for all gases where the thickness of the 
wall is small compared to s. 


264 THE KINETIC THEORY OF GASES 


This can be tested experimentally in a simple way. Consider a 
pressure low enough so that the Knudsen régime of molecular 
flow is reached down a tube. If a thin plate with an opening s, 
small compared to the radius of the tube, be placed at one end, 
the rate of flow out of this opening can be easily measured. This 
really amounts to replacing chamber A by a tube having molecu- 
lar flow. For such a tube it was shown in Sec. 78 that the out- 


flow Q’ = ye P » where W’ was a term representing the 


aVx ("0 
8x/2J0 A? 
length of the tube, O is its circumference, and A is its area of 
cross-section. 
In analogy with this equation the quantity Q flowing through 
the hole s in the plate is given by the expression 
’ AT 1 (p’ =e pr’). 
Q p”) Vn 


resistance to flow. Here W’ = dl, where L is the 


eat hee (p 
Vln V1 
Here W = V 20 and acts as a resistance. The tube of area A 

s§ 


and the opening in the plate of area s constitute two resistances 
in series whose value is thus W + W’. The flow Q” through 
the system is then 


Ge = O.- = (p’ = De) 


W-+ WwW’ 
or 
ye <2 =D ve % 
G Ve Ww’ 
where 
_ Vr ,  8Vr C20 
Wis 2nd ~ 84/2 i pill. 


Knudsen carried out extensive measurements to test this law 


both at low and at higher pressures. It follows from the value 
wt me 
ob G” thats ho = — must vary as i (i.e., inversely as the 


Pi 
square root of the specific gravity of the gas), and as /T, 
the absolute temperature. These he finds to hold very well. 
For the effusion portion of the equation, by putting in the 
value of W’ for the tube, he can measure 7. The results of some 
measurements are given in the table on p. 265. , 


- o- | 
— 
iy. \= 
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T cal. 
T obs. 8h 12 Hobs onan 
V 28 PL 

Hole No. 1: 

MEISE Mea why dap sens hel eee 0.225 0.230 0.225 

Wit gPReT RN TCY. ENTS Fohate Sole es Dixie « 0.0565 0.0576 0.226 

LE Chee TRI IA fei csc che eerie otelane 0.0465 0.0491 0.218 
Hole No. 2: 

Mer Sele on srk oschecasane oa. 6 2.98 2.92 2.98 

8 Fe Sts ath Sia Gece ee ee 0.757 0.729 8.13 


The differences of the observed and computed values for hole 
No. 1 for Hz and Oz is of the order of 2 per cent, which is less 
than the error of experimental measurement in determining s. 
For COs, the error of 3.5 per cent is of the same order as the 
divergence in the two measurements of the area. The errors 
on holes Nos. 1 and 2 have opposite sign and thus indicate that 
the errors lie mostly in the measurement of s. The agreement, 


therefore, establishes the correctness of the factor . within 
Tv 


3 per cent. ‘This is in reality a proof of the Maxwellian distri- 
bution of velocities, for, had all the molecules had the same speed, 
a constant error of 8.6 per cent would have been found for both 
measurements. 

80. Heat Conduction at Low Pressures.— When the considera- 
tion of heat conduction at low pressures is begun, as was stated 
in Sec. 76, the importance of the transfer of heat from and to the 
surfaces becomes greatly enhanced. Let the discussion first 
be extended to the mechanism of heat transfer from gas to solid 
irrespective of the pressure. Assume a metal surface at one 
temperature and the gas at a uniform higher temperature. 
Heat then passes from the hot gas to the cooler metal by the 
following mechanism: If the gas has the same temperature 7’, 
throughout, molecules having a velocity appropriate to the 
temperature, on the average, start, from a layer one mean free 


path away and strike the surface at a rate x per cm? per 


second, where N is the number of molecules per cm* and é the 
average velocity. Each of these carries an energy corresponding 
to its specific heat. If it be assumed that there is no specular 


z 
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reflection and that all molecules striking the surface attain thermal 
equilibrium with it, these molecules leave the surface with the 
lower velocity corresponding to 7’, the temperature of the metal. 
From this consideration the rate of heat transfer from the gas 
to the solid can be computed. If it be assumed that this transfer 
takes place across the distance of a mean free path, a coefficient 
of heat conductivity from gas to solid can be estimated by taking 
the temperature gradient as a The value thus computed 
is, however, a hundred fold or even more than that computed 
from actual observed heat transfers. This has led some writers, 
especially in the engineering field, to postulate a heat-insulating 
layer, or a layer of lowered heat conductivity in the gas next the 
solid. Such a picture is distinctly misleading and even wrong. 
The fact that the molecules leave the surface at a temperature 
T, at once furnishes a clue to the question, for these molecules 
collide in their first free path with the molecules of the gas 7. 
Since they must be nearly equal in number in the first free path, 
collisions here result in a redistribution of energy, so that the 
average temperature in this layer is not 7; or T2 but has an inter- 
mediate value. As the molecules leaving the surface make more 
and more impacts, they acquire more nearly the temperature of 
the gas 7;. Thus the temperature gradient does not exist right 
up to the last free path from the surface, but the gradient extends 
over many free paths, perhaps even as many as 100 free paths 
from the surface. It is the existence of this gradient which 
limits the rate of heat transfer to the surface. In attempting to 
increase the heat conductivity it is necessary to increase this 
gradient. This could only be accomplished by removing the 
cool molecules to the interior of the gas as soon as they leave the 
surface and supplying new hot ones to replace them. It seems 
possible that by setting the gas into a violent mass motion one 
could accomplish this (7.e., by the use of hot blasts of gas). 
If, however, one considers that the blast velocities usually 
achieved are small compared to thermal velocities which would 
be required to remove the cooled molecules from the surface, 
the futility of this method is at once seen. Furthermore, the 
absence of slip at higher pressures makes this difficult, for the 
gas has a sharp velocity gradient near the surface. If it were 
possible to generate a molecular turbulence at or near the surface, 
the difficulty might be in part overcome. Thus far, no success 


— 


LAWS OF RAREFIED GASES AND SURFACE PHENOMENA 267 


has been achieved in this direction.’ The “insulating layer’’ 
at the surface is therefore nothing but the slowly moving (stag- 
nant) layer of gas near the surface in which a gradual tempera- 
ture gradient is set up by heat interchanges of a kinetic nature 
among the gas molecules. 

As the pressures are reduced, however, these conditions rapidly 
change, for as soon as the mean free path becomes very great 
the slip for moving gases manifests itself. But more important 
than the slip is the fact that in the exchange of heat through the 
gas from a heated surface to a cooler one the molecules leaving 
the cooler surface do not meet enough heated molecules to get 
into equilibrium with them, before they reach the hotter surface 
heating the gas. Thus, the problem of heat conduction at low 
pressures at once involves not.only the conduction from gas to 
solid surface, but rather the transfer from one surface to the other 
by means of the gas molecules. Furthermore, since the mole- 
cules now cross from one surface to the other before reaching 
equilibrium, it is obvious that, instead of the gradual transition 
of temperature from one surface to the gas, appearing to exist 
at higher pressures, there is an abrupt change of temperature 
from surface to the gas, whose value can be measured. It is 
this marked temperature drop at the solid gas surface that is the 
feature of the low-pressure heat-conduction phenomenon. 

The existence of this drop was first postulated by Kundt and 
Warburg? as a result of the considerations following from their 
work on the flow of gases through tubes at low pressures, for with 
molecules leaving the surface at the temperature of the surface 
and exchanging energy with the rest of the gas at the first impact, 
the first layer of gas one free path away must be warmer than the 
solid. At high pressures a free path is so small that it cannot be 
detected, but as the free paths become larger the gradient must 
come to light. Von Smoluchowski" investigated this experi- 
mentally and found it to exist. He found, however, that it was 
greater for H, than for air. This he interpreted as meaning that 
the H. molecules, because of their small mass, exchanged less 
momentum with the molecules of the surface, and thus retained 
more of their initial energy than the air molecules did. Thus, 
the gradient at the surface was steeper in H, thanin air. Certain 
experiments of Knudsen" on the absolute manometer and other 
low-pressure phenomena led him to conclude that apparently 
the rebounding gas molecules from a solid surface did not reach 


b. 
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temperature equilibrium with the surface. Jn his case, He also 
showed the strongest departure from the anticipated behavior. 
A somewhat similar conclusion was also arrived at by Soddy and 
Berry,!® who investigated the heat conductivity of various gases 
at higher pressures and found that the lower the specific gravity 
of a gas the more their results departed from the theoretically 
expected value. Knudsen therefore decided that these depar- 
tures from anticipated laws needed more extended investigation. 
Since, however, the theory of heat conductivity at higher pres- 
sures was not completely successfully solved theoretically, Knud- 
sen'® felt that an investigation of these deviations at lower pressures 
where simpler theoretical laws obtain, and the deviations are 
even greater, would prove of value. In a masterful experimental 
investigation accompanied by a theoretical investigation he 
sets forth the conclusions which he draws. The interpretation of 
his results are called into question by von Smoluchowski™ in a 
later theoretical paper. As will be seen, the objections raised by 
von Smoluchowski deal only with certain details of Knudsen’s 
work. In fact, he accepts the general point of view of Knudsen 
as more satisfactory for very low pressures than his own. The 
work of Knudsen will thus be given, followed by the discussion 
of Smoluchowski. 

The theory of Knudsen proceeds as follows: He assumes two 
parallel plates A; and A» opposite each other, and that they have 
absolutely rough surfaces. That is, that they have surfaces that 
are so constructed that when molecules strike them they bound 
back and forth enough times in the pores of the surface that they 
acquire the temperature of the surface on leaving. This assump- — 
tion is really something more than the assumption of the random 
direction of emergence, when the particles leave the surface, first 
made by Maxwell in explaining slip, for in a random direction 
of emergence but one or two impacts are needed with the surface, 
while to gain thermal equilibrium with the surface the molecule 
must make many more impacts. Call 7’ and T,’ the tempera- 
tures of the two surfaces, and ¢, and ¢, the average velocities of 
the molecules leaving A; and A». It is further essential 
to assume that the molecule of mass m and velocity c has an 
energy ye? only. This means that if one has a molecule 
not an atom, one must, for simplicity, first regard only its trans- 
latory energy, and leave out the other forms of rotational or 
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vibrational energy, for it is obvious that these energies enter into 
the exchanges in a different fashion from the translational energy. 
The latter can be introduced into the discussion at a later point. 

As the molecules leaving A; have one velocity c, while those 
leaving A» have another value co, the equilibrium conditions will 
have to be differently formulated. Assume dN, molecules of 
velocity components between c,and c; + dc, directed away from A. 
These will strike Ae. If there were dN molecules per cm? having 
7aNe, molecules would strike 
dN 


1 cm? of Az per second. But ces dN, by the definition of 


all directions relative to A, then 


dN,, therefore 5iN 1¢: molecules strike the em? of A» per second. 


Similarly, xan 2c2 molecules of velocity between ce and cz + dee 


having their components directed away from A, will strike a em? 
of A,;persecond. Thus, ifthe molecules striking A» did not emerge 


again from A», the energy gain of Az would be dz, = san 1C1- 


(Frei) Hence H, = tm{ cvdN,. From Maxwell’s dis- 


1k Plot 
tribution law, 
ce? 


BN Pg ok 
dN, = —,;¢1°e a*de, 
ay*n72 


whence 
wa 1 4N 1043 
i ie Va 


This at once is converted to the form EF; = gn 21%. In a 


° ° Tv = . . 
similar manner EH, = gin 32°. Now J is received by Az per 


cm? per second and #7 is given up to A; from A». As the areas 
are equal, the net gain Hy, of translational energy by Az per cm? 
per second must be #, — H,. Thus the gain of energy of A: is 


E, = gn(Nics* — Noe). 


Now the molecules that strike A, per cm? per second, if there 
are N, molecules of average velocity ¢; with velocity components 
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towards A» per cm’, are ie In a similar fashion the number 
N2€2 
2 


must equal those arriving when equilibrium is established and 
no molecules escape from between the plates, 


that strike A, is As the molecules leaving these surfaces 


1 Sore 
gic = aN 202. 


Again, if the two plates be surrounded by gas molecules at an 
average speed é and there are N of these per cm? in order that the 
pressure between the plates remain constant, the number of 
molecules passing out through the edges from between the 
plates must equal the number passing inward from outside. If 
E be the area at the edges the equilibrium is established when 


Me oe iNeB = INCE, or 2N 61 = NG: 


whence Nid1 = Note = a 
The expression for #7 then becomes 
Ey = igh mee? ie), 


Since é= Age a 
aw \ 273 po 


where 7’ is the absolute temperature and p, is the specific gravity 


ee » then 


of the gas at 273° abs. and a pressure 1 i 


2, 1.05. = To 
T /p,V 2737 


where the analogous expressions for ¢, and é are introduced and p 
is the pressure in dynes per cm? in the space between the plates. 
Thus the energy transferred from A, to A» per cm? per second is 
in terms of the pressure of the gas and the temperatures 7; and 7's 
of A; and Ag», and the temperature 7’ of the gas. 

This was deduced on very simple assumptions. Among others, 
attention was focused only on the transfer of translatory energy. 
If now rotational energy also contributes to heating the plates, 
then it must be included. The ratio k of the translational e;, 
and rotational e:, energies to the translational energy alone is 


1 Bp = 
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2 
=C 
é: te hae ‘ 
k= “Fe, This, in turn, can be placed equal to : : mi for 
p — Uy 
from Sec. 92 
2 int Tes 
a Cp at 3 ial : 
v Cy €: + eg 
é1 
P 
h ae ei + es Ste 
whence (y — 1) - 3 
+ és 24 
nd k = €1 = _ . 
“ ei barat cd 


Now so far in the theory e; = pine’ the translational energy 


alone has been used in the heat transferred to A». Actually, 
€: + é is transferred by each molecule. This would mean that 


H( dmc) gives the energy transferred by each molecule, provided 


it is assumed that for each molecule e, = (k — 1)e; as the equation 
demands. The correct value of H, would then be multiplied by 
Dh Mya 
the factor k ai) 

This treatment does not satisfy Knudsen, for he states that, 
while, on the average, in impact between molecules the net 
relative values of rotational and translational energies may not 
be altered, the relative values in each molecule are changed after 
the encounter. He assumes that the two quantities are dis- 
tributed independently among the molecules, but that, on the 
average, they bear a definite ratio to each other. This requires 
that the value of #, be redetermined averaging the rotational 


» where + is the ratio of the specific heats. 


; ; ; : 1 
energies separately under this assumption. Ag receives 5AN 1¢1 
impacts per cm? per second. Each impacting molecule carries 


the energy wen’, where ¢,” is the average squared velocity. Since 


é2 = (k — 1)e: then the rotational energy carried is yrne?(k 


— 1), and the energy transfer per cm? per second due to rotational 
or vibrational energies is 
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dE! = neh — ean 
Hires ymes(h a5 |e it 
a 


qmer(k — 1)é,Ni. 


Accordingly, this treatment differs from the translational case in 


that one computes lk c,dN here, while before one computed 
c1=0 


‘| c:.dN,. In this case the rotational velocities are averaged 
o=0 
independently of translation. Likewise the rotational energy 


lost by Ag is Hy’ = imést(k — 1)éN2. Thus #4, the total trans- 
fer due to rotational energy is, on reduction, as before, 


1 T, - TS 
= Nee De PT. VIB 


The total energy carried is H; + H, = E, whence 


clk oe a 
Boe (2) ae’ alates a) 
Na ae ove VPTEV 


Putting in the value of k in terms of y and putting for p the 


quantity ce mA x 10-°M, where M is the molecular weight, then 


tip A ag 
1? V/MT 


Practically, # cannot be directly measured conveniently due to 
radiation and residual gases. By measuring H at two pressures 


E = 1819. 


? in ergs.* 


for a given 7’; — 72, Knudsen gets a quantity « = ina AT which 


has the value 

Yerisa 
~1VMT 

Thus for Hz, O2, and COz sen in if values of Lummer and 

Pringsheim for y one has 


€= do 


1 
_—— qe ergs. 


* As will later be seen, while von Smoluchowski"’ agrees with the value for 
Ey, he gives reasons for believing that H, is not correctly computed. It is 
in any case an approximation and a change in averaging will change EH, 
only a little numerically. 
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Hz = 10.968 X 10-*, Be gram-cal. 


Oz = 2.803 X 10-+, 278 gram-cal. 


CO, 


3.045 X 10-+, 278 gram-cal. 


As earlier experiments by others had intimated, Knudsen found 
the values of ¢ in these gases less than the theoretical value. This 
he interprets as meaning that the molecules leaving A, are colder 
than 7; and that those leaving A, are warmer than 72, as they 
have not reached thermal equilibrium with the surfaces before 
being diffusely reflected. This might be classified by saying 
that the surfaces are not completely molecularly rough, and the 
term molecular roughness would then apply in the measure that 
the equations were fulfilled. In practice, therefore, the case for 
surfaces which are not molecularly rough must be considered. To 
take this into account, assume that ¢, and é, are the velocities of 
the molecules moving between the plates, ¢ those going to A, and 
é those going to A;. Ifthe molecules had been in thermal equilib- 
rium with the surface they had just left then they would have 
had the velocities ¢,’ and é,’.. If one can write that ¢,2 — é? = 
B(é1" — é*), the equation for translatory energy exchange E, 
becomes 


E,! = gh mee eu" = 67). 


Since ¢;’"— é,” determines the temperature difference 7,’ — 7'o’ in 
the same manner as ¢;? — ¢é? determined 7’; — 7», one can write 
simply EZ,’ = BE,7. Thus the coefficient of heat conductivity e; 
between not completely roughened surfaces is related to the coeffi- 
cient of conductivity between completely molecularly rough sur- 
faces e by the expression 

Aue dee 

€: = Be = a = ae : 
Cimien (2 
Actually, it is necessary to investigate the changes at the 

surface in order to get a theoretical expression for8. The average 
velocity ¢, is not uniquely determined by ¢é,’, the temperature 
velocity for equilibrium, with 7’, the temperature at Ai. It 
also depends on é2, the temperature which the molecule had when 
it struck A;. This relation could be expressed by 


= aéy’ + bée, 
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where a and 6 are constants. These must be so determined that 
when é;)' = @ and ¢@; = @, the equations hold true, that is, 
b =1-—a, for then ¢ = at)’ + (1 — a)& = (l —a+a)é,. 
Accordingly, 

C1 = Ce be a(éy’ — E>). 
For plates large in dimensions compared to the distance between 
them, and whose surfaces are the same, a must be the same for 
both surfaces, and one can write 

C2 = 1 + a(E2" = €1). R 
The addition of these two equations gives ¢; + @ = é;' + é,’, 
an equation which Knudsen has confirmed experimentally in 
earlier work. Subtraction of the two expressions gives €; — €: = 

a 

2S) 


(1 — &’). Multiplying the two expressions, then 


~ “ a et * 
é12 ne Co? — “fe” ia ee 


2 — 
Thus 8 has the value 6 = ae The fraction a of the velocity 
equivalent to the temperature of the surface which the molecule 
carries away with itself on leaving the surface is called the 
coefficient of accommodation. The heat conductivity between two 
large parallel similar surfaces is then given by 


en = 5 ce = 43.46 X 10-*(5 2 a s i 
Thus if €1; is measured, a can be determined.* 

In practice, it is not easy to measure €1:. There is, however, 
a very interesting case, and that is where one of the surfaces is a 
fine cylindrical wire and the other a concentric cylindrical sur- 
face about it. In this.case the molecules strike the outer surface 
a great many times compared to the inner surface. The mole- 
cules leaving the inner surface A, will have a velocity @ = é; + 
a(é’ — é,) as before. Those leaving A, the outer surface, will, 
due to the large number of encounters, have ¢; = é’. Thus 
€ — €: = a(éo’ — ¢,’). In this case ¢, + é, does not equal 
é,’ + é’. Actually, for small differences in temperature the 
difference is not great, so that one can write ¢.2 — é2 = a(é/ — 
é;). A rigorous analysis of the error due to this assumption with 


gram-cal. 


* This equation is of the same form as one independently derived by von 
Smoluchowski” from similar assumptions, and appears to be the correct 
form. The e used by von Smoluchowski, however, does not contain the 
factor for E4. 


4 


—  — ”—“‘( sé‘ Y 
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experimental verifications indicates that this holds quite well, 
and one can then assert that «:. for the concentric cylinders is 
given bye1. = ae. Alsoonehasthatei.. = (2 — a)ex. Finally, 
Knudsen analyzes the case for two cylinders of dimensions 
which are of the same order of magnitude. The resulting equa- 
tions are more complicated. He finds an expression ¢,-pg which 
gives the heat conductivity in terms of e, a, and a function of a, 
r, and R, the radii of the cylinders. By using the same inner 
cylinder, varying the outer cylinder and measuring ¢,,, he is 
able to get two equations giving a and e. 

The considerations above were put to experimental test by 
Knudsen. The details of the experiments, because of their 
extreme ingenuity, merit a description. They are, however, 
beyond the scope of the text. A few of the results may be cited. 

For H, in glass, a was found to be a = 0.26. This used in the 
expression for ¢-g gives e = 11.1 X 10-*. The value of ¢« from 
the kinetic-theory calculation outlined above is 11.0 x 10-°. 
This agreement is fortuitously good and is better than the experi- 
mental uncertainties warrant. It is possible, from the observed 
value of e, to deduce the heat conduction for three different types 
of surface conditions in Hz from the relations of €1, and €1.. 

GLASS AND AN 


ABSOLUTELY RouGH ABSOLUTELY Two Guass 
Surraces in He Roveu SuRFAcE SURFACES 


= Ore Saline e = 2.9 < 1074 cal. e = 1.67 X 107° cal. 
Thus it is seen how much the value of « is cut down by smooth 
surfaces. 

Knudsen also measured ain He, using a fine wire and a concen- 
tric cylinder, thus obtaining «;.. The results showed a to vary 
with the temperature. It took on the values 0.35, 0.376, 0.423 
at 0, —79.5 and —192°C. This may simply mean that at lower 
temperatures the energy exchange with the surface is more nearly 
complete. Experiments with platinum and platinum black sur- 
faces in the three gases, H», Oz, and COs, gave the ee table 
of values: 


a = 
Pt 
Hy, | Oz | CO, 
Polished. 5... ..- OR ore aoa eeun O tae ae 0.358 0.835 0.868 
Slightly coated with black............... 0.556 0.927 0.945 
Heavily coated with Pt black............ 0.712 0.956 0.975 
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In what follows, in his paper, Knudsen carries over the notion 
of the accommodation coefficient to the case of heat conduction 
at higher pressures. He arrives at an expression for K, the coeffi- 
cient of heat conductivity, using his expression for ¢ in gases at 
low pressures by considering heat conduction in the gas at higher 
pressures taking place over a region of the order of magnitude of 
the mean free path. It involves the unknown factor 2, = kL, 
which gives the average distance from which the molecules come 
that carry the heat through the layer considered. It really gives 
x, as the distance of the temperature drop in the gas. With 
these notions, an expression is developed analogous to the 
expression for K for gases of O. E. Meyer. It reads: 

Loyal 


K = 0.80209 


k(gram-cal.) 
while Meyer gets 

Ky, = = 
From measured values of K for Os, k comes out 1.9 and 1.7 on 
the two theories. Both these equations, however, are severely 
criticized by von Smoluchowski and it is questionable whether 
they merit further discussion. 

In a later paper, M. von Smoluchowski"’ discusses the paper 
of Knudsen and makes certain criticisms which are of value. 
In 1890, von Smoluchowski" had experimentally tested the varia- 
tion’ of K, the coefficient of heat conductivity, as a function of 
the pressure. He had found it to be independent of the pressure 
down to low values of the pressure. At the lower pressures 
he had observed departures from the predicted law. These he 
explained as being caused by the fact that the temperature drop 
at the surface of the wall was extending well into the conducting 
space at these pressures. The idea of this temperature drop, as 
has been said, came originally from the experiments of Kundt 
and Warburg on gaseous slip and was introduced by them. In 
two papers, von Smoluchowski'® derived the theory of the tem- 

_ perature drop at surfaces, using two different viewpoints. In 
these deductions he also had to assume a lack of temperature 
equilibrium for molecules leaving the surface. His first theory 
assumed that molecules leaving a surface had a temperature 0, 
while 0, was the average temperature of the molecules striking © 
the surface and ©, was the temperature of the surface. This led 
to the relation 0, — 0 = (1 — 8)(Qy — @.). This relation 


| eae 
0.802077 Pe 1 (gram-cal.) F 
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is based on the same considerations as those used by Knudsen, 
and leads to Knudsen’s expression if (1 — 8) be replaced by 
Knudsen’s a. The second theory depended on the same type 
of reasoning used by Maxwell for the coefficient of slip, that is, 
he assumed that a fraction f of the molecules was ‘‘absorbed”’ 
and reemitted and a fraction 1 — f was reflected. Under these 
assumptions the molecules in the fraction f have the temperature 
of the wall and the 1 — fare uninfluenced by the impact. As was 
discussed under the theory of the coefficient of slip, Baule’? 
shows that f is capable of a more detailed analysis and definition 
in terms of the number of impacts necessary to bring it to equilib- 
rium with the surface and the chance that it had these impacts. 
This treatment is, however, rather more involved, and for sim-- 
plicity’s sake it is best to discuss the equations from the stand- 
point either of von Smoluchowski’s first or second theory, 
though Baule’s theory will be given in Sec. 84. The equations 
deduced gave formally analogous expressions for the heat 
conduction, but ones which led to different numerical results 
for gases at higher pressures. In the conduction at lower pres- 
sures the theories are simpler, and it turns out that for plane 
parallel plates von Smoluchowski’s first mode of approach gives 


é1 = 7 e, in agreement with Knudsen’s theory, and that for 


the latter theory e11 = This has the same form as Knud- 


f 
Paar bes 
sen’s expression for a, but its meaning is different. There is an 
essential difference between the two cases from a theoretical 
point of view. In Knudsen’s theory, the directions of the 
emitted molecules are all random and the Maxwell distribution 
law holds for emitted molecules no matter what the distribution 
of impacting molecules. In the second theory for the 1 — f 
molecules reflected these may be reflected in special directions if 
the impacting molecules have certain chosen directions. Von 
Smoluchowski points out, however, that both Warburg’s experi- 
ments on the slip of H, and Knudsen’s experiments on thermal 
transpiration (Sec. 82) show f for H, to be near 1, while the experi- 
ments of von Smoluchowski interpreted in terms of his second 
equation show that f must be much less. Thus von Smoluchow- 
ski’s observed f is not the same as the f which comes from slip, 
and this indicates that for the thermal exchanges the accommoda- 
tion coefficient a must be used, while for momentum transfer 


278 THE KINETIC THEORY OF GASES 


another quantity f is used. In He, Knudsen found a = 0.26. 
It would seem, therefore, that the action of “‘surface roughness”’ 
is different for directional effects and temperature equilibrium 
on reflection, for it requires only one or two impacts of a molecule 
with the rough surface to wipe out all of its past history, while it 
takes many impacts for a molecule to reach thermal equilibrium 
with a surface. 

In this connection von Smoluchowski points out that the calcu- 
lation of H from HL, and EH, by Knudsen, in which the transla- 
tional and rotational energies are treated as independent, is not 
justified. It is pointed out that it is likely that faster transla- 
tional velocities will imply also faster rotations. Also it is 
pointed out that Knudsen’s assumption that a is the same for 
rotation as for translation is somewhat doubtful. Both are valid 
criticisms. The first one, however, raises the question of inde- 
pendence of velocity components in Maxwell’s distribution law 
as deduced in Sec. 33. It seems probable that, as the speed is 
altered after each impact, the correlation feared by von Smoluch- 
owski is not an important one. To correct this, von Smoluchow- 
ski gives an expression with three unknown coefficients a, de, 
and 8, to multiply e« by in order to get e11. The a; and a are 
presumably the accommodation coefficients for translational and 
rotational energies, and 8 is a constant between 0 and 14. On 
the other hand, in spite of von Smoluchowski’s objections, the 
equation of Knudsen is a first step in the direction of a kinetic- 
theory formulation. 

The problem of heat conduction at low pressures may be 
summarized with von Smoluchowski as follows: 

1. A quantitative theory of heat conduction at very low pres- 
sures can, at present, be developed only for monatomic gases. 
From this the heat transfer per cm? per second between absolutely 
rough plane parallel surfaces is given by 


a4 0S _ Rae ae 
3/6 ™ »/273 pol” 


where the first expression is von Smoluchowski’s, putting the 
density as p, C the square root of the mean square speed, and s 
the specific heat at constant volume. 

2. Knudsen’s theory for polyatomic gases is doubtful, as is 
his theory of heat conduction at higher pressures, 


a 
— . 
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3. Knudsen’s experiments establish with great precision the 
proportionality of heat conduction at low pressures with the 
pressure. 

4. To take account of the fact that the temperatures of mole- 
cules leaving a surface are not those of the surface, two theories 
are set forth. The first is identical with Knudsen’s theory of the 
accommodation coefficient and seems to be established by his 
experiments. 

5. The heat transfer for surfaces that are not molecularly 

a 
Dy) = €. 

6. The fact that the accommodation coefficient is low in Hz 
was known for some time from the work of von Smoluchowski, 
and Soddy and Berry. The work of Knudsen confirms this and 
shows how a varies with the nature of the gas and the roughness 
of the surface. It is doubtful to what extent the absolute values 
of a given by Knudsen are correct owing to the question of specific 
heats, but the relative values are correct. 

81. The Absolute Manometer.'*—The considerations thus far 
dealt with have shown that for very low pressures where the dis- 
tance covered by the molecules is large compared to the distance 
between surfaces conditions arise that somewhat simplify the 
kinetic-theory treatment of the phenomena. In the preceding 
sections the flow of gases through tubes has been investigated as 
well as the transport of heat from one surface to another. The 
former phenomenon at the low pressures gave the volume of gas 
flowing through per unit pressure difference as independent of 
pressure. The heat conduction between parallel plates at the 
low pressures was, however, proportional to the pressure. It 
might be asked how the momentum transfer normal to the sur- 
faces varies with the pressure of the gas. Investigation will show 
that it is proportional to the pressure. If this momentum trans- 
fer could be accurately measured in terms of mechanical force, 
it is possible that this would be a method of accurately measuring 
low pressures. This, in fact, Knudsen has achieved, and it is 
of interest to give here the theory of the absolute manometer of 
Knudsen. 

To study momentum transfer, Knudsen makes use of the fact 
that the molecules leaving a heated surface have a higher velocity 
than those leaving a cool surface. Thus there will be a force 
between the two surfaces, and this can be measured by a sensitive 
balance. — 


rough is therefore given for plane parallel plates by 
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Such forces have been in the past called radiometric forces, as 
they were in the past identified with the forces acting in the 
Crookes radiometer. In the latter instrument vanes blackened 
on one side, suspended in an evacuated chamber, were shown to 
have forces exerted on them when illuminated with radiant energy 
on the blackened side. Concerning the theory of such radio- 
meters more will be said later. Here it may be mentioned that 
these phenomena are differentiated from the Knudsen case 
because they take place at much higher pressures, that is, well 
above 0.001-mm pressure. The effect at the higher pressures 
turns out to be, in reality, an edge effect, as long before postu- 
lated by Maxwell,!® and not a surface effect, as is Knudsen’s case. 

Assume two plates A; and A, of different temperatures. It is 
also to be assumed that their area is large compared to the dis- 
tance between them, which is, in turn, small compared to the 
mean free path of the molecules (7.e., less than one-tenth the 
mean free path). It is assumed that A, has a higher tempera- 
ture than A», and that hence the molecules leaving Ai have a 
velocity ¢, greater than @ that of the molecules leaving Ao. 
Assume that there are N; molecules per em’ of a velocity compo- 
nents directed towards Az from Ai, whose average value is ¢: 
and whose average squared value isG,?. Similarly, assume there 
are N» molecules per cm® leaving A» with velocity components 
towards A, of average velocity é: and of average squared velocity 


G2. . It is then possible to get the number striking the surfaces 
per unit time and hence the momentum transfer per second, or 
the force per unit area. If one had considered the molecules 
which had velocity €, components towards A; as well as away 
from it in an equilibrium case with A, absent, the number would 
have been 2N, and the pressure would have been given by 


2N imG@?.. Now the pressure on A, is caused by only the mole- 
cules moving towards A», hence the pressure due to these mole- 
cules on Ag is 5 umG2, the molecules losing their energy on 
striking the surface. On the other hand, by similar reasoning, 
A, receives 2N 2mG2? from the molecules leaving A: and striking 


A, with a velocity é. The net momentum transfer to the two 
surfaces per cm* per second, and hence the force between them, 
will be the sum of these two, and thus K’, the pressure per em? 


«a | 7 , = 
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between the plates, is K’ = yma (Gt. 2@22). As was shown 


in the preceding section, the quantities Nié; and N2é must 
be related by the expression Ni¢; = N2é, when equilibrium 
exists. Again, if the number of molecules outside the plates and 
their average velocity are designated by Né then, as was shown 
in Sec. 80, Nié1 = Nof2 = 14NE. Outside the plates the pressure 


: 1, = ; P 
is p = gNinG?. The force outside percm? is then the pressure 


outside, which is p, and the resulting force K acting on the plates 
per cm?, that is, the force measured, is K’ — p. This gives at 


once that 
Ke 
K = K' —p=p(— - 1) 
Pp of p ) 
and substituting for p and K’, 


cu Ort NG |] 
— NG@ 


Using the relation between V 1€1, N22, and Né, 


Now % =4 = (see Sec. 35), and the question arises whether 


this relation also holds for = and a Where the difference 
1 2 


of ¢, and ¢2 As small this can be assumed to hold. Hence one may 


The relation then takes the form 


1(ioe@ 16, + é 
NN Cr ames f 


Whether G; is fxs to ae temperature of the surface G,’ and 
whether G2 is equal to G.’ is certainly doubtful. In any case 
Gy’ > G, > G: > G.’ for such cases as the quantity G1’ is assumed 
greater than G.’. As was the case in Sec. 80, one can assume the 
existence of an accommodation coefficient a. Then, as in that 
section, one has the conditions 


Gi = Ga + a(Gy’ — G2) 
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and 7 ft rr 

Gs = G, + a(G’ = G@,). 
Thus, through addition, Gi + G. =G.' +G,’. As it was as- 
sumed that the gas about both plates was in temperature equilib- 


rium with A», then G, = G2’. Making use of this and of the 
relation above, one gets K in the form 


Again, 


Gy MES ORR EY 
Ge’ Ts 


where 7’; and 7’; are the absolute temperatures of the ae A, 


and As. Thus K = (lr — 1), or the pressure p = : 
2 bi 
n Ee For small temperature differences this changes to the 
simple form 
pI ats oy 4K 
K = re Bi Pe or p 4K ae pee 


Thus by knowing 7’; and 7’, and measuring K one obtains the 
pressure. Also it is seen that the momentum transfer per unit 
time K is proportional to the pressure. 

The theory was tested experimentally by using a heated strip 
of platinum opposite and near one side of a platinum vane sus- 
pended at its center by a wire. The force constant of the torsion 
balance could be determined from its period of oscillation. 
The suspended vane had a mirror fastened to the suspension by 
which its deflection could be measured. The temperature of 
the suspended vane was that of the room. The other strip, 
representing A,, was heated electrically and its temperature 
determined by its resistance, as it formed one arm of a Wheat- 
stone bridge. An example of the results obtained in air for 
plates 0.55 mm apart is given below. First are given 7; and 7. 
T. was measured at the beginning of each experiment before 
heating 7;, on 7;. From the equation the pressure was calcu- 
lated from the observed deflections. The pressure, as is seen, 


a 


is quite constant. The average value 2.28 is to be com- 
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pared with gage measurements which gave the air pressure as 0.20 
dyne 


m2 


and the vapor pressure of the Hg at this temperature as 


Shik the sum giving the observed pressure as 2.24 ae 
cm?, em 


in good agreement with the absolute manometer. 


2.04 


Hater ietaniais sx diss 31.7 73.3 118.9 155.5 198.5 | 233.0 
1h ee 23 .4 23.5 23.7 24.1 24.7 25.6 
[OSE tos Oo 2.31 2.39 2.45 2.32 2.27 2.20 
an Sete eens ae 252.0 | 274.5 | 299.5 | 328.9. | 351.9 | 376.2 
of ee ee eee aa 26.7 28.0 29.6 31.7 34.2 37.2 
PRR aah sgh abn, dudes 2:19 2.21 2.20 2.23 2.27 2.31 


The experiments show that this gage does give good results 
when the conditions are fulfilled that L, the mean free path, is 
large compared to: the distance between the plates. In the 
original article more precise forms of the apparatus are described 
and realms of applicability are discussed. For the scope of this 
text, however, the material given suffices. 

In a later article, von Smoluchowski?® discusses and revises 
Knudsen’s theory of the absolute manometer. He points out 
that if this theory using the Maxwell factor f is applied one has 
Knudsen’s expression for the force K = Ak r _ 1| If, how- 
ever, the accommodation coefficient a is used, this equation 
is only an approximation. Complicated considerations, for 
which there is no room in this text, taking into account the fact 
that when a is less than unity it is necessary to deal with four 
velocities instead of two, lead to a new equation. This takes 
the form below, which, as is seen, includes the accommodation 
coefficient : 


Sy eee Vazed J Pi) A 

a | Tite od (0 aA(r : 

When a is unity it goes over into the first expression. : 
82. Thermal Transpiration.?\—If two vessels are filled with 


gas at atmospheric pressures and they are connected by a tube 
with a diameter large compared to the mean free path, it is usually 
assumed that if one tube is warmer than the other the pressures 
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will be the same in both vessels, although the densities vary 
inversely as the absolute temperatures, that is, in Fig. 46 on one 
side of the partition A one has a volume V1, a temperature 7), a 
pressure 71, and a density pi, while 
on the other side the temperature 
is 7's, the pressure po, the density 
pe, and the volume V2. Except 
for the small region of transition of 
temperature near A, it is asserted 
on the basis of observation that 
Pi _ 1 and that a eee This 
Pe re 

fact appears to be in conflict with the kinetio-thenme assump- 
tions. Suppose that the temperature difference 7, to T2 
could be sharply confined to the plane at A. The kinetic theory 
would lead one to expect that, since é, is the velocity equivalent 
to 7;, and é, that equivalent to 72, the equilibrium would demand 


N.iéi1 = Note. This means that We = 1. Multiplying both 
sides of the equation bys one has at once that Tits ied ai: ‘and thus 
262 


that - = aie fe. But this is in contradiction to the first statement 
2 2 : 


that ae . Obviously, both of these statements cannot be 


true a once. If the kinetic theory is to be correct, it 
must be shown that the two deductions are not incompatible. 
The discrepancy is cleared up when it is remembered that, in 
practice, one does not have an abrupt change in tempera- 
ture at ordinary pressures. There always exists a transitional 
layer many mean free paths long in which the equilibrium mechan- 
ism may be very complex, and it is probable that the reactions 
of the walls enter in. Osborne Reynolds** was the first to see 
the consequences of these considerations and to grasp the rdéle 
played by the walls. It was he who gave the name thermal 
transpiration to the phenomenon. If by some manner the 
temperature transition could be made quite abrupt, then the 
second law stated, that Nié, = Nef, must prevail and the con- 
ditions should be different. Such conditions would exist at 
low pressures where the temperature differences over a mean free 
path begin to be significant. Again, as in all such phenomena, 
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the walls play a large réle, and assist in maintaining large gradi- 
ents over a mean free path. The proof of the kinetic-theory 
assumption must lie in phenomena taking place when two bodies 
of gas are connected by a tube whose dimensions are small 
compared to the mean free path and in which there is a measur- 
able temperature gradient. In fact, it is observed that under 
these conditions p; is not equal to pe. A pressure difference is 
generated which depends on the pressure, molecular weight, 
coefficient of viscosity, and the diameter of the tube. The 
phenomenon can be made quite striking if a series of tubes with 
constrictions be arranged between two volumes and the constric- 
tion on the same side be heated to a high temperature. With 
10 such tubes heated to 500°C. each, Knudsen achieved a pres- 
sure in one bulb 10 times that in the other. At 14-mm pressure 
of Hg, and even at 3.5-mm pressure of Hg, he was able to get a 
pressure difference of 3 mm Hg in the two vessels. If the two 
vessels be connected by a second unheated tube this pressure 
difference will develop a flow of gas from one vessel to the other 
so long as the heating takes place. The direction of flow is from 
the region of lower to higher temperature. This must follow at 
once from the fact that such a flow builds up a pressure 7, 


greater than pz in the ratio of « pe before the equilibrium is 
2 


established. That the flow must go this way is seen at once 
also from the fact that N; is proportional to p; and hence to 


while N» is proportional to eS If 7, is greater than 72, then 


i 
Tae T 


Ne is greater than N;, in the ratio = The velocities ¢, and é are, 
2 


however, in the ratio , lz , thus the product Né, is less than 


Noé2 by the ratio as Hence the flow will take place from cold 
1 


to hot until the pressure ratio F i= alge builds up to check it. 


In case this does not occur, the ae will ai indefinitely as 
long as the gradient exists. If a body could be constructed with 
capillaries of the order of 10-° cm, then temperature differences 
existing at atmospheric pressures should succeed in causing a 
transfer. Such capillaries actually do exist in porous clay vessels. 
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If one of these be provided with a heating arrangement to warm 
the gas inside and then be sealed off so that its only outlet emerges 
through water, cold air from outside will pour in and will bubble 
out through the water. The pressures observed with strong 
heating may amount to several centimeters of Hg, and some 100 
cm?’ of gas per minute can be made to pass through a bulk of 100- 
cm* volume. 

Thus the phenomenon of thermal transpiration is not an insig- 
nificant one and, further, it results in completely removing the 
apparent paradox facing the kinetic theory by an analysis of 
what occurs in the region of the gradient. It is therefore worth 
while to study it briefly before closing the subject of low-pressure 
phenomena. To begin the analysis, the phenomenon may be 
regarded as follows: If a plate were placed in the tube, a pressure 
difference due to the difference between N1é, and Noé would be 
set up. Ifthe plate were free to move, it would encounter a force 
against the walls of the tube. From the kinetic theory it is seen 
that, even were the plate absent, the walls would receive a tan- 
gential force when the temperature gradient exists. To study 
this assume a tube with a mild temperature gradient down it 
such that the density does not change appreciably over points a 
few free paths apart. Then the molecules striking it from one 
direction (7.e., the warmer side) give it an impulse proportional 
to né; and those from the other direction give it an impulse né:2. 
If the temperature gradient is small, the number of impacts dn 
which unit surface receives from the solid angle dw at an angle 
eon, Eécosa. Letit be assumed that decreases in the 
direction of the tube, where dj is an element of length of the 
tube of the order of magnitude of the free path X. Here also 
é is the average velocity of the molecules in the cross-section at 
the element, assuming ¢ constant over the area of the cross- 
section. Assume a rectangular coordinate system with origin 
at the surface. The /-axis is along the tube, and the z-axis 
is normal to the surface. The axis d of the solid angle makes an 
angle a with z and an angle 6 with J, where \ is the mean free 
path. The average velocity of the molecules will be the velocity 


aisdn = 


corresponding to , and this velocity is é + ct cos 8 when a 
is to the right of the yz plane and é — a d cos 8 when it is to the 
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left of this plane, if = 
is small compared to the diameter of the tube. The momentum 
received per cm? of surface for impacts to the right of the cross- 


section in the yz plane for the a angle dw is 


man(e+ | + — aN cos 8) cos B. 


From the opposite side of the a the momentum received from 
a similar solid angle is 


man(e S d cos B ) cos B. 
The net momentum received per second per cm? from the gas as 
a whole for dw is, therefore, 


dM’ = 2m any d cos? B, 


is assumed negative. In this case \ 


whence 
Vie 2m [7 cos Bdn, 


if it be assumed that the molecules leaving the surface are reflected 
equally in all directions. Putting the value of dn into M’ and 
integrating, for M’, the A a is obtained: 


dé 
a 
M! = — FgNminzy 
Introducing Maxwell’s patie of velocity then 
dé 
M = l oT N méd—- a 
va pe WA . . 
As Nméx = 0.30967 (see sec. 59), where 7 is the coefficient of 
viscosity, this becomes 
ae —3ry dé 


128(0.30967) dl 

The value of 7 here used is that of O. E. Meyer. 

This is the tangential force exerted by the gas on unit surface of 
the tube. If this force just balances the force of the molecules, 
equilibrium results, and there is no streaming motion. Thus if 
there is no streaming in the tube 


2rkRM — rRP = 0, 


where R is the radius of the tube. Whence the pressure gradient 
existing can be found at once as 

Gps 377 dé 

dl  64(0.30967)R dl 
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Now é = 4p alate 
t N\ 273po 


where 7 is the absolute temperature and p, is the specific gravity 


of the gas at 0° for a pressure of 1 i) As n varies with the 


temperature, according to a formula one has 


‘tan Li 


273 
1+% 


(see Sec. 62). 
In H;z gas, C = 83, 7. = 84 X 10’, and p, = 88.62 X 10-7”. 
Also 
GC 
273 
hs 
1+ T 


i 


can be set at 1.12 for two temperatures 7, = 800° and T, = 300°, 


@P _ 0139. For R = 0.0187, 


whence solving, one has R—- dl 


sie 


for the temperature difference 500°, pi — pe = 371.9 
With 10 such tubes in series separated by large-diameter a. 
D1 — pe = 3581 ean The observed pressure difference 


dynes 

em? 

As M is independent of pressure, this calculated pressure differ- 
ence should be independent of the absolute values of p; and ps. 
Experimentally, the observed pressure difference rapidly dimin- 
ishes with increasing p. 

To explain this case, the hypothesis of equal numbers of impacts 
from both sides, used in arriving at an expression for /, must be 
given up. This change would be expressed by assuming that at 
higher pressures streaming actually occurs in the tube and that 
this streaming is of such a nature that the wall receives less 
momentum than through M, for it is obvious that if N; and N»2 
were different streaming would occur. Since this streaming 
goes from cold to hot, momentum due to the streaming gas would 
also reach the walls and this would be, in a sense, opposite to the 


in an actual experiment gave pi — pe = 3693 
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momentum received due to ¢; being greater than é, going from 
hot to cold. Also this streaming motion must progress in the 
direction of increasing temperatures, for it is in this direction that 
the walls act on the nearest gas layers with their tangential 
forces. As in equilibrium the gas mass as a whole must be at 
rest, there must therefore be a streaming on the inside of the 
tube in a sense opposite to the streaming along the tube, when this 
streaming along the tube occurs, for the streaming along the wall 
would build up a pressure difference, the pressure building up on 
the hotter side. The return of this moved gas mass which results 
from the walls, in view of the pressure difference built up, will 
naturally take place in the interior sections of the tube where the 
only resistance to overcome is the viscous action of the gas 
(see Fig. 47). It is seen that if such an action takes place the 


Therma! 


- Si TF OU oe Flow due to 
Aa rte tt 


< < a <_< <— — 
P1*Fe <—_-  <— — ~— oo ee 
Cold Slow return flow _ menor 
r, . 
— <— — as <— <— 


pressures in the two vessels will be equal, while, owing to the 
difference between N,é; and Noée, a streaming does take place. 
This, of course, will occur only at higher pressures. At the lower 
pressures, where the free paths begin to compare with the tube 
size, the simple equations deduced above hold, and a pressure 
difference will be maintained. 

The flow under these conditions may now be investigated 
quantitatively. It is first necessary to calculate MW, the momen- 
tum transfer, which every cm? of the wall receives per second 
through the temperature drop, because the molecules coming 
from one side have a higher velocity than those from the other 
side. In the present case, ¢ is not the same for all molecules 
coming from any point in the cross-section of the tube. The 
isothermal surfaces will now make an angle with the walls. The 
velocity of the gas layers must decrease in the direction of 
the temperature gradient from the axis of the walls. Hence 
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the isothermal surfaces will make an acute angle with the walls 
in the direction of the temperature gradient. This will make the 
number of molecules which come from the left with particularly 
high velocities greater than those which come from the right 
with particularly low velocities. Thus the old expression for M 
is numerically less than the real momentum M received by the 
unit surface, regardless of the momentum which comes from the 
streaming gas along the surface. The new M may therefore be 
set as 

377 dé 
128(0.30967) dl 


where k; is not a constant. It is unity for normal isothermal 
surfaces and must vary with the distortion of the isothermal 
surfaces from the simple cases where they are normal to the tubes. 
As the mean free path decreases, the angle with the normal 
increases, probably converging to a value less than 90°. That 
this is probable follows from the fact that the mass of gas flowing 
along the wall must equal the return mass of gas flowing in the 
opposite sense. Now the layer of gas flowing along the wall is 
confined in thickness to dimensions comparable with a free path. 
Thus the velocity of the returning gas mass in the center of the 
tube must be very small. The difference between these veloci- 
ties must, therefore, approach a constant value, according to 


M = —-k, 


Knudsen, as the fraction ar increases towards infinity. Hence 


k, probably converges to a value somewhat greater than unity. 
It is seen, then, that for this case the momentum transfer is the 
old M multiplied by k;. Besides this, owing to the velocity of the 
layer next the wall, the momentum B due to this must be given 
the wall. From Knudsen’s work on the flow of gases through 
tubes (see Sec. 78) the following equations may be written: 
If B’ is the momentum received by each cm? of surface per second 
for a mass of gas G moving down a cylindrical tube under a 


pressure gradient oe 


3m 
I3 = 3p Nemo( 1 + et 


the mass of gas moves with an average velocity of slip V given by 


v= ieee) 


» where B’ is given by 
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This value of V is the slip velocity, and therefore does not contain 
the factor depending on the increase of v towards the axis of the 
tube which exists in all cases of viscous flow at higher pressures. 
If this be included, the mass of gas G flowing through the tube 
per second is expressed by 


by tn d 
ae Spe 
Ca ee 


G = —| ap + b —— oT 7 (See. 78). 


In this, ap? expresses the ordinary viscous flow and the 


second term the slip. Here, as in Sec. 78, a = os #* andt = 
446/22 +/p: R3, where R is the radius of the tube. Experiment 
1+ °"K 
showed (see Sec. 78) that the expression —— was best 
1478 


1+0. -osi22 
represented by mae At high pressures for which this 


1+ 


oh approaches infinity, and the above 
expression goes over to 0.81. Now B’ may be written as 


eS 
Rie” Nene 


32 


deduction is being made 


by replacing v by the value of v in terms of 
V the slip velocity. Hence B’ becomes 
_ 3r 


B St NomV oar 


For very small values of ae, B’ changes to 
| Pe eee 
BY’ = 39 NméV 


(Sec. 78). Thus B’ is somewhat greater than B”’. This may 
come from the fact that, owing to the increase in velocity towards 
the axis at higher pressures, the momentum given the wall is in 
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this case greater when integrated over all space. Where 
the velocity of the gas decreases toward the axis, which is the case 
in question with the flow along the wall and return flow in the 
axis, the momentum B given the wall will be lessened. Assuming 
that the same factor 0.81 is active here, one can write that B, the 
momentum transfer to the wall by the layer moving near it, is 
0.81 B’. Thus it may be roughly assumed that 


30 
B= 35 Nmc0.81V. 


Now as G = (ap + 0. g1b)2?, and as the second term, 0.81b- 


dp 
dl 


the velocity of slip V, then Ms may equate the mass flow 


down the tube 7rR*%pV = 0. soe? k V being the relative velocity 


» gives the mass flowing through the tube per second due to 


of the fast layer and the ene ae central layer. Again, 
equilibrium in the tube demands that G@ is 0, hence ap oP 
dp 
dl 
of the gas. This gives a value of V which can be placedin B.  B, 
accordingly, becomes 


— 0.81b-" and thus 7rR?pV = ap a where p is the density 


3(0.81) zw dp 
32 “ Rdl 
The momentum given the wall in this case is, therefore, the modi- 


fied M plus B. This momentum, as before, must equal the force 
exerted by the pressure difference set up, and one has finally 


B= 


2nR(M + B) + RAP = 0. 


If the values of M and B are agi in this equation, it becomes 


1+ 
0.00180 see oe 273 i 
1 tira ee V bo 
dp _ Z 
~ 145 
R + 25.98 a 
No to 
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Here C is the Sutherland constant for the change of viscosity with 
temperature. 


For a tube of radius R = 0.0187 and for H», where Ta 

Po 

= 8.933, at a temperature difference of 500°C., for which the 
Sutherland factor takes the value 1.12, one has 


dpe 0.0139 ki 
qd? 0.0187 + 0.000910 7, 
Integrated for a tube from 7; to T2, and putting k; = 1, the pres- 


sure difference in equilibrium becomes 


vs ie pi + 21.28 Ts\ 9-084 
pe = (pi — 0.7187) jt + 91.287, + 0.718 T. 


The results of measurements made in 7/2 with 10 tubes in series 
under the given conditions are included in the table below. The 
values are not computed for pressures less than 3.6 mm of Hg as 
the law as deduced does not hold in this region. At the lowest 
pressures the pressures should be given by the equation first 
deduced. 


Pressures observed in mm Hg Theoretical 
Observed 
1p Weed 2 f Pi — Pe Pi —sps 
Pi Ps for ki =1 | for ki = 1.45 
0.00978 0.00419 0.00559 
0.278 0.0314 0.247 
0.475 0.0476 0.427 
3.601 1.169 2.432 2.153 3.303 
4.834 2.058 2.776 O07 2.906 
16.5 1iaya | 1.4 0.96 1,22 
65 .2 64.8 0.4 0.33 0.50 
235.1 235.0 0.1 0.06 0.14 
760.0 760 .0 0.00 
For O2 
3.133 1.747 1386. 1.027 


So far, two cases have been treated, that for very low pressures, 
where pressure differences due to transpiration are observable and 
directly calculable, the other at higher pressures, where the pres- 
sure differences produced are smaller and complicated by the flow 
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along the wall and the return flow; that is, for ai quite 


small and ee very large the theory has been successfully 
worked out, although only roughly in the last case. 

Where a has values near unity, it is necessary that the 
assumption made above, that the molecules which strike the sur- 
face come from a region, on the average, a free path away, so 
that they have the velocity proper to that region, be modified, 
for at the lower pressures the last impact may have been with a 
wall at less than a gas-free path distance. To do this, one must 
estimate the distance \’ covered by the molecule after striking 
the surface of the tube or some other molecule until it strikes the 

1 
rere 
uanoR 
If \ is large compared to 2R, then \’ = 2R. This must replace 
d in the first expression for M, where this expression for M is also 


surface element considered. Analysis shows that \’ = 


multiplied by a factor & which varies” withi= aie 


r 
3a = ede : ; : 4 : 
198 kNmér dq Putting in this correction and performing 
the operations as before, 

dp 38 1 dé 


Pp bee eee 


If 2R is very small compared to X, the equation becomes 
dp _ 3), de 


Dp 4 ¢ 
Since 


as was seen in the beginning of this section, & in this case is 44. 


: = : dp ae: 1dT Pie 1 
Putting T for ¢in the equation, then Same im when =) 7, 
This is the result arrived at from the very elementary reasoning 
at the beginning of this section. 

Where 2 is large compared to \, \’ = x. For this case k 


becomes unity and one has the expression first deduced. With 


i 
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intermediate values of 2R with respect to \, k can be assumed 


Lie kage dé _1dT 
14 Re —) putting — Pat ti, > and 


about e Accordingly, ap 
Te hs Men 2T 


3 


pelo x no T_T. 
(0.30967)273+/8 ~/p, P Pp 


Integration gives 


Ti + 2Rp 
1 Pi = if 1 
og Bg 5 log srr, + 2Rp 
Call p; the pressure at the ahaa transition between two tubes 
of radii R and R,, where RF, is greater than R, and, assuming that 
the above equation holds for both tubes, one has for the pressure 
po’ at the temperature 7’; ne relation 
Ti + 2Rip. 

l Pr pa 5! f 1 1 

wp! 28 fT, + Rip 
Subtracting the two eae one has 
Do! A 1 log fT cL 2Rp : fT» + 2Rip ‘ 
pe Jf3 + 2hp {71 + 2Rip 


This gives as an approximation 


log 


D2’ Sr P22 Pp = Ts 
fee Ea (PP : 
P2 3) ( ; R= T 1's 
It is seen that p.’ for the wider tube is the greater; also that Paso ve - a 
2 


is proportional to 7; — 72, to Ri — R, and to p. This law, of 
course, holds only for the lower pressures. 

As has been seen from the experiments, the theory agrees quite 
satisfyingly with the observations. This indicates that, while 
it may be in error in certain assumptions, it is, in the main, correct 
and can be accepted as explaining the phenomenon. 

83. Radiometric Forces in Gases.—It was remarked in Sec. 
81, where the force between two plates at different temperatures 
in gases at very low pressures was derived, that this phenomenon 
might be classed with the various other radiometric phenomena. 
In the sense that the forces involved are due to molecular impacts 
depending on differences of temperature at reduced gas pressures, 
they might be identified as belonging to the same class of phe- 
nomena as those usually termed radiometric. From _ the 
mechanical point of view, however, the resulting mechanisms 
are radically different in the two cases. The radiometric effects 
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which have been mostly used for measurements of radiation 
intensity are most effective and prominent in a pressure régime 
much higher than the régime investigated by Knudsen. Their 
maximum efficiency lies at about 0.05 mm Hg, the exact location 
of the maximum depending, of course, fundamentally on the 
dimensions of the apparatus. Aside from the fact that the 
theoretical treatment depends largely on questions of design 
and has been only incompletely worked out, the pressure régime 
involved makes it scarcely more than deserving brief mention in 
this chapter. 

The repulsion of a radiated body under radiation was first 
observed by Fresnel. W. Crookes studied it beginning in 1873, 
and devised many different forms of the device. Among these 
was the well-known vane radiometer, in which light vanes 
blackened on one side were mounted about an axis free to rotate 
in a partially evacuated space. These radiometers are fre- 
quently seen in opticians’ windows and are called after their 
discoverer the Crookes radiometer. Crookes found that the 
radiometric force was a function of the gas pressure, depended 
on the absorption coefficient of the wing surface, and was pro- 
portional to the intensity of radiation. Schuster showed that 
this was not due to light pressure. He suspended the chamber 
as well as the vane and found that the vane was moved relative 
to the chamber. This indicates that it was a relative force 
between vane and walls, and not the light pressure, which acted. 
Had it been light pressure, both vane and chamber would have 
been displaced. Donle investigated the forces keeping the 
pressure constant. The information gained by him and others, 
notably Nichols and Rubens,*‘ and Nichols and Hull, dealt chiefly 
with the radiation side of the phenomenon and Nichols** devel- 
oped a very useful radiometer for the study of radiant energy 
based on this action. 

Even as early as 1874 the effect was ascribed as being due to the 
unequal bombardment of molecules produced on the two sides 
by differences of temperature. That actions of this sort do occur 
was seen in Sec. 81, where Knudsen’s absolute manometer was 
discussed. The pressures where such simple actions occur are, 
however, much lower than those obtaining in Crookes’ experi- 
ments, and it was soon noticed that the explanation given was in 
contradiction to the kinetic theory at the higher pressures. 
Many attempts were made in those days to explain and derive 


i ! 
€ — 
ee, 
—_ - 
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quantitative theories for the phenomenon which would fit 
experimental facts. These largely failed for two reasons: In 
the first place, the pressure measurements until 1909 were not 
reliable, for it is only since Knudsen’s work that low-pressure 
measurement has reached any degree of precision. In the second 
place, very few of the experiments were ever correlated with the 
temperature measurements on the vanes. The importance of 
the latter will be seen in later discussion. As a result. of the 
analyses of the phenomenon, two rival schools were set up. 
The first group contended that repulsion was due to a surface-area 
effect, and was proportional to the blackened surface. This was 
contended by G. J. Stoney** and by Fitzgerald.24 On the other 
hand, Maxwell,!*** with his remarkably clear vision, contended 
that the large portion of the areas of the vanes were inactive and 
that it was only at the edges that one had any stress arising from 
inequality of temperature in the gas. O. E. Meyer concurred 
with Maxwell in this view. On Maxwell’s theory, therefore, no 
forces other than edge effects could cause the pressure. 
Recently, Miss Edith Einstein again attempted to derive a 
theory for forces proportional to the whole surface, in which she 
carried on Maxwell’s calculations, using higher-order terms. 
Of this, more will be said later. 

In more recent years, interest has again revived in this field, 
largely through the experimental work of Gerlach and West- 
phal,?®> Westphal?® and Gerlach?’ independently, and finally 
Westphal.?® Westphal in 1919 deduced a theory of the effects 
which virtually stood until 1924. In 1924, two theoretical 
papers appeared.* One was due to Hettner and Czerny’® and 
contained an experimental test of some of their conclusions. It 
dealt with the repulsion type of radiometers, such as used by 
Nichols in radiation measurements. The other paper was by 
A. Einstein,®° and dealt in a semiquantitative fashion with the 
Crookes type of radiometer. The content of these papers gives 
today a clear picture of the nature of the usual radiometric 
phenomena, and they will form the basis of this section. Suffice 


*Recently the work of Hettner®®’ has been carried further in a paper 
“The Theory of Photophoresis,”’ Zeits. f. Phys. 37, 179, 1926. This paper 
carries to a successful conclusion the previous work and explains the whole 
phenomenon quantitatively including the queer negative photophoresis, 
(apparent attraction of light for certain small particles) first observed and 
named by Ehrenhaft. 
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it to state that both indicate the predominance of the edge of the 
vanes in the two phenomena, thus establishing the correctness 
of the view set forth by Maxwell!®** in his paper. The work of 
Einstein has recently received partial experimental confirmation 
by Marsh.?*! 

Just preceding the work of Hettner and Czerny, Miss Edith 
Einstein®? worked out a theory of the radiometer for pressures 
where the free path was not greater than the dimensions of the 
plates. This theory gave the variations of radiometric forces 
with pressure which were observed experimentally. The theory, 
however, led to radiometric forces proportional to the square of 
the heat flow in the gas. This would mean that the intensity of 
the forces should be proportional to the square of the intensity of 
illumination, while the observed forces are proportional to the 
first power of the intensity. Furthermore, Czerny made measure- 
ments of the absolute magnitude of the radiometer forces which 
showed them to be 10‘ times greater than those calculated from 
Miss Einstein’s theory. From this Hettner and Czerny con- 
cluded that, while the effect predicted by Miss Einstein probably 
existed, it constituted but a.small fraction of the observed effect. 

In seeking for an explanation, Hettner and Czerny reverted 
back to the theory of Maxwell discussed in Sec. 77, in which 
Maxwell concluded that, because of temperature gradients at the 
surfaces of solid bodies, tangential forces could be set up which 
would produce a streaming along the surface. Such surface gas 
currents Maxwell suspected might be the cause of the radiometric 
effects, and were the basis of his suspecting the edges as being 
the seat of action. The tangential forces assumed by Maxwell 
were, however, proportional to the second derivative of the 
temperature. They would, therefore, although playing a rédle, 
cause small effects compared to forces produced by the first 
derivative of the temperature. Maxwell** had also calculated 
forces depending on the first derivative, but had not applied them 
to the radiometer. 

The forces last referred to are, however, nothing other than the 
familiar forces discussed in the preceding section, and which led 
to the phenomenon of thermal transpiration. For very low 
pressures, this phenomenon was worked out by Knudsen, who 
also discussed the case at higher pressures. His considerations 
were worked out, however, for special cases, and were not partic- 
ularly adapted to the problem in hand. Furthermore, they 
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were more or less first-order approximations. Maxwell’s con- 
siderations. were much more general. At his time, the relations 
between molecular impacts and surfaces were not known. The 
present-day knowledge enabled Hettner and Czerny to carry the 
latter calculations through in a more rigorous fashion than had 
been done before. They, in general, use Maxwell’s method, 
which is based on the development of the distribution of velocity 
functions as powers and products of the velocity components. 
As this method in the form used is beyond the scope of this text, 
the results of their calculations only will be given. Calculation 
shows that the velocity of the layer next the surface relative and 
parallel to it, ws, is given by the equation 


duz _ 3 n oT 
He: An ae wy ae 


In this equation ¢ is the coefficient of slip of the gas, ¢ = 
J Hd ns - (Sec. 77), p is the density, 7 the coefficient of viscosity, 


T the absolute temperature, and 2 is a length along the axis nor- 
mal to the surface, while xz is the length along the axis chosen 
parallel to the temperature gradient. If for 7 one put K, the 
coefficient of heat conductivity for a monatomic gas, where 
<= a! ae the equation becomes 

te ede Bp ox 


: : ‘ T ; 
This equation gives the uz the same sign as the a which 


eRe ee > fl 
signifies that the velocity is directed in the same sense as — 
is positive. That is to say, ue goes from cold to hotter points 


. 3 oT 
along the surface. If one neglect the slip term, uz = n or aoe 


: 392 
This for = = 1° for air at room temperature has the value = 


cm oe 


——- If the pressure p is 392 
sec. 


» (0.294 mm Hg), the velocity 


will be 1 << It is, therefore, obvious that currents with 


considerable velocities can be set up for even small temperature 
gradients. 
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To compare their result with Knudsen’s it is essential to cal- 
culate the tangential force —pi2. exerted on the wall by the gas. 
Calculation gives 

nO0U, 3 Rok 


aus pes = n 
Pia = 3 %2 4 \/a, NMT on eee 


From the expression for uw: above os can be eliminated and then 


p,2 8l. || eo 
Pit ag NUD ef re 


Knudsen calculated — p12 in Sec. 82 as 


Si ee ee ay ek: 
Pi ~ ~798-0.31 dx 
This transforms into 


lh Or 
Oo —0.197 MT ax 


while Hettner and Czerny’s equation yields 


R aT 
MT ox 


for a resting gas. 


—Piz = 0.307 


Uniform 
neh temperature 


Current--- 


Cold ROA 
on plat e 


Fig. 48. 


The difference lies only in the numerical factors 0.30 and 0.19. 
Knudsen’s experiments gave twice the theoretical value for 
—Ppi2, and thus Hettner and Czerny’s value is distinctly more 
satisfactory. 

To carry this over to the case of a radiometer, consider the 
system shown in Fig. 48. Plate I is heated with a temperature 
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gradient such that the upper edge is warm while the lower edge is 
cold. Opposite it a cm away is plate II of uniform temperature 
throughout. There will be at the surface I a current from cold 
to hot of velocity u.. The reaction to this will be a foree on the 
vane downward. - Call wu, the value of uz at the plate II, that is 
acm distant from w2. The velocity ue will then be given at any 
point x by 


x 
Ug = Uo + (Ua ot Uo) 


The hydrodynamic equations between the plates are fulfilled, 
together with the velocity conditions imposed by the equations 
deduced, when 


Ua — Uo c= 3 n or’ 
cL ere a ~ 4pT dx 
and ta + pa = 0, whence it follows that 
a aN 8 ot 
(Ua, w)(1 a )) «4 pT da 


Under the conditions where the equation applies, a must be large 
compared to a free path, while the coefficient of slip has the 


dimensions of a free path. Thus = is negligible. The 


tangential force of reaction on the plane is then per em? 


oT 
As one can measure py, and as a, p, 7’, n, and ay are known, the 


theory may be tested. This test is being carried out by Hettner 
and Czerny.®® 

It is now the question whether these tangential forces may not 
be able to explain quite a number of other of the radiometric 
effects. A qualitative discussion of a few of the more common 
types will be taken up at this point: 

1. Rubens and Nichols designed a radiometer of the type 
shown diagrammatically in Fig. 49. Plate I is blackened and 
illuminated. Plate II is a conducting plate, or one that is uni- 
form in temperature and not heated. It happens from the 
geometry of the system that the illuminated plate has a tempera- 
ture gradient from the center C to the edges. The existence of 
such gradients has been proved experimentally by Marsh*! on 
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blackened radiometer vanes of mica, by direct measurement. 
He observed, at 1.2-, 0.4-, and 0.04-mm pressure, temperature 
differences of 0.16, 0.24, and 0.28° on two points, 1 cm apart, of a 
vane of mica 0.45 mm thick when illuminated on the blackened 
side by light from a Point-O-Light lamp. The one point chosen 
was 1 mm from the edge, the other at the center of the vane. 
As a result of this gradient the gas will flow along the heated 
vane from the cooler edges to the center. As the opposite vane is 
cold and uniform in temperature, the return current of gas 
will flow from the center outward along the surface of plate II. 
Such a flow of gas as indicated by the arrows will, owing to gase- 
ous viscosity, build up a pressure in the center. Thus one will 
have repulsion between the two plates. Hettner and Czerny 
calculated the radiometric force for this case, but do not give it. 
It is stated that the forces in this case for the same ratio of plate 


~ 2 d ee 
Bey YJ 
Wea = arena seating 2% (197 P 


me od ee Uniform 
me 4 “ (Al P Temperature 
i a Blackened I Cold I 
Fia. 49. 


area to plate distance are greater than the one previously calcu- 
lated for the lateral thrust on the vane. 

2. If both surfaces I and II are illuminated, the currents then 
flow along both surfaces from the edges to the center. The return 
currents occur in the center. ‘This arrangement therefore simply 
gives greater forces of repulsion compared to the hot and cold 
plate. 

Perhaps one of the most striking proofs of this mechanism is in 
those forms of radiometers where the motion can take place in 
the direction of the sharp edges. As the edge is cooler than the 
central part, it will cause the metal to be given an impulse in the 
direction of the edge while the gas streams in the opposite sense. 
An amusing form of such a radiometer is one made of two half 
cylinders of bright tin, mounted on arms placed on a pivot. 
On illumination, these rotate about the pivot with the concave 
sides leading. 

The actual calculation of the forces and their quantitative 
verification, however, must be confined to simple cases. In 
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most cases the complex nature of the interaction of the gas and 
the walls, the unknown temperature gradients, and the effects 
of the gas on cooling the vanes make accurate study nearly 
impossible. A word more in this connection might be said of 
the variation of these forces with pressure. From the theory the 


force K is proportional to : and hence to - for the higher 


pressures. On the other hand, at lower pressures in the Knudsen 
régime K is proportional to the number of molecules, that is, K 


is proportional to p. Thus, roughly, one may write K = : 


for larger pressures and K = bp for very low pressures. Whence 


one may write that ae + i to a first approximation. This 


bay: 
leads to Westphal’s observed “‘symmetry”’ of the radiometer 


function in logarithmic presentation. For if one set AE = Mp, 


and log a = x, then K = » which is symmetrical with 
0 


a 
e* +e-* 
regard to the maximum at « = 0, or at p = po. It must be borne 
in mind, however, that the pressure relations discussed ‘hold only 
for constant temperatures and temperature differences. In 
most radiometric work these change radically with the pressure 
also and the importance of measuring the temperatures as well 
as the pressures must be emphasized when studying these effects. 

In a paper published simultaneously with that of Hettner and 
Czerny, A. Einstein*®® treats in a qualitative but clear manner the 
theory of the action of the vane radiometer first made by Crookes. 
His considerations are as follows: 

1. Take a body small compared with the mean free path placed 
in a gas space of large extent in which there exists a temperature 
gradient. The homogeneous temperature flux lies along the 
z-axis. All molecules are considered as having the same velocity 
u except for small differences representing the temperature 
gradient. It is further assumed that the molecules only move in 
the directions of the coordinate axes. The mean free path L 
is treated as a constant. This schematic representation of the 
gas will give results of the proper order of magnitude. Using 
more rigorous methods will cause only small changes in the 
value of a constant factor, as is the case with all refinements of 
kinetic-theory treatment. 
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Assume a surface element s whose size is small compared to L 
placed normal to the z-axis, and assume the absence of any mass 
motion of the gas. Then exactly equal number of molecules pass 


through s per second in opposite directions equal to H(gNsu), 


where JN is the number of molecules per cm*. To account for the 
heat flow, the velocity of the molecules uw, in the positive sense 
of the x-axis must be slightly greater than wu and that of those 
on the negative side u_ slightly less than vu. The heat flow sf 
through the surface is given by 


sf = 5 Nouba? = ra) 


If one call yu? = 3K T, and if one assume that wu, and u_ are 


appropriate to the temperatures existing at the place of their 
last collision (7.e., at L em away from s), then one has in place of 
the above expression 


N dT 
ies eat 
1G Rae Sea 
for gn (ui? — u_?) = ok aa (2L). 


In place of the surface area considered, let one now assume a 
small solid body of surface s. There will be more momentum 
given it per unit time from the positive side of the z-axis than 
from the negative side. Thus there will be an excess of momen- 
tum k in the direction of the positive z-axis. This is given by 


kre 5Nsu(muy — mu_). 


If the impulse given due to the recoil of the impacting molecules 
is neglected, then & will also be the force on this surface. From 
this expression and the preceding one, the following equation 
results 


Oe ipa pet Rt 
eo re 
if it is assumed that wu, and u_ are nearly equal to wu, for 
s=— aNow 5 (ts — u_)(u, + u_) 
= ee or fs = ku, 


where p is the gas pressure. The quantity f is, of course, only 
the heat flow due to translational velocity. To get the velocity 
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v of the particle the frictional force K’ of the gas on the particle 
must be calculated. This force arises from the fact that the 
particle gives every molecule it strikes the impulse mv. A simple 
calculation gives this as follows: Call v the velocity of the 
particle, and m its mass. The molecules striking it from behind 
gives 2m(u — v) of momentum to the particle, the one striking 
from in front gives —2m(uw+v). The number of collisions 
from behind in unit time is 14¢Ns(w — v) and from in front is 
LéNs(u+v). The net momentum transfer in unit time is 
L6Ns-2m[(u — v)? — (u + v)*] 


1 
= aVsm[—4u]. 
The resisting force K’ is, therefore, 
Kt =i sNsu(mo). 
Equating k and —K’, 
a eB 
- 4RTn £8 Todx Ap 


This velocity can be quite appreciable, and if the particle is small 
compared to L the velocity is independent of s as the equation 
shows. If LZ is 0.1 cm, a = 30, T = 300°, and in Hp gas 
one obtains v of the order of 10? cm per second. At atmospheric 
pressure this would be 0.1 mm per second. 

2. Consider next the effect of a small hole in a large thin parti- 
tion placed normal to the heat flow. It is well known that ina 
vessel, even if its temperature is not uniform, there exists an 
equality of pressure. This holds as long as the dimensions 
considered are large compared to a free path as seen in Sec. 82. 
Thus if the small elements of the preceding paragraph had 
been replaced by a large plane normal to the temperature flow, 
even though a temperature difference existed on both sides, the 
pressures would be equal. Every molecule striking from the 
negative x direction has a velocity u, on striking and leaves with 
a velocity wu in the direction of the negative x. », such impacts 
occur per second per unit area. The quantities u,, u, and v, are 
the corresponding quantities on the positive side of x. It is 
assumed that u, the velocity of recession, is the same in the 
positive and negative senses of x. The condition for equality 
of pressure is that the total pressure p = mp,(u + Un) = mrp- 
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(u + wp»). Moreover, the heat flow must be the same on both 
sides of the plate, which is expressed by the equation 


m mm 
fm 7 (ue? — 8) = “(t= ae 


Dividing the eee equation by the first, 


2f 
Pp 
If this be placed in the expression 


= = yp(u + Un) = v,(u + Up), and if me be called » and 


= Un — U =U — Up. 


Pp 


Nu BPC A PS: ms 21), 
set equal to — 6? then 7 = r(2u + a) and ite ro(2u s 
Whence 


If there were a minute hole of surface s in the plane, then (v,— »,)s 
more molecules would pass through in the sense of decreasing x 
in unit time than in the other sense. Thus the hole would have a 
current of gas of velocity v given by vp — » = —Nv passing 
through it. From this equation and the preceding equation, 
therefore, 


Both these considerations belong really to the pressures in the 
Knudsen régime. They, however, furnish a clue to the problem 
of the radiometer at higher pressures, for consider a vane of area 
large compared to a free path but placed in a vessel whose dimen- 
sions were larger than that of the vane by many free paths. At 
some distance from the edge of the vane, equality of pressure will 
exist as deduced above. At some distance beyond the edge of 
the vane, if a temperature gradient exists, conditions will obtain 


sf 


in which a minute body would experience a force es At the 


edges of the vane a gradual transition will occur between the two 
conditions. The width of the zone where this occurs will have 
the dimensions of a free path L. There will thus be a pressure 
normal to the edge of the vane whose value per unit length of 
edge is given by 


ee L? oT 
A ee OT ox 
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This will occur as long as the plate or vane is large compared to 
the tree path. 

For the case of a vane warmed on one side only, the equation is 
deduced in order of magnitude only and the deduction is not 
given. The force per unit length of the edge is found to be 


JN 
Sar thins 


It is seen that the equation predicts a force which will move the 
vane from the warm to the cold side. The force is not propor- 
tional to the area of the vane, but to the area of a strip along the 
edges one mean free path wide. Furthermore, in the radiometer 
heated on one side the force should be independent of pressure, 
for pL is a constant independent of pressure. 

To test this out Marsh, Loeb, and Condon®’ made radiometers 
having vanes suspended from a quartz fiber. These vanes were 
so constructed that they had equal area moments about the sus- 
pension, but their edge moments were greater on one side than on 
the other. On illumination, such vanes always deflected towards 
the szde of greater edge moment. ‘The deflections were not in the 
ratio of the edge moments, however. Later investigation by 
Marsh?! showed that this was due to the fact that the deflection 
is proportional to A7’ as well as to the edge moment. The side 
of the vane with the greater edge moment was, by measurement 
of its temperature, found to be markedly cooler than the side 
with the smaller edge moment. This was in keeping with the 
cooling effect of the edges mentioned by Hettner and Czerny. 
Again, the deflection should be independent of the pressure. A 
fourfold increase of the deflection was observed from 0.4 to 0.04 
mm. It was found that the quantity AT also increased by a 
factor of 3 for the same pressure change. As the accuracy of 
temperature measurement was not high, it is impossible to say 
whether or not all the change in deflection with change in pres- 
sure could not be ascribed to changes in AJ’. Finally, the equa- 
tion given by Einstein, which is good in order of magnitude only, 
was checked by actual measurements of the forces on the suspen- 
sion, and the values of p, L, AT, and T observed. The force was 
found to be 0.02 dyne per cm of edge at a pressure of 0.03 mm 
The Einstein equation gave a force of 0.03 dyne per cm of edge 
at the same pressure and with the value of AT observed. This 
agreement is good considering the experimental uncertainties and 
the undetermined constant in the equation. 
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The field needs further careful experimental work under con- 
trolled conditions and with a knowledge of the temperatures 
involved. Work of this nature would help a great deal to guide 
further theoretical investigation. 

84. Reflection of Molecules from Surfaces, Adsorbtion, and 
the Theory of Evaporation.—In the preceding sections of this chap- 
ter it has been seen how important the knowledge of the nature of 
the reactions of molecules with surfaces is for low-pressure 
phenomena. Some of the ideas have been developed as the 
various phenomena were discussed, and it was seen that a better 
understanding was gained as time progressed. It needed, how- 
ever, more than this to clarify the situation and it was not until 
the study by Wood,** of what he called a ‘‘diffuse reflection”’ of 
atoms from the walls of a glass tube, that a more critical 
review led Langmuir*® 4°44 to publish a series of articles in which 
he connects this phenomenon with the adsorption on surfaces. 
Shortly after Wood’s paper, Knudsen also published some results 
on this subject. The generalization by Langmuir, which 
because of its scope is very valuable, was independently derived 
by Frenkel,** who works out the equations in a more complete 
and noteworthy fashion. The content of the work of these two 
men will largely constitute this section. 

Wood used jets of atoms of evaporating metal in vacuo similar 
to those studied by Dunnoyer.*t He observed that such a jet 
of atoms on impinging on a cold surface was reflected back down 
the tube in a diffuse manner, showing no tendency to condense 
on the glass tube, although the temperature of the latter was way 
below the condensation temperature of the metal. If the glass 
in the case of mercury or cadmium was cooled with liquid air at 
the point of impact, condensation at once occurred. After it 
had started, even if the air was removed, the atoms continued to 
condense. If the glass target was not cooled but the bulb in the 
neighborhood was cooled, quantitative measurement of the 
deposit of metal on the walls showed that the atoms were diffusely 
reflected from the polished glass surface. That is, the amount 
of metal reflected at any angle with the surface followed the 
cosine law quite accurately. A clever geometrical modification 
of this experiment was carried out by Knudsen,*? following 
Wood’s first paper verifying the existence of the cosinelaw. At 
first Wood believed to have observed that there was an absence 
of deposit in a small zone where, according to the cosine law, 
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there should have been a slight deposition. Later experiments 
with cadmium did not show this. As will be seen further on, 
certain recent results of Chariton’® and Semenow indicate that 
the reality of this zone has a bearing of considerable importance 
on the theories of the phenomena. The conclusion Wood drew 
was that there was a characteristic critical temperature above 
which atoms of a metal would not condense on a glass or non- 
metallic surface. This temperature, however, was far below the 
boiling point. On a metallic surface, at least one made up of 
their own kind of atoms, they will condense at once if the tem- 
perature is below the boiling point. For the cases where conden- 
sation did not occur, the direct measurement of the distribution 
of atoms leaving the surface indicated diffuse reflection. This 
observation by Wood of diffuse reflection of atoms was the first 
direct observation of the postulated diffuse reflection resulting 
from the experiments of Kundt and Warburg,? Knudsen,!! and 
others. On the suspicion that possibly this was a case of conden- 
sation and reevaporation, Wood heated his target. He, however, 
still observed the cosine law. 

In studying the evaporation processes of metals from filaments, 
as well as certain chemical effects caused by them, Langmuir had 
arrived independently at a somewhat different view of such phe- 
nomena. He believed that for the cases observed by Wood of 
what the latter termed diffuse reflection, one had no reflection 
in the real sense, but an actual case of condensation and 
reevaporation. 

At first sight it might be thought that the distinction between 
a diffuse reflection and a condensation and reevaporation was 
rather a hair-splitting one, for in any case the condensed layer of 
atoms postulated by Langmuir cannot be appreciable in thick- 
ness. Thus the atoms must condense and reevaporate very 
rapidly. In fact, it is conceivable that the time of impacts with 
the surface, resulting in diffuse reflection, is quite the same as the 
time which the condensed atoms spend on the surface. If this 
were true, the two processes would appear to be indistinguishable 
in the limit, and perhaps they areso. This is only an appearance 
in the general case and the difference in point of view is an 
important one near the critical temperature which can be tested 
experimentally. If reflection takes place at a given temperature, 
and if there is a critical temperature of condensation, the con- 
densation may occur sharply at the critical temperature and will 
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not depend on the density of the stream of impinging atoms. On the 
other hand, on Langmuir’s condensation and- reevaporation 
theory, condensation and evaporation will depend very markedly 
on the density of the atomic stream, for the rate of evaporation 
depends on the temperature, while the rate of condensation depends 
on the density of the atoms near the surface. For low stream 
densities where evaporation is rapid compared to condensation, 
the two phenomena may appear to be the same and in the limit 
may be so. Near the condensation temperature a considerable 
increase in the density of the stream of atoms could cause an 
accumulation of atoms on the surface which would disappear on 
reducing the stream density, provided a condensing layer did not 
fully form. No change would occur on reflection, for the number 
of reflected atoms would be equal to the number of the impinging 
ones. Long since Langmuir’s article came out, Chariton and 
Semenow,** by a very ingenious scheme, have actually shown that 
the condensation on a surface with a temperature gradient down 
its length occurs at lower temperatures where the density of the 
atom stream is reduced. The evidence is not accurately quanti- 
tative and one may question it on other grounds.* Until it is 
more definitely proved, it must not be accepted as final. It, 
however, points strongly to the correctness of Langmuir’s point 
of view. 

That the point of view is justified in some cases follows also 
from considerations of the forces involved. It is obvious that the 
forces of the atoms of an element in the solid state are strong 
enough to cause condensation below the boiling point. When 
the atoms strike surfaces of other solids, there must also be adhe- 
sive forces of considerable magnitude active. That these should 
not be as great as the cohesive forces of the atoms in the solid is 
not surprising, although this does not seem to be the case for the 
monomolecular layers of gases condensed on metalsurfaces. That 
the forces come into play is, however, shown by the condensation at 
lower temperatures. These forces must to some extent influence 
the interaction of the atoms and the surface. They must increase 
the duration of the time during which the atoms exist near the 
surfaces, and it is not impossible that in some cases they actually 


* The doubt comes in on the question of the existence of a temperature 
gradient normal to the main temperature gradient which would make the 
edges of his plate cooler than the center. Chariton believes to have elimi- 
nated this but the question may well be raised. 
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cause condensation. Certainly, near the critical condensation 
temperature they do become of importance, and should cause just 
the effects observed by Chariton and Semenow. With this point 
of view it is important to analyze the results obtained in the other 
sections of this chapter and to see how they correlate with this 
viewpoint. Later it will be worth while to analyze the mechanics 
and the kinetic theory of the process further. 

Langmuir opens his discussion with the evidence that atoms 
are not reflected from surfaces of their own atoms. The experi- 
ments of Wood on “reflection”? and Knudsen on the rate of eva- 
poration of mercury atoms from a mercury surface, as well as 
many experiments of Langmuir on rates of evaporation of fila- 
ments, indicate that practically no atoms of the metals studied 
are reflected from surfaces of their own atomic species. Weyssen- 
hoff** studied the reflection of atoms of mercury from iron and 
gold surfaces and found a difference. This is probably in part 
due to the fact that the gold amalgamated with and dissolved 
the mercury. Thus not a gold surface, but one of mercury, is 
dealt with largely.. The fact that gold amalgamates with mer- 
cury indicates strong adhesive forces and thus the suspicion of 
Langmuir about the réle of surface forces may be supported. 
The experiment has otherwise no significance. In any case, no 
matter what the results observed between heterogeneous metals, 
the situation is clear for homogeneous substances, as Langmuir 
states. This argues strongly for the important rdéle of the atomic 
forces in this case. 

The next case considered is that of the heat conduction in 
gases. In this case there is the impact of gas molecules of a gas 
against the walls of a solid substance of another sort. There is 
little doubt but that these walls are partially covered with an 
adsorbed film of gas molecules which in part takes up the unbal- 
anced surface forces of the substance. This layer depends for 
the extent to which it covers the surface on the gas pressure and 
the temperature, as Langmuir*® 47 has shown elsewhere. 

The results obtained on heat conductivity at low pressures by 
Knudsen have been described in detail. They require inter- 
pretation in terms of a coefficient a, the ‘“‘ coefficient of accommoda- 
tion” which gives the ratio of heat carried away by a molecule 
which leaves a surface (7.e., is reflected from it) to the heat which 
it would carry away were thermal equilibrium established. The 
lowest value of a for a gas was that for He in contact with a 
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polished glass or platinum surface where a = 0.26. For the 
heavier gases the value of a = 0.87 was found.. For rougher 
surfaces higher values were found in all cases. Soddy and 
Berry*’ found a for H» in contact with Pt to vary from 0.25 at 
—100°C. to 0.15 at +200°C. For Ar, a = 0.85, while for He they 
found a = 0.49 at —100°C. and 0.37 at +150°C. At higher 
temperatures, Langmuir found a = 0.19 for Hz and, for Ne, a = 
0.60, the metal being W at 1500°K. 

The rough independence of a of the chemical nature of the 
surface is to be expected from the reflection theory; although the 
theory of Baule, to be discussed later, makes the relative masses 
of surface molecules and impinging atoms a determining factor. 
The variations observed are great for the light molecules of He 
and He atoms. The variation with the mass of the surface atoms 
largely gives changes that are so small that they fall within the 
accuracy of the results in magnitude. In order to explain the 
independence of the surface molecules, whose forces should vary 
widely among the metals, Langmuir is forced to assume that the 
similarity of surfaces is due to the adsorbed gas films on the metal 
surfaces. The effect of surface roughness indicates the existence 
of large cavities on the surface where multiple impacts are more 
probable, and hence thermal equilibrium can be more nearly 
reached. This is in line with Baule’s theory. The decrease in a 
with temperature indicates a lessened effect of surface forces at 
higher temperatures, an effect well in line with Langmuir’s 
theory. On the reflection idea, it would be difficult to explain, 
except on the basis of changes of the surface with temperature. 

The experiments on viscosity at low pressures and the coeffi- 
cient of slip have shown (as seen in Secs. 77 and 78) that under most 
conditions molecules are emitted from a surface on which they 
impinge with directions completely independent of the direction 
of motion of the impacting molecules. The only exceptions to 
this general rule, which also apparently holds for the metallic- 
reflection experiments of Wood and Knudsen, are some results of 
States*® and Van Dyke,® using the rotating-cylinder method, of 
Gaede,®*° who used the flow of gases in tubes, and of Millikan,*! 
who worked with oil drops. The results of States indicated that 
the molecules were reflected backward in their direction of inci- 
dence to a greater extent than the random reflection would 
warrant. He used, however, very rough surfaces. His measure- 
ments were made under conditions where the purity of his gases 
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could well be questioned due to evaporation of gases from the 
surfaces during the experiment. Blankenstein,’ as stated in 
Sec. 77, repeated the experiments of States under more ideal 
conditions and found nearly completely diffuse reflection for a 
silver oxide film. He found the f of Maxwell’s equation to be 
about 0.98 or more. The 2 per cent deviation could well be 
interpreted as a slight slip. The ‘reverse specular reflection” 
of States was not present. The results of Van Dyke, using the 
cylinder method, were of a different nature. He measured slip 
on the following surfaces: old shellac, clean brass, scratched brass, 
and watch oil. In his case he found values of f distinctly less 
than those observed by Blankenstein. The results are as follows: 
The slip for an old shellac surface was about 3 per cent higher for 
CO, and air than the value calculated on the assumption of 
perfectly diffuse reflection. This gives Maxwell’s f as 0.985. 
In watch oil the values came out 21 and 12 per cent greater for 
air and CO, than the diffuse reflection would require. The 
Maxwell f in these two cases is 0.905 and 0.945. For the other 
two surfaces in air, intermediate results were obtained, while a 
result indicating ‘‘reverse specular reflection’? was found for the 
scratched-brass surface in CO. The results on shellac and oil 
surfaces are in excellent agreement with the values computed by 
Millikan and his pupils from the motion of oil and shellac parti- 
cles in a gas. The results of Millikan mentioned are the results 
of the measurements made on the slip for oil drops falling through 
agas. A very critical theoretical analysis of this work of Milli- 
kan has recently been published by Epstein.®? His analysis leads 
to the statement that the force encountered by a droplet of radius 
a, moving with a velocity V through a gas at a pressure when the 
dimensions of the drop are small compared to the mean free 
path, is given by 


F=6 *Nmea'V, 


where JN is the number of molecules per cm’, m is their mass, and 
é their average velocity. In the equation, 6 is a numerical 
coefficient which depends on the nature of the impacts of mole- 
cules with the surface. It takes the following values in the cases 
that are considered below: 

1. For specular reflection, 6; = 1. 

2. For diffuse reflection with conservation of velocity, 6: = 
13¢ = 1.444. 
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3. For diffuse reflection with accommodation: 
a. For a complete thermal non-conductor one gets: 


Or 
§so = 1+ ee 1.442. 
b. For a perfect thermal conductor: 
by = 1+ 9 = 1.393. 


Now Millikan’s experimental results for such droplets give a 
force F, represented by 


ete 67(0.3502)Nméa?V_ 
: (A + B) 
Thus A+ B= aes = male, if Millikan’s expression 


and that of Epstein are comparable. 
Thus for the above cases A + B should have the following 
values: 
1. Specular reflection (A + B); = 1.575. 
2. Conservation of velocity: 
(A + B)e = 1.091. 
3. Accommodation: 
(A + B)sa = 1.093. 
(A + B)y = 1.181. 
In case a fraction s of the molecules suffer different laws of 
reflection 


F= > = Neat, 


whence 
1.575 


>s6 

If one-tenth of the molecules are specularly reflected while nine- 

tenths are diffusely reflected the expression for A + B becomes 
Pete 1.575 


0.1 + 0.95 
This gives for (2), and for (8), 
2. Conservation of velocity: 


(A + B)2 = 1.125. 


A+B= 


3. Accommodation: 


Insulating (A + B)sq = 1.127. 
Conducting (A + B)» = 1.164. 
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For oil drops, Millikan found 1.154. This agreement is satis- 
factcry with (A + B) but does not deviate from the other 
values (A + B)3. and (A + B)» very much. ; 

The decision between the views is, however, made definite 
through a consideration of the relation of the ‘internal conduc- 
tion” through the sphere of the heat received from molecular 
impacts to the ‘‘external conduction.” For the conditions of the 
experiment this leads to the conclusion that in Millikan’s low-pres- 
sure measurements only the hypothesis of completely conducting 
spheres is justified. Thus it seems probable that from both oil- 
drop measurements and direct slip coefficient measurements at low 
pressures some surfaces at least show a definite small amount of 
specular reflection, that is, they have a Maxwell’s f = %{o. 

As regards the experiments of Gaede, these show the presence 
of a ‘‘reverse specular reflection’’—in some cases of considerable 
magnitude; that is, the amount of gas flowing through the tube is 
less than would be expected on diffuse reflection. This is in 
contradiction to the work of all other observers. It is likely 
that in his case, as in that of States, secondary factors entered in 
that do not affect the conclusions drawn here. Thus, in general, 
it may be concluded that diffuse reflection is the rule, although 
in some special cases a small amount of specular reflection does occur. 
Therefore, except in these cases, the general viewpoint of Lang- 
muir is not contradicted. 

Langmuir then studies the amount of reflection from surfaces 
by a study of the rate of chemical reactions. If one calculate from 
the rate of a surface catalysis the ratio of the number of mole- 
cules which react to the number of molecules striking the surface 
a fraction eis obtained. He assumes that the molecules that react 
must stick. Thus 1 — « is the reflectivity, or at least the upper 
limit for it. The values of « found in some reactions are interest- 
ing, but it would seem hardly convincing as regards reflectivity, 
for in a reaction of Ne with CuO giving atomic nitrogen the value 
of « = 0.002 was found. This probably indicates that the reac- 
tion did not occur for every molecule which was not specularly 
reflected, for it is quite likely from slip measurements that f for Ne 
on CuO is as high as 98 per cent or even more, and not 0.002. 
Again, it is possible that the value of ¢ in a reaction may be very 
much higher than the value of a, the accommodation coefficient. 
This is the case for H. molecules striking a filament of tungsten at 
2700°K. Here ¢« was 0.68, while at 1500°K. the value of a for Hz 
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was 0.19. This Langmuir attributes to the fact that at 1500°K. 
the filament is covered with H2 molecules, while at 2700°K. it is 
. clean and bare and thus reacts with H, molecules. Finally, this, 
in general, raises the question whether a reaction in which the 
chemical forces acting between a specific surface and a specific gas 
permits generalization about the nature of impacts between sur- 
faces where this is not the case. All that these results show is 
that chemical forces of one sort or another between surface and gas 
can influence the nature of the “‘reflection”’ process. Unquestion- 
ably, all degrees of intensity of forces exist. Itis not surprising, 
then, that there should be all possible degrees of condensation occur- 
ring on surfaces and possibly even cases where reflection in a true 
sense occurs, as it must do where specular reflection is observed. 

In a succeeding paragraph of Langmuir’s paper the evidence is 
brought out that in the reactions of gas molecules there are some 
cases where every impact between two molecules capable of reac- 
tion results in an inelastic impact of combination. Leaving aside 
the particular question of the correctness of the interpretation of 
these results, they merely show that some molecules, when they 
collide under proper conditions, do not rebound elastically. This 
depends on the chemical forces involved and on the relative ener- 
gies of the molecules. The existence of small molecular groups 
of molecules of water vapor in the saturated gas shown by many 
lines of evidence, such as the condensation experiments on ions,** 
and optical phenomena observed by Barus,*‘ indicate that colli- 
sions under the proper circumstances may result in combinations. 
Such a conclusion does not, however, in any sense imply that this is 
generally true. In fact, all the evidence of kinetic theory indi- 
cates that this is a rare occurrence under conditions where the 
kinetic theory is generally applied. 

As it seems definitely established that the heat-conduction 
experiments and slip experiments lead to two constants for the 
same surfaces whose values are different (e.g., a and f), a consider- 
ation of the difference implied is worth while. This is well 
summed up in the theoretical treatment of Baule,?’ who assumes 
the solid to consist of a cubic space lattice of elastic spherical 
molecules or atoms which vibrate about their equilibrium posi- 
tions with an average kinetic energy corresponding to the 
temperature. The gas molecules strike these and rebound from 
them following the laws of elastic impact. Call #, the mean 
energy of the incident molecules, H. the mean energy of the mole- 
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cules of the solid, and #’ the mean energy of the gas molecules 
after one collision with the molecules of the solid. Then 
E’ = BE, + (1 — B)E..- 

In this equation 8 is given by the masses of the molecules and 
indicates the fraction of the energy of the incident molecules 
which they retain after one impact with the solid molecules. The 
value of 8 depends on the masses m of the gas molecules and mz 
of the molecules of the solid, and is given by 

B= my? + m2” : 
a (m, + m2)? 
Now some of the molecules make more than one impact before 
escaping from the meshes of the surface. For simplicity, Baule 
assumes that all those leaving after more than one impact have 
the energy #2. Assume a fraction » (this » must depend on the 
form of the surface) makes only one collision. Then if FH is the 
energy of all molecules leaving the surface, 

E = vH'’+(1- EF, 

and thus -H = BvE, + (1 — Br) Es. 
Since the mean energy is proportional to their temperatures, it 
is possible to write 


fe — BvT; + (1 me Bv)T, 
or (J — T;) = (1 — 6»)(T2 — T;), which gives a, the accommo- 
dation coefficient of Knudsen as 
a = (1 — By). 

Baule also calculates the value of the accommodation coefficient 
for viscosity. This is a quantity related to Maxwell’s f. Call v1 
the average velocity component parallel to the surface of the inci- 
dent molecules, and vz the tangential velocity of the surface in the 
same direction. Also let v’ be the average velocity parallel to the 
surface of the molecules which rebound after one collision. Call- 
ing y the constant of velocity exchange for one impact, he finds 
from analysis that y depends on the masses of the molecules of 
gas m, and surface mz: and is given by 


From this he deduces the relation 

vy = yo. + (1 — yee. 
If, then, y make only one impact and escape with the velocity v’, 
while 1 — »v are diffusely reflected, one has, if v be the average 
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velocity component of all the molecules leaving the surface 
parallel to it, 
v = vw’ + (1 — v)de. 

This at once gives 

v= y,+ (1 — yr)ve 
or (v — v1) = (1 — yr) (v2,— 01). 
In terms of Maxwell’s theory, f is the fraction of the molecules 
absorbed and 1 — ff is the fraction specularly reflected. The 
quantity (v — v,) in terms of Maxwell’s f is then given by 


v = vof + v1(1 — f) 
(o — v1) = f(t2 — v1), 
and thus Maxwell’s f = (1 — yv) in Baule’s terminology. 

The measurements of f and a help to evaluate » and to check 
the theory. 

For He in contact with Pt, m,; = 2, mz = 195, hence B = 0.98, 
_ andy = 0.01. If the value of a = 0.26 be taken from Knudsen’s 
experiments, then v = 0.76 and this gives f = (1 — yv) = 0.992. 
This should be the accommodation coefficient for viscosity. 
This agrees well with experiment where the values found lie 
between 98 and 100. For Ar in contact with Pt, m: = 40, 
mz = 195,a = 1 — Bv = 0.85 (Soddy and Berry), 8 = 0.72, 
y = 0.17, and 1 — yv = 0.965. Thus f for gases should decrease 
with increasing density of the gases, but is in any case near 
unity. Baule then analyzes the coefficient v on various assump- 
tioris as to how the molecules on the surface are shadowed by 
others. Such assumptions must, perforce, be at best very 
hypothetical. Furthermore, Baule leaves out of account alto- 
gether the question of the action of surface forces. It is manifest 
that in many cases these are of prime importance, especially 
where the atoms condense on impact. It was the emphasis of 
this point of view which was Langmuir’s great contribution. 
His analysis is given in the article in the Physical Review*® just 
quoted. Since the article was written, and on the basis of the 
later work of Chariton and Semenow,** Frenkel** has developed 
the theory in a more precise manner, which will, therefore, be 
developed here. 

Before the question is treated at all, the general problem of 
the mechanism of condensation and evaporation from a surface 
might be analyzed from the standpoint of the kinetic theory, 
for in this case one first meets the effect produced by surface 


J 

1 

= d 
ae _ F 
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forces in kinetic theory. As the treatment of this subject is not 
easily found, it will be included at this point. The treatment is 
taken from Jellinek’s®’ ‘‘Lehrbuch der Physikalischen Chemie,” 
vol. 2, page 246. 

Imagine a plane surface of liquid in equi/ibrium with its vapor. 
This demands that three conditions be fulfilled. The first is 
that from each side of the surface of the liquid as many molecules 
pass in one direction as in the other. That means that the rate 
of condensation equals the rate of evaporation. The second is 
that, as temperature equilibrium also exists, the kinetic energy 
carried through the surface in one direction equals that carried 
through in the other. The third condition is that as much 
momentum is carried through the surface per second in one direc- 
tion as another. This demands an equality of pressure. Without 
analyzing the nature of the transition layer between a homogene- 
ous gas and a homogeneous liquid it can be assumed that in the 
transition layer there is a continuous variation of density between 
the two phases. Furthermore, the vapor will be, for simplicity, 
treated as an ideal gas. As a result of the capillary forces 
at the surface such as Laplace and Van der Waals assumed, 
molecules in the transition layer will experience a force. This 
force is such as to hinder the evaporating molecules and to draw 
in the condensing ones. In order to analyze the problem further, 
it must be assumed that all molecules are alike, and that the 
volumes of the molecules can be neglected. It must also be 
assumed that Maxwell’s distribution law holds for the molecules 
of the liquid as well as for the gas (see Chap. IV, Sec. 36). 

From the principle of equality of mass assumed above (for 
equality in the number of molecules carried implies equality of 
mass transported for molecules all of one kind), the first equation 
may be set up. Assume the z-axis to be normal to the surface 
and call the velocity component along this axis u. The number 
of molecules with a velocity between u and uw + du is then given 
by Maxwell’s distribution law as 


where ap is the most probable speed of the vapor molecules, 
while Np is the number of molecules per cm’ of vapor. The 
number of molecules of this speed crossing a cm? of surface per 
second from the vapor phase is, then, 
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In crossing the transition layer these molecules get an increase 
in kinetic energy of ys? from the surface forces. Thus since 
all molecules moving in the direction of the surface will be aided 
in crossing the surface layer, the number of molecules of all 
speeds that cross is 


_ No mi du = Be 
RE 0 Ue T-, 
For the molecules starting from below the surface layer upwards 
there is the similar expression 


Nr if He 

ree 0 ue du. 

In this equation Ny represents the number of molecules in a 
cem* of the liquid phase and ar the most probable speed of the 
liquid molecules. Whether ar and ap are the same can be left 
undecided for the present. Now the molecules that start out- 
ward have to do work against the surface forces in order to 
escape. Also, as they expand from the specific volume of the 
liquid phase to that of the gaseous phase, in escaping they must 


do work against the Van der Waals’ = forces if they are present. 


Both these amounts of work may be lumped into a single term, 
and this must be equivalent to saying that in escaping from the 
surface the molecules lose as much kinetic energy, on the average, 
as the condensing molecules gain. That is to say, they lose 


on the average an energy ys? Thus only the molecules having 


speeds greater than the s of the yas? out of the. number above 


that start outward will be able to escape. The energy ys? 


will, in fact be nothing other than the latent heat of vaporization 


per molecules, or se where ) is the heat of vaporization of a 
A 


gram-molecule and Ny, is the Avogadro constant. Thus the 


ik ok ae 
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number of molecules escaping from the surface per second, that 
is evaporating, is given by 


Nie ee oe aes 
ue %'du = —- a 
ap V1 8 


Since mass equilibrium exists, then, at once, 
32 
Npap = Nyrape ap? 


In an exactly similar manner the energy carried through the 
surface from both sides may be computed. In this case, however, 
the number transported must be multiplied by the energy trans- 
ported in each case. Thus from the vapor side the energy trans- 
port for all velocities is given by 


Np |, — cn i! 2 Npma?p 

-: ue “D'du-s mu? = ———. 

apr 0 

From the liquid side the energy transport per cm? per second into 
the layer is 


© ~ 42 3? 
os: we dy = Nero eee mis? +- I Pepe : 
Bair 24/x 2 a 


Of this energy sms? is lost to the work of evaporation, thus the 


kinetic energy transported outward into the gas from the surface 
is 

Nop aie 2 
€ °F >=mMar’. 


2/4 2 


Equilibrium requires that 


Npap? = Nrar® e @F’, 
At the same time, however, it was also found that 
Npap = Near e 
holds. These two statements can only be true if ap = ar. 
It is also necessary to show that, in spite of the fact that only 


- the molecules that have higher speeds can leave the liquid (for 


they lose energy in getting out) while all speeds can enter it, the 
Maxwell distribution is maintained on both sides (see Chap. IV, 
Sec. 43). This is proved if it can be shown that the one phase 
loses as many molecules of a given velocity per unit time as it 
gains from the other phase. 
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The number of molecules of velocity component normal to the 
surface between u and u + du lost by the vapor phase in unit 
time is 


where a = ap, the common speed. The number of molecules 
from the liquid phase which replaces these per em? per second is 


where wu; is the velocity of the molecules leaving the liquid phase 
which are destined to have a velocity wu on passing through the 
transition layer; that is, u.2 — s? = u?. Substituting the value 
for wu: gives at once 
Nr 2 2\%4 ae — a 
—— (uv? + s*)?e © - (8? + u?) “udu. 
alr 
In order then that Maxwell’s law be maintained, it is required 
that the expressions above be equal. Equating them, one has 
the condition as 
Nis = Nre . 
That this condition is fulfilled follows at once from the equality 
of mass transfer which read 
Npap = Nrare %’, 
provided ap = ar = a, which is the case. 
Finally, pressure equality requires that 


3? 
Nrar? Care Npap?. 


As this confirms the previous deduction, it is merely of passing — 
interest and is given to show that all three conditions are mutually 
in agreement. The expression 

Np = Nee ®, 
however, gives the equilibrium condition for evaporation. Now 
both Np and Ny may be multiplied by m, the mass of a molecule, 


2 
and each member of the ratio by Na 
a 2 


» where Nx is the Avo- 
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gadro number and m is the mass of the molecules. The 


equation then becomes 
N 
ae 
N 4a? 
Nam 


But +5 s? is nothing else than , the latent heat of evaporation 


mNp = mNre 


Nam , 


9 & is nothing else than RT, for 


2 ae 
5 3 €? = RT. Also mN>p and mN;, are the densities 
of liquid pp and gas pr. One thus has 

ew 
Pp = pre FT, 


per gram-molecule, while 


Naga = Nag 


This can be transformed readily into \ = RT log, ; * = RT log. 
D 


Up 
—) where vp and vr are the molecular volumes of gas and 
Up 8 


liquid. This equation may also be deduced from thermodynamic 
reasoning. In the latter case it differs slightly, and this is due to 
the omission of certain factors in the kinetic theory deduction, 
which were omitted for the sake of simplicity (7.e., the assumption 
of an ideal gas). The neglect of cohesive forces in the deduction 


would not change anything except that the pms? would, as 


stated before, have to contain the work against the - term of 
Van der Waals’ equation. The neglect of the volumes of the 
molecules would play some réle. The case was treated by 
Kamerlingh-Onnes.*> The effect of the volumes of the molecules 
would result in a reduction of the number of the molecules 
starting outward which escape, due to the “shadowing” of the 
surface by molecules in the transition layer. In this case, how- 
ever, the molecules struck by molecules which would escape are 
capable of escaping, so that the effect of the volumes of the mole- 
cules in this sense is negligible. Were foreign molecules present, 
this would not be so. However, a consequence of this must 
be considered. If a row of molecules normal to the surface be 
considered and one molecule with an energy wu necessary for 
escape strikes the innermost one, the outermost one will receive 
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the necessary energy to escape if the impacts are perfectly elastic, 
central, and the masses are equal. Since, however, the rigidity 
of the molecules is great, the time taken for the end molecule to 
escape after the inner one is struck would be less than would have 
been the case for the initial molecule to have moved freely down 
the chain of molecules. If the time of travel of the molecular 
impulse through a molecule be negligible, then the time of escape 
by the “chain of impacts”* mechanism would be shorter. The 


time would be less in the ratio » where wu is the distance 


u 
uU+ zo 
gone in 1 cm of free movement and 2c is the length of path covered 
inside the molecules lying in the path wu em long, there being z 
molecules in the row of u cm length in the gas and o being the 
diameter of a molecule. If the collisions of all sorts be averaged 
as well as relative motions, analysis yields the apparent velocity 


of the molecules as u ——F where v is the volume of the gas and b 


is the Van der Waals’ b (see Sec. 49) Chap. V). The change in 


) in place of u 


the theory above produced by the use of (, a b 


gives as a final equation 


v a v; 
IN’; Bos = Nre a= f , 
My tomes bp Up = be 
which gives 
mS Vp — b 
e@erkT = = ay 
vo; = bp 
or 
Vp — b 
d = RT log -2——2. 
Up — bp 


This equation is in perfect agreement with the thermodynami- 
cally deduced equation for condensation. In practice, however, 
it is simpler to use the approximate equation for an ideal gas. 
It is now possible to take up the considerations of Frenkel.4* 
In taking up his discussion it is perhaps best to preface it with the 
statements that Frenkel assumes that all cases of impacts between 
surfaces and molecules result in condensation and reevaporation. 
It is doubtful whether in the case of gases like H» on surfaces 
* This “chain of impacts” mechanism is not a new concept. It was 


used by Jaeger in his treatment of the evaluation of the b of Van der Waals’ 
equation, of Sec. 49. The treatment there is not given but is referred to. 
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covered with an adsorbed film of He, or of gas molecules with 
certain oil and other surfaces where slip is observed, this dogmatic 
assertion can be made. It is also doubtful if it is essential to the 
theory. It is probable that in a large number of instances the 
surface forces act and the theoretical treatment may be strictly 
applied. Where forces are weak, it is conceivable that Frenkel’s 
time of condensation becomes identical with the time of a molec- 
ular impact. Such a case would give the ordinary diffuse 
reflection if the surface was completely molecularly rough (Max- 
well’s f = 1), and a certain amount of specular reflection where 
this is not the case. With this caution based on a broader point 
of view than that of Frenkel, his treatment of the subject may 
be taken up. 

He assumes that the atoms or molecules strike the surface, con- 
dense, and reevaporate after a time. The duration in the con- 
densed state, obviously, must vary greatly, depending on the 
temperature of the surface and on the affinity between the 
molecules and the surface. If the number of molecules striking 
unit surface in unit time is small, or if the duration of the con- 
densed state is short, the surface will be covered with a relatively 
diffuse monomolecular layer. As equilibrium between reevapora- 
tion and condensation sets in, one will then have a layer of 
constant surface density under the given conditions. Call n 
the number of adsorbed atoms per cm”, and v the number of atoms 
striking unit surface in unit time. One may then write as a first 
approximation that » = an. Here a is a constant whose dimen- 
sions are r As used, it measures the velocity of sublimation, 
or, perhaps better, the probability of sublimation of an adsorbed 
molecule, for adt represents the chance that in dt a molecule will 


leave the surface. In taking the reciprocal of = 7, T is now 


a time which defines the average time in the condensed state. 
As the admirable German expression for this, the time of lingering, 
verweilzeit, expresses the meaning more tersely than any English 
equivalent, the time r will hereinafter be termed the verwezlzeit 

If one ceased bombarding the surface with molecules, the mole- 
cules should, after a given time, reevaporate. The rate of 
evaporation would be given at once by the relation 


dn = —andt 
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from the definition of a@ above. Hence oe =. —an, and if 


n =n, att = 0 integration gives at once that 
why 
n = ne-“, orn = Ne 7. 


The above relation was deduced only for small values of n. 
If v is large or if 7 is very large, the stationary state which would 
give a constant n is not reached, for then molecules would accumu- 
late faster than they could evaporate. When the number 
adsorbed had reached a critical value nx, a part of the surface 
would be covered by a monomolecular layer. Further, conden- 
sation would then not occur on the initial surface, but on the 
newly adsorbed surface where the forces with metals would be 
greater than before. Thus condensation at this point would 
begin and the solid deposit observed by Wood would be forming. 
Langmuir®® actually studied the formation of such layers. Wood 
had shown that Cd vapor would not condense to a visible deposit 
on glass unless the latter was cooled to liquid-air temperatures. 
Langmuir modified this by cooling a portion of the glass to liquid- 
air temperatures for too short a time for a visible deposit to 
form. If heated to room temperature, a visible deposit formed 
when the Cd vapor was shot against the spot. He further 
showed that condensation was more rapid on surfaces that were 
not allowed to warm up completely after being cooled before the 
stream of vapor was turned on them. ‘This he ascribed to atoms 
that had condensed, but in such a form that they could not remain 
on the warmer surface, owing to evaporation. On the theory 
developed in his Physical Review article, deposits containing 
contiguous pairs or more of atoms could not evaporate at room 
temperatures, while single atoms readily did. He also observed 
that if one-half of a bulb filled with Cd in that half were heated in 
an oil bath, a foggy condensation occurred over the unheated sur- 
face even when liquid air had not been used. ‘This condensation 
consisted of isolated groups of crystals. ‘This fact he uses as an 
argument against Wood’s reflection theory, for he states that on 
Wood’s theory no deposit should have occurred. He ascribes the 
difference between this experiment and Wood’s unidirectional 
stream-reflection experiments to the increased density of the 
vapor. It is doubtful whether the conditions of the stream 
density were sufficiently well known relative to those in Wood’s 
experiments to make such an assertion. The experiments do, 


iy 
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however, indicate the nature of the effect of atoms or molecules 
present in stimulating further condensation, though why the 
isolated condensation should occur here is not clear. Calculation 
shows that the deposit formed on the surface cooled by liquid air 
for 1 min. only, from Cd at 60°, contains only enough Cd to cover 
34000 Of the surface with Cd atoms at room temperature. Yet 
such a film will serve as a nucleus for further condensation to a 
visible deposit. 

It is seen from the experiments of Langmuir that nx need not 
mean a uniform monomolecular layer covering the whole surface, 
but a layer sufficiently dense so that the chance of atoms coming 
together in groups of two or more is great enough to cause the 
deposit to form on atoms of the same metal. For each » there 
will be a critical temperature 7’; at which the average verweilzeit + 
will be great enough so that a layer of the critical thickness nx 
forms. At 7 > Tx the temporary layer discussed before is 
formed, which evaporates rapidly after cessation of the stream. 

In metals and glass, where the metal does not ‘‘ wet” the glass, 
the adhesive forces. are less than the cohesive forces. Thus the 
reflection or reevaporation occurs for the glass surfaces, but not 
for metallic surfaces at room temperatures. On the other hand, 
phenomena at low pressures, such as the removal of gases, surface 
catalysis, etc., indicate that many of the gases form powerfully 
adhering monomolecular films on the surfaces of metals and glass. 
These films saturate the surface forces of the metals. The 
residual forces between the gas-coated surface and the bombard- 
ing gas molecules are very weak, for the intermolecular forces 
between molecules of the so-called permanent gases are very 
‘weak. The result is that the verweilzeit may become negligible 
and there seems no reason, judging from the values of f and a 
in some gases, that these forces cannot be completely neglected 
as Baule does. This viewpoint is strenuously attacked by Fren- 
kel in his article, without adequate reasons being given. It is, 
however, possible to accept his treatment with this reservation, 
and to consider both types of reflection and condensation in 
reevaporation as occurring under proper circumstances. 

Quantitatively, Frenkel proceeds as follows: Assume a layer 
of adsorbed particles small in number compared to a uniform 
monomolecular layer and in equilibrium with a gas phase which 
contains n’ molecules of the same sort. Equilibrium will then 
be represented by the equation 
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Here v is the number of molecules ae the surface of the 


body s in unit time, and is given by v = syns, ‘3, where V is the 
volume of the gas and é the average of the velocity component 


normal to s. If Maxwell’s distribution be assumed, the 3 used 


is given by 
co) mec? 
ce 2kTde cote 
ef i _ par 
[Brae et 
0 
whence WAG. 
_ on! [EE 
Sa TEN Darah 


From the discussion of the equation for the evaporation, one 
may take the expression deduced that 

Np = Npe-et, 
Here N> is the number of molecules per em* of vapor in equilib- 
rium with a liquid where there are Ny molecules of the liquid 
per cm’. The deduction holds in the case of equilibrium at a 
surface layer equally well. ae this purpose multiply Ha and 


bottom of the expression *. 2 by 5 and replace Np by = and 


Nr by its equivalent es where 6 is the thickness of the adsorbed 


ms? 


layer. Then —_ is the ratio of the kinetic energy necessary 
2 

for escape from the surface wu, (7.e., the potential energy of the 

adsorbed molecule) to the average kinetic energy of agitation of 

the gas and surface molecules at a temperature 7. This latter 

energy is kT in the Boltzmann notation. Thus the following 

relation may be written between n and n’: 


POLS 
Visco 
or 
Cie ey 
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A more satisfactory insight into the problem can be arrived 
at as follows, for 6 is unknown and tells nothing about the forces 
acting. Assume the adsorbed molecule to be bound in its 
position at the surface by forces which enable it to oscillate 


normal to the surface s with a period 7,. In this case the elastic 
2 
force acting on a molecule displaced a distance z is ws m 
in terms of its period, mass, and displacement. For small values 
21 
To. 


of z the potential energy is Au = —,mz?. Now the value of 


6 can be obtained from this, for 6 is the thickness of a layer 
within which the center of the molecules adsorbed must lie. 
This average displacement 6 is obtained from the number of 
molecules out of N that have a displacement z multiplied by dz 
and integrated over all distances that bind the molecules in the 
layer, divided by the number of molecules NV. Now the molecules 
having the displacement z are those that have an energy of 
oscillation Aw characteristic of z as given by the Maxwellian 


Au 
distribution law. This is e &7, and hence 
Bau 
vf e kTdz 
RES EBS, 
N 


The limits A and B are dependent on the forces and compli- 


6 = 


Au 
cate integration. Frenkel assumes that, since e «7 decreases so 
rapidly as z increases, one may integrate for z from —- to 


+o. Thus 
ane _2nim , kT 
6 = { é tekT dz = To AT 
a 2rm 


It therefore follows at once that 


’ uo 
* Flite ° 


He shows that at very low temperatures quantization of the 
energy must be used, and obtains an expression for n 
Uo 
mn! Noh8ekT 
~ V (2amkT)%’ 
where h is the Planck constant and n, is the number of molecules 
in the adsorbing layer. This is of little hut passing interest, 


n 
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and shows that even here quantum theory may be profitably 
used. If it is remembered that 


of kT = 1. 
a Qnm sot 
then 
n sn’ [kT nl ‘| kT 3 
- = = Te é 
Ss V N2xm V 2am 
or 


T = Toe**. 
Thus one has 7, the average verweilzeit, expressed as the period of 
oscillation of the molecule in the adsorbed layer, the potential 
energy in the layer, and the absolute temperature. 

While the formula was deduced for the case of a diffuse mono- 
molecular layer, it can hold also for any layers. In orderto 
adapt it to this case it becomes necessary to alter uw, and 7. 
to fit the new conditions. If the particles are unequally spaced, 
the values of wu, and 7, will be different for different particles, 
depending on their proximity to other particles. This will be 
a very important factor for cases such as that of Cd on glass 
investigated by Langmuir, that is, for cases where cohesion is 
far greater than adhesion to the surface. Call the work function 
or energy function of an atom which is combined with? atoms of the 
same sort wu; and its verweilzert 7;, The term “combined atoms” 
or atoms combined with other atoms comprises such atoms as 
are closer than a distance d, from each other, which will be termed 
the ‘effective atomic diameter.’”’ All atoms greater than d, 
distant from other atoms may be termed ‘“‘isolated.”’ 

Call the extra work to separate an atom combined with one 
other atom Au,, then w; may be assumed to be given by ui = uo 
+ iAu;, and accordingly, the time 7 will become r™ defined by 
the relation 


E UotiAui 
7) =7,e° kT 


Here 7“ is the average verweilzeit of an atom surrounded by 7 
neighbors. 

Let it be assumed that the number n of atoms which constitute 
the surface is small compared to the number n max. that would 
form a complete monomolecular layer. If they are distributed 
completely at random, then all combinations and distributions 
will be possible if the surface is large enough. The probability 


- 
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that an atom of such a distribution is closer than the distance 
d, to another of the n — 1 atoms left would roughly be given by 


the relation (n — 1) °°, where a, the effective surface occupied 


by an atom, iso, = 7d,?._ This expression is only an approxima- 
tion, as some of these areas ¢, may overlap. It is the less the 
smaller the total number n. Thus for small values of n, the num- 
ber of isolated atoms will be 


To 
No = nf 1- (n — ve } 
and the number of combined ones will be n; = n(n — 1) = 


It may be assumed, for simplicity, that, although the number of 
molecules in a combined group has not been computed, the prob- 
ability for more than two being combined under the above cir- 
cumstances is small. Thus in this case one deals largely with 
pairs, ortwins. This is the viewpoint also used by Langmuir. *” 
Frenkel further assumes that it is not merely chance that causes 
the pairing of the atoms. He assumes that their cohesive forces 
tend to further this. Since the movement along the surface 
requires no energy, the atoms at the surface can be considered as 
a two-dimensional gas of diatomic molecules that is largely dis- 
sociated. The work of dissociation is Aw; The ratio of the 


number of the pairs associated as a result of the forces, relative 
Aut 
to those associated by accident, will be given by the ratio of e«7 


to 1. He therefore modifies his equation to suit this by setting 
for o, the areao = oa, eer. Calling n — 1 equal to n, for nis large 
compared to unity, then ;, the number of condensed associated 
atoms, is given by 7 =. me, The n — n, atoms may be con- 


sidered as isolated. 

Whether the last calculation assuming the surface atoms to be 
in the state of a two-dimensional gas is legitimate is questionable. 
It would seem, in fact, surprising with the intense forces between 
atoms that under these conditions condensation would not always 
take place, if once two atoms could get together. If Langmuir’s 
interpretation of his general condensation on an uncooled surface 
were correct, this process would greatly aid it. At any rate, it 
gives a basis for further discussion. 
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If now the probability of evaporation of an isolated atom be 
1 F 
: Ea and of a combined one be a’ = a the sum of the 
uf 


adsorbed atoms leaving in a time dt will be (ano + a’n;)dt. If v 
represents the number of atoms that strike the surface s in unit 
time, the differential equation for n becomes 


dn 
dt 


= y— ano — any. 


2 
Asn, = =* and if (a — a)” is called 8, where 8 > 0, then 


ol = vy —an+ Bn’. 
(ts Meee ON 

For the case of equilibrium Rie 0, and 

Fei Va? — 4By 

2p 
2 een 

The other possible value for n,n = x Ng oe has no phys- 
ical meaning, for with »y = 0 it would give n = “, while n must 


B 


be 0 when »y = 0. Again, only as long as a? = 46visnreal. At 


the critical value a? = 48», n = TT and the particular critical 


2 
state is determined by »y reaching a value %, = =~ “If b be- 


46 

comes greater than »;, the quantity n becomesimaginary. This 
means that the equilibrium assumed does not exist. The density 
of the layer must continue to increase, and one has the case of the 
condensation of the metal on the metal surface. Now % isa 
function of the temperature, since both a and @ are functions of 
temperature, and, reciprocally, the critical temperature at which 
this condensation occurs is a function of » when » approaches 
- or specifically when v = 35 the critical temperature varies 
with », 

The relation between 7 and vy can be easily found from 
the preceding equations, as 

ut Aur 
eti(1 — Tee” HF) weg, 
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where 7; is the period of atoms bound in a pair and 7, is the period 
for isolated atoms, while Aw; is the work to separate a pair, and 
u, is the work to remove an atom of a pair from the surface. 

At the critical temperature the density of the adsorbed layer 
reaches its maximum value which can exist in equilibrium. This 
thickness is given by the relation n, = oe the value of n at »%. 


Hence 
Nk a s 1 


aS / r. Au1 
"OM 1 —')e 20,(1 — Te") 
a Lm 


This value of the critical density is distinctly less than that 
which would be demanded by the densest covering possible on 
the surface, for if it is assumed that each atom of diameter 6, can 
be surrounded by six other atoms, the minimum surface will be 
ve 5.2 = 0.875,2. On the other hand, 


. 


and, aso, = 7d,”, one has 
Aur 
Si Ae 
Ss = Ind,{ 1 ——e 4). 
Nk T1 


Aut 
If d. is nearly equal to 6,, and if ee" aT is small compared to 
1 


unity, it is seen at once that the area per atom in the critical 
layer is about 14 that of the densest possible monomolecular layer. 
Again, if the atoms were uniformly distributed, the distance 
between any two atoms would be ~/2rd,, and as d, is required so 
that atoms may further condense, no condensation would take 
place. Thus the pairing is essential for condensation, and these 


serve as nucleii. 
Isolated atoms play no direct réle in the phenomenon. They 


do, however, increase the chance of pair formation and thus aid 
condensation. Of course, strictly, larger complexes also build 
up which are not included in the theory. As a first approxima- 


tion, however, the equations give the situation up to near the 
Aut 


critical point. Again, one may also neglect BP he to a first 
: 1 
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approximation with respect to unity. This enables a qualitative 
test of the theory to be made. 

From the experiments of Chariton and Semenow* quoted, the 
critical temperature of Cd on a surface of picene for y = 2 & 10"” 
per cm? is 203°K. When » calculated for the edge of their plate 
was reduced by half, the decrease in temperature to cause con- 
densation as estimated from the curvature of the line of condensa- 
tion and the temperature gradient was 5°. 

If one write 


fies 8 
; 7 age 
then 
‘sj TT. V2 
ty = kp. oy log. 7 


If the energy wi corresponds to gram-calories per gram-atom, 
k = R =2 cal. Putting in Chariton and Semenow’s values for 
vo, v1, T'2 and T4, one arrives at uw: = 11,000 Be This is the 
work of evaporation for paired atoms, and in order of magni- 
tude it approaches the heat of sublimation but is somewhat less 


(e.g., these heats for Na, K, and Cd are 26,000, 23,000, and 32,000 
cal. 
aa 

Placing w in the equation 


$s 
Ooty = = €C ) 


4y 
and assuming v = 2 X 10” at T = 203°K., then oors =12.0 
10°°. As the order of magnitude of ¢, is 10-!* em?, then r, = 10-14 
sec. In solid bodies the period of oscillation is of the order of 
10-18 sec. This is a rough agreement. That it comes out too 
low may be due to the fact that the value taken for wu; was too 


high, as - was inaccurately known. If = had been 1.9 instead 
1 1 


of 2, wi would have been 10,200 gram-cal., andr, would have been 
10-8 sec. The average thickness 6 of the layer under these 
conditions would have been 10-° em. 

One more case of interest is the adsorption of a gas film. Here 
the molecules do not stick together but cling to the surface, and 
thus decrease the effective area of the surface which is available 
for further adhesion. 


LAWS OF RAREFIED GASES AND SURFACE PHENOMENA 335 


Let o) be the surface occupied by one molecule, and thus 
screened off from the other molecules. If mn molecules are 


adsorbed on s, then of the v molecules striking only »>——"”? = 


(1 —~ =n) will be able to adhere. If 7 is the average verweilzeit 


the condition for equilibrium will take the form 


a (Ae 16) ie 
s T 


Thus Beet : i 
rake 
Remembering that 
T= roekt 
and that 
Goan we} he 
ee tas ee ey 
; kn’/T ; : 
while p = » one obtains for the thickness of the layer as a 


V 
function of temperature and pressure the relation 


As (1 + Parmele. 
n | PooTo 
This shows that at sufficiently low temperatures approaches 


the value ~ which it would have for a surface completely 


covered by a monomolecular layer. At these temperatures 
considerable changes of pressure are of little effect, for the 


Bee sig negligible. The pressure begins to exert an influence 
2rmkT 


when 


V 2xkmT erie 
PT Go 
approaches unity. 

Thus Langmuir’s experiments show that a compact monomolec- 
ular layer of air molecules on W begins to disappear only at 
3000°K., at pressures of the order of 1 dyne-cm. Assuming that 

ony V/2armkT i Zp 


Too Pp 
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is about unity at 7 = 3000°K., if 7, be assumed 10-!*, ¢, = 10-°, 
p about 1 dyne per cm?, k=1.3 X 10-16, and m = 5 X 10-3, 


then e *7 is about 10-'. This gives u, as about 170,000 cal. per 
molecule. This value is pretty high, as the heat of sublimation of 
W is 150,000 cal. It is, apparently, of the right order of magni- 
tude. The calculation is, however, only rough, as the diffusion 
of the gas into the solid, the complexity of the gas, and the pres- 
ence of chemical reactions complicate it. It is interesting to see 
that it leads to the proper order of magnitude at least. 

The discussion shows that, although the theory is still very 
rough, a clearer insight into the relation of molecules and solid 
surfaces is gained by the study. 
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CHAPTER VIII 


THE REALITY OF MOLECULAR MOTIONS, BROWN- 
IAN MOVEMENTS 


85. Introduction.—In the preceding seven chapters the kinetic 
concept of a gas and its consequences was developed in some 
detail, and the development in many cases resulted in predictions 
which were more or less successfully verified by experiment. 
Thus in more recent years the predicted velocities of silver atoms, 
the distribution of velocities, and free paths were roughly 
measured and found to be inagreement withthetheory. Further- 
more, the representation of the various constants of transfer dis- 
cussed in Chap. VI in terms of the kinetic theory at an early date 
furnished strong indications of the correctness of the assumptions 
of the kinetic hypothesis. However, while these predictions 
were fulfilled, until 1908 no direct proof of the fundamental 
assumption of the kinetic theory existed; to wit, no proof of the 
continuous and eternal heat motions of the molecules was known. 
To place the kinetic hypothesis on the basis of a proper theory, 
such a proof was absolutely essential, and it was due to the lack 
of this evidence that the proponents of the school of energetics 
(see Chap. I) had a legitimate foundation for their criticism of the 
kinetic conception of gases. 

Again, before 1908, there was no direct means of estimating 
the Avagadro or Loschmidt’s number JN, that is, the number of 
molecules in a gram-molecule or in a cm’. It is true that the 
quantities N and o, the molecular radius, were bound together 


in the equation for the mean free path, L = , and it is 


1 
/ 2xo? N 
clear that if ¢ could be evaluated N could be determined. Pre- 
vious to this date attempts had been made to evaluate o from the 
limiting thickness of soap-solution films just before they break! 
(z.e., where the film was supposed to be two molecules thick), and 
from the value of Van der Waals’ 6.1. The first method gave very 
crude and uncertain results of the order of ten times the value of 
¢ obtained from 6 taken from the critical data. Clearly then, it 
338 
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remained for a direct determination of N, and a direct proof 
of the heat motions of the molecules to establish the kinetic 
hypothesis on the firm basis of an acceptable theory. 

These conditions were realized at one stroke through the genius 
of the French physical chemist, Jean Perrin,? in 1908, by a study 
of the Brownian movements. By means of these movements by 
two independent lines of reasoning, based on the assumptions that 
they were the result of molecular motions, Perrin was able to 
obtain a value of N in good agreement with the value of N calcu- 
lated from ¢ from the critical data. The value of N thus obtained 
was also in satisfactory general agreement with the early rough 
values of N obtained by Millikan’ and Rutherford‘ from Ne and 
the value of e the unit electric charge by entirely different means. 
The agreement of observations on the Brownian movements 
with the equations derived, assuming them to be the result of 
molecular impacts, definitely established the real existence of the 
assumed heat motions. Later experiments of Millikan and Flet- 
cher® using minute electrically charged oil drops in air giving an 
accurate value of the Faraday constant Ne verified the assump- 
tions in a still more striking manner. The theory and the results 
of these measurements will constitute the body of this chapter. 

86. Brownian Movements.—In 1827, an English botanist, 
Brown, observed that in aqueous suspensions of fine inanimate 
spores the spores were apparently in constant motion dancing 
hither and thither in the field of the microscope without apparent 
rhyme or reason. He extended his observations to suspensions 
of a large number of other inorganic substances, the so-called 
colloidal solutions, and found it to be a general phenomenon. 
His observation of the motions lead him to venture the idea that 
the motion was due to the unequal bombardment of the particles 
on various sides by the molecules of the liquid executing their 
heat motions and that they were therefore a manifestation of 
molecular heat motions. This started a violent controversy and 
a long line of experimental investigations by now nearly unknown 
investigators which definitely terminated only with the quantita- 
tive experiments of Perrin. The investigations preceding the 
work of Perrin established the following facts, which in a qualita- 
tive fashion pointed quite strongly to the correctness of the 
tentative explanation of Brown. These facts are as follows: 

__ 1. The motions are completely irregular and random. No two 
particles in one locality are moving in the same direction at the 
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same time. The motions are also independent of the location of 
the particles in the observation chamber. Thus they cannot be 
due to eddy, convection, or streaming motions in the liquid. 

2. They are independent of jarring or shaking of the vessel. 

3. The lower the viscosity of the liquid the faster the motion. 

4, The smaller the particles the greater the motion. 

5. Two particles the same size move equally fast at the same 
temperature. 

6. The motions are continuous and eternal, that is, the colloidal 
quartz particles in the liquid suspensions included in certain 
quartz specimens that are thousands of years old still show the 
Brownian movements. Thus these cannot be attributed to 
special types of physical activity, such as is displayed by camphor 
on a clean water surface, for such actions cease after a short 
interval of time. 

These results indicate first that the motions are properties of 
individual particles, that each one of these acts independently, 
and that local convection currents, streaming, and mechanical 
agitation are not the cause of them. The variation of the motion 
with size, viscosity, and temperature is in agreement with the 
concept that they are due to unbalanced forces of the molecular 
type. Finally, the eternal nature of the motion suggests that 
the energy cannot come from the chemical or electrical properties 
of the suspension and the only source of energy of this duration is 
the ever-present heat motion of the liquid molecules. 

Accepting Brown’s hypothesis then, the following picture of 
the processes at work may be drawn. The suspended particles, 
large compared to the molecules of the liquid (perhaps millions 
of times larger) are being continually bombarded on all sides by 
molecules of the liquid executing their heat motions. If the parti- 
cles are sufficiently large, on the average, equal numbers of mole- 
cules strike them on all sides each instant. For smaller particles, 
from the laws of chance, the numbers striking various sides each 
instant may not be equal. Thus the particle at each instant 
suffers an unbalanced force due to the inequality in the number of 
molecular impacts on different parts of the surface. The result of 
such an action is a force causing the particle each instant to move 
this way or that in response to the force, its motion being opposed 
by the viscous drag of the liquid. Thus the particles act just like 
very large molecules in the liquid and the motions they exhibit 
should be exactly analogous to the real motions of the molecules. 


ae 
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It is this similarity of these large observable particles to molecules 
that Perrin used as the basis of one of his proofs, for if these 
particles differ from molecules in their behavior in respect to 
heat motions just in size, they should obey the laws of partial 
pressures and of molecular atmospheres. Also if the particles 
are moved hither and thither by the unbalanced forces of the 
liquid, the mathematical theory of the amplitude of their motion 
in a given time for particles acted on in the fashion deduced by 
von Smoluchowski and later independently by Einstein should 
be applicable to this case, and the dependence of the amplitude 
on various factors, such as temperature, size, and viscosity, should 
be in accord with that observed. The test of this equation con- 
stitutes the second of Perrin’s methods of attack and it will be 
the task of the next two sections to derive the relations and indi- 
cate the success of the measurements. 

87. Brownian Movements and the Law of Atmospheres.— 
The study of the physical chemistry of solutions has shown that 
molecules of dissolved substances in a liquid behave in many 
respects as if the same molecules were moving freely as gas mole- 
cules in empty space. Thus the molecules of 342 grams, (7.e., 1 
gram-molecule), of cane sugar dissolved in 22.4 liters of solution 
act very much as if they were molecules of sugar vapor at a 
pressure of 1 atmosphere at the existing temperature, that is, they 
execute heat motions and exert a partial pressure on the walls, 
commonly known as the osmotic pressure. By using heavier 
molecules than sugar, the case is not altered, for there is no change 
in the observed laws with molecular weight. There is no reason 
why the molecules to be discussed, even if they have the size of 
colloidal protein molecules visible as diffraction patterns in the 
ultra-microscope, should not show exactly the same behavior as 
sugar solutions of low molecular weight.* It is, therefore, not 

*Tt appears now that, in spite of the views of certain colloidal chemists, 
colloidal particles in suspension do not differ essentially from crystalloidal 
particles in solution. Their chief difference lies in their greater size, which 
makes them unable to pass through certain filters and which also enables 
them to scatter light. They are also at times electrically charged, the charge 
being very active in preventing agglomeration and precipitation. Certain 
erystalloidal solutes (the ions), however, also exhibit charges in solution 
whose nature may not be very different from that of the particles above. 
They also follow the laws of osmotic pressure. It is possible that the 
charges on Perrin’s particles might have affected his results. Apparently, 


he chose particles where this was not the case. That he did so is evidenced 
by results of later workers who could not check some of his results. 
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unlikely that the laws of solutions and hence of gases are justifiably 
applicable to suspensions of colloidal particles in liquids. It was 
this analogy which lead Perrin to the first of his considerations. 

Assuming that the colloidal particles in a suspension may be 
compared to an atmosphere of molecules in free space, say the 
nitrogen molecules of the atmosphere, it is possible to proceed as 
follows. The nitrogen molecules of the earth’s atmosphere are 
in constant heat motion. Due to this, they are moving equally. 
in all directions. At the same time they are acted on by gravity. 
Accordingly, those in the outer layers have a resultant force 
urging them towards the center of the earth, that is, there is a 
pressure exerted by them on the next inner layer of molecules. 
These, in turn, are attracted inwards, and they add the force of 
attraction upon themselves to the pressure exerted on them by 
the outer layer. Through their heat motions the pressure is 
transmitted from layer to layer of the gas, becoming continually 
greater as the center of the earth is approached. Since the 
pressure acting from above increases the density of the gas, more 
molecules are crowded into each successive layer than there were 
in the layer before. Hence the attractive force on an inner layer 
will be greater than on the next outer one and the pressure will 
increase more rapidly than by a linear law with the decrease in 
distance from the center. Also, the heavier the gas molecules 
the greater the gravitational force on each layer, and hence the 
more rapidly the pressure will increase with decreasing distance 
from the center. Thus for nitrogen there is an atmosphere like 
that of the earth—tenuous outside, dense at the surface. For 
molecules like sugar that are some 10 times heavier than nitrogen 
it would be necessary only to go up a distance e”1° as high to reach 
the same fractional density as is exhibited by the atmosphere. 
For colloidal particles whose mass may be 10° times that of the 
sugar molecules the fractional change in density, which in the 
atmosphere requires kilometers in height, will occur in milli- 
meters in colloidal suspensions. Thus if the colloidal particles 
showing Brownian movements act exactly as if they were large 
molecules, their motions being due to the heat motions of the 
molecules of the liquid, a colloidal suspension should show a change 
in density for different layers depending on the mass of the parti- 
cles, but exactly analogous in form to the changes in density of 
the earth’s atmosphere. To study this, the law of atmospheres, 
which was originally due to Laplace, must be deduced. 
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Consider a cylinder of gas of cross-section a and also one of the 
layers mentioned above dh cm high. Call the pressures on its 
bottom and top pand p’. Then p > p’, for the mass of the layer 
dh acted on by gravity has been added to p’ to make p.. Thus 

a)(dh 
p — pt = W(abdon 
a dhpg acting on the gas divided by the area a is the difference in 
pressure p — p’. Here g is the constant of gravity and pis the 
density of the gas in grams perem*. Hence 


This merely says that the force of gravity 


Mgdh 
p= = —dhog = — ME, 
the — sign indicating that as h increases p decreases. Here M 
is the mass of a gram-molecule of gas, and v the corresponding 


volume (ie, p= a) Since it was assumed that the Brownian 


particles act like nitrogen molecules, it is legitimate in the rough 
calculations to follow to assume that Boyle’s law holds. Then 
for such particles as for Nz one may approximately write pv = 
R,T, where v and R, refer to a mol, and one has 


_ _ Mgdh 
ES 

p 

dp __ Mg 
or ; — RT dh. 


Integrating this from p = ppath = 0,top = path =h, 


1 ape lane ig Vlg = a lg 
P Laer Wy eet log p — log po = R.T 


Further, since the number of particles or molecules per cm}, n, 
and n, are proportional to p, and p, respectively, - 


This is Laplace’s well-known law of atmospheres and it expresses 
precisely how the number of particles or molecules per unit 
volume will vary with distance from the earth’s surface. The 
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equation may be modified a bit further by replacing M, the gram- 
molecular mass, by mN4, the mass of a single particle times the 
number in a gram-molecule, hence 

mN Agh 


n 
RA Ae Bi FL 


No 


Thus the density of particles increases exponentially as the height 
decreases. The rate of increase is greater the greater the mass m 
of the particles, and the lower the temperature. If the values of 


m, g, h, R, and T were known for a given - and h, Nu, the Avo- 


gadro number, could be found. 
In the colloidal particles in solution the force of gravity acts on 
the particles which are buoyed up by the liquid in which they are 


suspended. Thus mg must be replaced by m Cas where d 


is the density of the liquid and D is the density of the particles. 
If V is the volume of the particles, then 


N 

A d 

n at € == 5 an 
No 


N4 


In the logarithmic form this becomes 


Ne 5, Na 
Mes aioe 


V(D — d)gh. 


To test this experimentally, Perrin used colloidal suspensions 
of gum mastic and of gum gamboge. ‘These could be prepared 
by dissolving the gum in alcohol and then pouring the clear solu- 
tion into water. In this way clear spherical globules of the sub- 
stances appeared, of which the smaller ones showed the Brownian 
movements very nicely. The equation to be tested, however, 
demands the V or m for all the particles considered be the same. 
To insure this, Perrin separated particles of one size from the 
assorted groups present in the initial emulsion by fractional centri- 
fuging. ‘These were then placed in small cells kept at constant 
temperatures by water baths and placed on the stage of the micro- 
scope. Since the depth of focus of a microscope is very sharp, 
the number of particles in the field F of the microscope and of a 
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depth dh could be easily counted. By raising or lowering the 
microscope, the numbers 7 at different levels in the volume Fdh 
could be counted at different depths. The value of h for different 
settings of the microscope yielding a number n could be read 
accurately from the graduated head of the adjusting screws of the 
microscope governing its distance from the solution. Thus n., n, 
and h starting at some arbitrary depth in the solution could be 
determined. ‘The counting of moving particles in the field was 
difficult, due to the motions. This was overcome by reducing 
the field so that about 10 particles appeared at one time. Perrin 
then counted the number in the field (the bursts of 0 to 10 parti- 
cles) at various successive intervals of time. By averaging a 
large number of counts and knowing the area of the field of 
the diaphragm, he was able to arrive at a fairly accurate value 
of n. 

The most serious difficulty in the measurements lay in an 
evaluation of m or V, and D. D was determined in three ways: 
(1) by the use of the pyecnometer; (2) by direct measurement of 


_ the density of the fused dry gum; (3) by adding KBr, or a salt of 


known composition, to the solution to increase the density of the 
liquid until the density of the suspending liquid was so near that 
of the particles that violent centrifuging would not separate the 
particles. 

1. The pycnometer method consisted in filling the same pyc- 
nometer first with distilled water, and then with the suspension 
at the same temperature, and weighing it. The emulsion was 
next evaporated to dryness and the resin desiccated at 110°C. 
and weighed. The dry weight gave the mass of the gum particles 
present. The difference in the weight of liquid and distilled 
water gave the excess in mass of all the particles in the suspension 
over the water which they displace. 

2. Unless the process of suspension changes the density of the 
gum, the density of the dried extracted gum should be the same 
as that of the particles, 

3. The separation of particles by centrifuging, that is, by 
using powerful centrifugal forces, depends on the fact that the 


_ particles or substance of greater density will be thrown outward 


relatively more than the less dense substance (7.e., the substance 
of less inertia, the solution). If the densities are the same, 
separation should be impossible. The precision of this method 
depends on the centrifugal forces being great enough to separate 
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particles of small enough differences in density to a noticeable 
extent in the time intervals used. It also demands that the 
salt added does not affect the nature of the suspension by causing 
agglomeration or change of constitution. 

The results of the measurements by the three methods on the 
same suspension for one case are given by Perrin as D; = 1.1942, 
D. = 1.194, Dz = 1.195. 

The next problem was the accurate determination of m or V for 
the particles. The particles appeared as spheres, but the edges 
were not sharply defined, owing to the diffraction effects. Thus 
it was impossible to measure the diameter of any one accurately. 
It happens that if a very dilute suspension be evaporated on an 
uncovered microscope object glass the capillary forces of the 
liquid cause the particles to run together in groups. These 
groups are, in general, one particle in depth and may lie more or 
less in horizontal rows, or in sheets. Thus the diameter can be 
found by counting the number in a given area or the number 
lying side by side in a given straight row. As an example, Perrin 
found the diameter to be 0.746 < 10~-* mm for the average of 50 
rows of from six to seven particles, and 0.738 X 10-* mm for 
2000 particles distributed over 10-' cm?. Thus if the diameter 
is known, V can be computed, assuming the particles spherical, 
and m can be found from D and V. Another way in which the 
mass of the grains can be found is by direct weighing. In 
slightly acid solution (1499 normal), while the grains do not 
adhere to each other, they all adhere to the walls on striking 
them. Hence, after some hours all the particles are precipitated 
on the glass walls of the vessel. Thus, by precipitating the grains 
in this fashion on the walls of small cylinders whose volume 
could be measured, and by counting the number of grains so 
precipitated at various -parts of the cylinder, a close estimate 
of the number of grains in the whole small volume of solution 
was obtained. By then evaporating a known volume of solution, 
the weight of the particles present could be determined. Thus 
by dividing the weight so obtained by the number of particles 
in this volume, deduced by the counting, the mass m of a single 
particle was determined. A third method of determining the 
radius of the particles made use of Stokes’ law. Stokes has 
shown mathematically that for spheres moving through\a viscous 
liquid under the action of uniform force, when the spheres are 
small compared to the diameter of the vessel but large compared 
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to the discrete structure of the liquid,* the velocity of fall is 
given by 
Rie dig grad cere 
ees = ee) 
6rna 6rna 
where a is the radius of the sphere, v the velocity of fall, and n the 
coefficient of viscosity. This law holds for macroscopic spheres 
and for microscopic spheres, if they are not too small. If v, the 
velocity of fall of a cloud of suspended particles down a capillary 
tube, be observed in a liquid (distilled water) for which 7 is 
known, a can at once be found. Using these three methods, 
Perrin found the following values for a from a single emulsion. 


ALIGNMENT WEIGHT Sroxres’ Law 


Cah ie 0.371 X 1074 cm 0.8667 X 1074 cm 0.3675 < 1074 cm 
With these data then, it was possible to get Nu, for ~ and h 


0 


? 


were observed, while m, or V, D, and d were measured and R, 
and 7’ were known. 
Before computing. N4, however, it was essential to know 


whether the equation between me h, m, and T was verified. This 


was found to be the case. The results obtained by Perrin in 
two typical experiments are as follows: 

1. Particles of radius 0.212 & 10-4 em, with 13,000 particles 
counted at depths of 5 x 10-4, 35 & 10-4, 65 x 10-4, and 95 


x 10-4 cm gave = proportional to 100, 47, 22.6, and 12. 


Had these accurately followed the exponential law, they would 
have given 100, 48, 23, and 11.1. 

2. In another series of experiments the particles were photo- 
graphed in a plane normal to the earth’s gravitational field and 
the numbers of particles at various levels were counted on the 
photograph. These particles had radii 0.52 X 10-* cm and 
the distance between the levels was 6 X 10-cm. ‘The numbers 
found for four levels were 1880, 940, 530, and 305. The expo- 
nential law leads one to expect 1880, 995, 528, and 280. The 
deviations are all within the limits of probable variation for the 
numbers counted. Counts were made on suspensions of differ- 

*This assumption demands conditions which are the reverse of those 
for which the Brownian motions become noticeable. It is to this cireum- 
stance that part of the discrepancy between Millikan’s result and that of 
Perrin is ascribed. 
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ent sorts, 7 varying in a ratio of 1 to 125. TJ was varied from 
—9 to +60°C., while the volume V varied in the ratio of 1 to 50. 
These suspensions all obeyed the exponential law and led to 
values for the constant term which yielded a value of NV, lying 
between 6.5 10° and 7.2 * 107%. In these values there was 
no systematic variation of N4 with any factor. It can be safely 
assumed that the constancy of N4 and the verification of the 
exponential ratio confirm the assumptions involved in the 
deduction of the equation beyond a reasonable doubt. 

88. The Displacement of the Particles in a Given Time and 
the Verification of the Brownian-movement Law of Einstein 
and von Smoluchowski.—The most striking proof of the molec- 
ular origin of the Brownian movements lies in the quantitative 
agreement of the displacements measured in a given time with 
the predicted value of the displacement based on the theory of 
Winstein® and von Smoluchowski.’ As was stated, the particles 
are acted on each instant by unbalanced forces due to unequal 
molecular bombardment on various sides. The force opposing 
this motion is the viscous drag of the liquid. As a result of 
this, the particles move hither and thither through the liquid. 
If one particle be observed in the field of the microscope which 
has a series of lines cutting each other at right angles in its field 
of view, one can plot the position of the particle at any instant 
on a system of Cartesian coordinates. If the distances of these 
lines from each other be known, the position of the particle at the 
end of equal time intervals (e.g., every 30 sec.) can be plotted, 
and hence the distance it has moved in these time intervals may 


be determined. Thus the average distance A moved through in 
a given time r can then be found. ‘This distance depends on the 
forces acting on the particle, the viscous drag of the liquid, the 
size of the particle, and other constant factors. If the variation 


of A with n, V, ete. predicted by theory, and the values of the 


A 4 
constants computed from observed values of = for a given 


particle, agree with values obtained in other ways, the under- 
lying assumptions can be taken as completely verified. 

The theory for this effect was first deduced by von Smoluch- 
owski and Hinstein independently about 1905, and the deduction 
here given is a simplified treatment due to Langevin.® For sim- 
plicity, it will be convenient to use not the average displacement of 


the particle A for any time interval 7, but only the component of 
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this along one of the observing axes arbitrarily chosen as the 
x-axis. 

Assume that the particle encounters an unbalanced force X 
along the z-axis. It is retarded in its motion by the viscous drag 
which for a spherical particle is given by the constant factor in 
the Stokes’ law equation mentioned before. This is 

f = —6rnav = —Kv = -K&, 
where v is the velocity, a the radius, and 7 the coefficient of 
viscosity. The equation of motion is, then, 
d*x dx 
map = Ka Be ms bs 

Now x may be positive or negative along the axis, for the particle 
will move in one sense or the other. To get rid of the + and 
— signs in the equation which occur because the particle moves 
one way or the other; that is, to enable one to deal with the magni- 
tude of the displacement only, it is easier to modify the equation 
so as to get rid of x terms and deal only with terms in x*. Todo 
this, one multiplies by x 


eG dx 
Ma Te 48 di + Xx 
Now 
de 1. d*x? ea 
dio Se (2 
and 
jz _ 1d(a), 
ght 2 ad 
Hence, : 
m d?x? dx —K d(x?) 
ae m( 4) cae 


For a large number of displacements the xX term will, in general, 
cancel out, for the sign of the xX is as often positive as negative, 
that is, the average motion is as much in one sense as another. 


Thus Xz, the average Xx, is zero. Also, approximately, pV4 = 
RaT = aN amC?, where V4 is the volume of a gram-molecule, 


R, is the gas constant for this mass of gas, and V4 is the number 
mC? 


5 


of molecules in this volume. Hence the kinetic energy is 


Sea 


aN. In dealing with the kinetic energy along the z-axis only, 
A 
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the kinetic energy along x is 1g the total kinetic energy (see 


1 € LN leer 


Chap. IX); that is, 3\9-w,) 3 Wa’ Accordingly, one may 


2 
set sn( 2) SM cea equation for the displacement as 


ih a2 NG 
deduced above then loses the Xa term and becomes 
maz?) hal Kae 
2 di Nao. 1) 2 die 
dz? 
Call orem Z 


and the result is: 
mdz _ RaT _ K, 
ood Ns oe 


dz —K 
or , — 2RaT Mm dt. 
Nak 


Integrating this for z from 0 to z, and for t from 0 to ¢ the result 


obtained is: 
2RaT ‘ Sa 
jie (— re +2), (ny 


2RaT 2RaT\ — ee 
log (- NK 1 z) — log (- fe fs a 


Kt 
Dipak rhs 2R.Te m 
‘— WK tee 
_ 2RaT 5 
z= N K(2 + ~') 


Now for finite intervals of ¢ of the order of 10—* or 10-® sec. the 
e ™ vanishes. For K = 6rnaandm = ara’, where a is about 
10-4 cm and 7 is 0.01 the exponential has the value e-10, If ¢ 
is greater than 10-7, the quantity e—!"* is negligible. Thus 
restricting the value of ¢ to finite intervals 7 of the order of 10-7 
sec. or more, the quantity dz? must be replaced by AZ? and the dt by 


=9 K 
a finite interval 7 in rae and the em’ vanishes. Therefore 
Az? = 2RaT 


T. ~ Nak 


—_. — 
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Accordingly, 
2R A ti T 


Na 6rna. 

Thus Az’, the average squared displacement of a particle due to 
Brownian movements along the z-axis in a time 7, is given by an 
equation containing the absolute temperature, the gas constant 
R,, the Avogadro number, the coefficient of viscosity, and the 
radius of the particle. It is, consequently, open to simple experi- 
mental verification, since all these quantities may be measured, 
or it can be verified by seeing if A%? varies as predicted, and if Nu 
fits values from other data. Finally, a verification of the random 


AZ? = 


Ax from Brownran Pattern 
Fie. 50. 


nature of the Brownian movements and the verification of the 
predicted law of diffusion of particles under Brownian move- 
ments deduced by Einstein give additional proof. 

Perrin made these measurements using the camera lucida and 
a coordinate system where 16 divisions represented 5.0 X 10-* cm. 
The time interval chosen was 30 sec. The average squared x 
component of these displacements (see Fig. 50) gives Az, and 
this leads to a test of the theory. 

1. Proof of the Random Nature of the Brownian Motions.— 
The distribution of the x projections for a given time was found 
to be according to the Gauss-Laplacian law of probability which 
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would be expected as a result of molecular metions obeying Max- 


well’s distribution law, that is, out of N projections considered, 
v2 | a 


N oe ze z: dx should have projections lying between x; and 


x2, the mean square £2 being measured as above. Using an 
emulsion of gamboge with a = 0.211 * 10-4 cm, the number NV 
of displacements lying between successive multiples of the length 
Le — 4%; = 1.7 X 10-4 cm were as follows: 


One series Another series 
x1 Xe Soo 
N obs. N eale. N obs. N cale. 
07 “and y7 38 48 48 44 
16% and. 3.4 44 43 38 40 
3.4and 5.1 30 40 36 35 
5.land 6.8 33 30 29 28 
6.8and 8.5 35 23 16 21 
8.5 and 10.2 11 16 15 15 
10.2 and 11.9 14 11 8 10 
11.9 and 13.6 6 6 “i 5 
13.6 and 15.3 5 4 4 4 
1523:and 17.0 2 2 4 2 


This analysis and a series of others on the same subject but using 
different methods of representation established the completely 
random nature of the displacements on a quantitative basis. 

2. Ax? should be proportional tor. Perrin found that, mak- 
ing 7 120 sec., Az? was about four times what it was for 30 sec., 
that is, that 


3. The Test of the Brownian-movement Equation.—Up to 1908, 
tests of the Einstein-von Smoluchowski conclusions were made 
using the meager data available. They yielded better than an 
agreement in order of magnitude. 

A. The Variation with Temperature.—From the theory above, 
the average displacements / Az,” and / Ar,’ at two tempera- 
tures 7’, and 7’, at which the viscosities are 7; and ye should be 


in the ratio 
A? /Tins, 
Az? VT2m 


ie i. ; 
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For a temperature interval from 17 to 90°C. in one suspen- 


Awe 
sion, the variation should have been 2.05 for A The 
aT 


observed value was 2.2, which lay within the limits of experi- 
mental error for these results. 

B. The Variation with 7 and a, and the Evaluation of N4.— 
‘Rade ui 
Az? 3rna 
If a is measured as in the law of atmospheres, then N, will be 
determined. The summary of a series of results is given in the 
accompanying table: 


If the theory is correct, N4 should be given by Ny = 


Number 
; Radius Mass of dis- Na 
1007 Emulsion x 10¢em| x 10% “oe. 1023 
ments 
1 ADO ROn: Ato cern ee ah ORO 600 100 8.0 
1 GamporGren 2.705: gone: 0.212 48 900 6.95 
4-5 | Gamboge in 35 per cent 
sugar solution:........ 0.212 48 400 5.5 
1 INMastiCveesss ee 0.52 650 | 1,000 7.25 
1.2 | Large mastic in 27 per 
cent urea solution..... 525 750,000 100 ae 
125 |Gamboge in glycerine 
with 10 per cent water} 0.385 290 100 6.4 
1 Gamboge of very uni- 
form: quality. .........| 0.367 246 1,500 6.88 


Thus masses varying in the ratio of 1 to 15,000 and viscosities 
varying from 1 to 125 gave sensibly the same value for NV, within 
the limits of experimental error, so that the equation is verified 
as regards variation of Ax? with these factors. The value of 
N,. from the last measurements, namely, 6.88 < 107’, lies within 
1 per cent of the value found from the law of atmospheres for the 
best case, and is near the value 6.2 < 107% found from Z and Van 
der Waals’ b. He therefore adopted the value 6.85 X 1073 as 
the true Vy. Rutherford, from measurements of the charge for 
a particles in about 1908, found N4 frome and the Faraday con- 
stant to be 6.22 < 107%, and Millikan’s accepted value, based on 
a measurement of e and a knowledge of Nue, gives Nu = 6.06 X 
1078, The proof of the nature of the Brownian movements of 
Perrin seems, therefore, to be quite conclusive and it may safely 
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be assumed that these experiments establish the validity of the 
kinetic theory. 

4. The Application of the Einstein Theory of Rotational 
Brownian Movements—Applying the analysis of Einstein® for 
the rotational movement of Brownian particles, which involves 
the assumption of the law of equipartition, Perrin was again able 
to obtain a value of Ny = 6.5 X 10?’ which is in good agreement 
with his translational experiments. This verification therefore 
also establishes the validity of the equipartition hypothesis as 
applied to the distribution of rotational and translational kinetic 
energy. 

5. The Study of the Diffusion Rate of the Brownian Particles and 
Another Determination of Na.—A still further value of Nu was 
optained from the diffusion rate of mastic particles in glycerine 
solutions by Brillouin® under Perrin’s direction. Einstein pre- 
dicted that the coefficient of diffusion D should be given by the 
relation 

ya he sat 

BEE: Na 6rna 

for solutions where the particles were so large that the Stokes’ 
law relation held. By measuring D in an ingenious manner, 
Brillouin was able to evaluate N4, and found it to be 6.9 X 1073; 
in agreement with the earlier work of Perrin on displacements. 
The absolute values of Perrin for N4, while consistent with them- 
selves, are, as a whole, higher than those from Van der Waals’ b, 
and from Rutherford or Millikan’s values. This difference does 
not lie in any fault of the theory. It les chiefly in the inac- 
curacies present in the difficult measurements of Perrin, notably 
on the value of a. Another error of some significance in these 
results lies in the assumptions of Stokes’ law as Millikan*® has 
shown. As the error was the same throughout, it makes the 
results of Perrin consistent. Where it was eliminated Millikan 
was able to get an accurate verification. 

89. Accurate Verification of the Brownian-movement Rela- 
tions for Gases. Millikan’s Oil-drop Measurements.—In all 
Perrin’s work the accuracy of the results was limited by the diffi- 
culty of evaluating a, the radius of the particles, and also, in the 
Brownian displacement measurements by the uncertainty of the 
validity of Stokes’ law assumed for the small particles used. 
Furthermore, the results are based on analogy between colloidal 
suspensions and particles in a gas acted on by molecular impacts. 
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They are thus open to some theoretical criticism as a complete 
proof. Millikan overcame this objection in a very striking man- 
ner. He worked with minute droplets of oil floating in air or Ho. 
These took on a spherical form, owing to cohesive forces. He 
eliminated at one stroke both the assumption of correctness of 
Stokes’ law and the uncertainty in the determination of a by a 
technique used in the determination of the elementary charge e. 
To accomplish this, he charged the drop electrically and studied 
first the lateral Brownian displacements of the drop when sus- 
pended in the air, then its rate of fall under gravity alone, and 
finally under gravity which was opposed by an electrical field 
acting on the charged drop. The measurements were carried out 
by Millikan and Fletcher in 1911. As was shown in Sec. 88, a 
particle undergoing Brownian movement is assumed to be 
retarded by a viscous force F = —Kv. If the Stokes’ law holds, 
K = 6rna. If it is possible that it does not hold, the use of an 
undetermined factor K is more accurate for the discussion. Now 
it is this constant K which depends on a, and, as the law may not 
hold, the indeterminate form will be used. Assume the particle 
for which the Einstein equation holds in the form 
2RaT tr 
No 

to be placed in a uniform electrical field of strength F parallel 
to the earth’s field. Assume that it has an electrical charge 
ev on it (where e is the electron and yv is some whole number), 
of such a sign that the force acting on the particle opposes the 
action of gravity. The drop will then fall under the force mg of 
gravity with a velocity v; if the field is absent. If the field F 
acts on the drop, it will fall with a retarded speed v2 under 
the force mg — Fev. Since the retarding force is the same in both 
cases and the fall is uniform, then 

v1 mg Fev _ w+ 

v, Fev — mg mg V1 


rei 
ve = Fy, l- V1). 


Ar? = 


Now Stokes’ law says that mg = Kv, so that me = Kk. 


1 


| BY 


Therefore ve = A (0s +»,). For v equal to unity, e= 


eF 
(vi + v2)o 


(ve + v1)o and K = 
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Now Millikan in a separate series had actually determined e, 
so that it was easy to get v and to find the value for vy 


= 1. Actually, e need not have been known, for e = F (0s + v1)0 
could be found by charging the drop a number of times to differ- 


ent values, and finding the least common divisor for Kes + 1). 


This would give (0 + v2)o. Thus one could obtain K by 


observation from 2, v2 and F and e. 
Putting the value for K into the Brownian-movement equation 
above, then at once 


=< Dia (v1 + Ve) 0 
eee 
Ag? = a Nas a 
or 
Nue pe Qh (v1 + Y2)o- 


1s Ay 
If, accordingly, the Brownian-movement theory is correct, 
measurements of Ay” and (v1 + v2) for a given r, 7’, and F should 
yield Ne, the Faraday constant for the electrolysis of a univalent 
ion. In these experiments Millikan and Fletcher first held a 
drop suspended between the plates and measured its Brownian 
motion along a line normal to the direction of sight and gravity, 
timing the transits of the drop across cross-hairs of known 
distance in the eyepiece of the telescope. By using gases of 
low 7» and working at lower pressures, values of Az”? could be 
worked with 50 times as large as those of Perrin for the same drop. 
Hence much more accurate measurements were possible. Next 
the drop was allowed to fall in the absence of F, and v; was 
determined. Then it was charged to varying amounts and v2 
was measured. From these measurements (v1 + v2)9 was 
determined for a given F. The measurements as made gave the 
average Az for a given r. For convenience, Az, the average, 


was computed and then squared. This gave (Az)*. In the 


Brownian-movement equation the average of the squares 
Az’ occurs. Thus, to insert the values for Az observed into 


the equation above, it is necessary to employ the relation 


tt is [Beosty _ 4RaT (v1 + 2)0 
Av = Ape » Whence Nae "5 Fee 
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The temperature in these measurements was also easily more 
accurately controlled by a thermostat than in those of Perrin. 
The results should, consequently, be more reliable. With 1735 
displacements on a drop with unit charge, Millikan and Fletcher 
got Nue = 2.88 X 10'* electrostatic units. For a univalent 
ion in electrolysis, Nae comes out as 2.89 X 10" electrostatic 
units. The probable error on the number of counts used is 
2 per cent and the observed difference is well within this limit. 
Both in the accuracy of the result and in the avoidance of any 
questionable assumptions this beautiful piece of work confirms 
Perrin’s conclusions in a striking manner, and can be regarded 
as one of the triumphs of modern technique in experimental 
kinetic theory. It definitely establishes the correctness of the 
kinetic-theory explanation of Brownian movements and thus 
verifies the kinetic theory of matter beyond a doubt. 
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CHAPTER IX 
SPECIFIC HEATS AND THE KINETIC THEORY 


90. Definition of Specific Heats and the Simple Experimental 
Facts.—After the perfection of thermometry to a point where 
physicists could discuss such measurements from a common 
viewpoint, the next great advance made in the field of heat was 
the definition of a term which is called the quantity of heat. 
In the master mind of Black, the obvious interpretation of his 
measurements connoted to him the existence of an imponderable 
heat fluid which he could measure. The heat theory based on 
this connotation is, of course, now completely abandoned, as a 
result of the interpretation of heat in terms of the kinetic theory 
which arose scarcely 60 years later. It still remains to interpret 
this very definite concept, the quantity of heat, in terms of a 
theory ascribing all heat to the kinetics of gas molecules. Closely 
associated with the concept of heat quantity is another concept 
inseparable from it, and without which the definition of a unit of 
heat quantity is impossible. This quantity is defined as the 
specific heat. It is the capacity of a body to absorb heat fora 
given rise in temperature. The unit commonly used in physics 
is a purely arbitrary one, based for convenience on the most 
serviceable and common substance used in heat-quantity 
measurements, to wit, water. The definition of the precise unit 
is at present much a matter of choice, the convenient unit used 
being easily convertible into any other unit. This situation 
arises from the fact that the specific heat of water, 7.e., its thermal 
capacity, varies with the temperature. It is, in general, defined 
as the heat required to raise 1 gram of water 1°C. at a given 
temperature which is convenient for the work in hand. Since 
the change of heat capacity of water with temperature is known, 
all these may be referred back to the heat necessary to raise 1 
gram of water 1°C. at 20°C. ‘This unit of heat quantity is called 
the gram-calorie. It furnishes a convenient reproducible unit in 
which to define heat quantity. If with this unit the heat required 
to raise a gram of any other substance 1°C. be measured, the heat 
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capacity of that substance relative to water is obtained, or its 
specific heat. This is measured and expressed in terms of calories. 
A table of values of the specific heats of a number of common 
substances is given below in order to represent the order of magni- 
tude of the quantities involved. 


Tempera- | Specific | Tempera- | Specific 
arcane ture, heat at ture, heat at 
degrees constant degrees constant 
centigrade | pressure | centigrade | volume 
NMI TK GLO ONO ee 0 1.0094 
Wigch sie cl Si oe en a 20 1.0000 
IMergtinyedcun ce att act ll. . 20 0.0333 
Bil veulerte Wei ome cel). ue io 15-100 0.0560 
PSMPTVITIU Tila oie on elovars, seers. coe. 15-185 0.2190 
| ENG I 20-100 0.03050 
Carbon (graphite)......... 11 0.160 
ISON ZENG thse syeisi se + ms eeic LU 0.340 
te: 2 Se aoe Cee 21- 1 0.502 
PANES MRP RCE osc. acchcieye leis Fk vce 20 0.2417 0 0.1715 
Eiverapenmeet ee an titi mel, Wels evoiess 3.4020 50 2.402 
CON OE toc CMe, Se ce ORE eC aa 0 0.2010 55 0.1650 
PAPO Sie ste anysih «ties 20- 90 0.123 0-200 0.0746 
WiateRVvapOr.n.s cits). os 100 0.4652 100 0.340 


It is to be noticed that there are in the table two types of 
specific heats listed—those taken at constant pressure, and those 
taken at constant volume for gases. The former, designated in 
what follows by the symbol C,, is the amount of heat required to 
raise the temperature 1°C. when the substance is expanding 
against a constant pressure. Thus this quantity is the heat 
required to raise the temperature plus that which goes into the 
work of expanding against the atmospheric pressure. For 
solids and liquids this is small, and C, nearly equals the other 
specific heat, that at constant volume, designated hereafter by 
C,. (C, is the heat required to raise 1 gram of the substance 1°C. 
when the volume is constant, that is, when it does no work. In 
this sense it measures the true heat capacity of the substance. 
For gases where expansion is appreciable, C, contains an appreci- 
able heat expenditure as external work and is distinctly greater 
than C,. For solids this is less but is not negligible, as was shown 
by G. N. Lewis? for a number of pure substances. 
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It is also seen in the table that this quantity varies from 3.4 for 
hydrogen down to 0.033 for some solids, water having the next 
highest specific heat to hydrogen. Furthermore, there is, 
apparently, no regularity in the way in which they vary except 
that the lighter elements or substances seem to have the highest 
specific heats. For substances whose densities change rapidly 
with temperature there is, in general, a rapid change of specific 
heat with temperature. Thus it might be suspected that, by 
some correlation of weight or density, the apparent disorder of the 
values of the specific heats could be changed to show more 
regularities. In investigating the specific heats of pure elements 
two Frenchmen, Du Long and Petit, in 1819 observed the 
important fact that for most solid elements the specific heat 
multiplied by the atomic weight was a constant, and took on a 
value of about 6 cal. 


TaBLeE or Atomic HEATs 


Substance at a ° | Product 

AL helt aR ash ceak what, ae ee 7 hes | 0.2143 5.80 
PE Soe o eeteais mame na ere ee ee te 206 .4 0.0314 6.48 
1S) eer OEMS Se Sterne tage tt Cyt] Mee 79.76 0.0843 6.33 
P65 cs 4 CRA eg Se eee 55.9 0.1138 6.36 
AUR oS acai a clone ie ray eme Or ctas ay ee 196.7 0.0324 6.37 
CDi sed Sok Oa ae ae ER ee ee 63.18 0.0952 6.01 
1 Ge iran Matar ere SRS ire" PABA, eae i Ble pe 39.03 0.1655 6.46 
Tae 285 SO BG oe pane Sere eS 7.01 0.9408 6.59 
TPS ael a sat: apna. «tes Moet hee tom ee ee 30.96 0.1895 5.87 
Hy (solid); teen mica est cen thee 199.8 0.0319 6.37 

Pata Vhs aly Crane at Aira ee ee 31.98 |. O76 5.68 
HA OF ey askance Rena ESN Rae eR ee 107 .66 0.0570 6.14 
Bie ri Bia ie ae aa eee 208 .38 0.0308 6.42 
Cididamond 10°C". 26 © ee ae eee 11.97 0.1128 1.35 
C(digmond: 985°C ite ake eee 11.97 0.4589 5.49 
© (graphite lO:8°C.)\e anata ae ee 11.97 0.1604 1.92 
© .(graphite!985°C. iz. ee eee eee eee 11.97 0.4674 5.60 
B(26"C. Jin. 5. Poe ee 10.9 0.2382 | 2.60 
Bi(283PC)) wished eet ete os eee 10.9 0.3663 3.99 
Bi (red heat) (haan y ee ole oo eee 10.9 0.50 5.45 
pu (erystalline;.21.6°C.) ame ae on ae 28.3 0.1697 4.80 
Si (crystalline, 232.400.) one sen 28.3 0.2029 5.74 
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Since a gram-molecule or a gram-atom of a substance is its molec- 
ular or atomic weight in grams, this law says that for such simple 
substances it takes 6 cal. to raise a gram-atom 1°C. Now this at 
once suggests an interesting conclusion, for by Avogadro’s rule 
(see Sec. 8), the gram-atom of all substances has the same 
number of atoms. Hence for these elementary solid sub- 
stances it takes the same amount of heat to raise the atoms in 
a gram-atom of the solid 1°C., irrespective of the substance. 
This rule holds well (if the C, measured is converted to C,) at 
ordinary temperatures for all but boron, carbon, and silicon, where 
the atomic heats are much lower. Investigation shows that these 
increase their atomic heats, approaching 6 as the temperature is 


2B 
2 


Atomic Heats 


0 2 40 ©0 80 100 120 40 100 180 200 220 240 260 
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Fie. 51. 


raised, while the others all fall below 6 cal. as the temperature 
falls. At absolute!’ 0 all atomic heats approach 0, as shown by 
the curves of Fig. 51. At very high temperatures the atomic 
heat for elements normal at room temperatures begins to increase 
slowly above the value 6. 

If the same criterion be applied to the values of C, and C, for 
gases, the apparent chaos disappears and again a semblance of 
order appears, with, of course, some deviations. The atomic or 
molecular weight of the gas multiplied by C, and C, gives the 
following approximate values for three types of gases: 


M Cw, M Cp, 
; Catorres CALORIES 
RU RGsTTAL OV TILICREE SCSI fates Aichi react vey ayn 4 eons viet etsy of asc s 3 5 
BU etcT ONS AUCRAN GE AA. afc alee tele nie cid Ges hee aye ee wate 5 U 


LE) gC RENAE taco inhi ORO CRUE aa ae 6 8 
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In the diatomic gases certain chemically very reactive gases, 
such as Cl, and Bre, show distinctly higher values than the rule 
permits. This holds true also for many of the polyatomic gases, 
particularly those regarded as chemically reactive at ordinary 
temperatures. At higher temperatures these approximate con- 
stants all increase in value, while those deviating at room tem- 
peratures tend to conform to the rule as the temperature decreases. 
Finally, the general rule may be applied to a number of com- 
pounds of definite molecular composition. _Neumann**found that 
for oxides and sulphides of the form indicated below the molecular 
heats took on values characteristic of the molecular constitution. 


Typr or OxipE Mo.ecuutar Heat 
RO SAAS ia hen siiad | oak See Cee ne ee ree 11 = 5.5 X2 
RO ges Pope Slated teen eel one one eee od eee 144.0 =4.7X*3 
RO aes fs oe eta ee oe eee 18.4 =4.6x4 
Bie OF aren ee teria oP ROE Vieae GAbs hg. ot bight 26.9 =5.4x5 
Stn eee Pee ot eer Rr, Mota oly herd oF Ee 11.9 =5.9 X2 
| ASP Mee eer DRE ey 1 Mes eNN hh coders curs Si: 18.1 =6.0X3 
IRC oss Ea ne sess TRS, ee Ze 12.75 =6.4 X2 
RG ee At Beg: ait cies aes ne Morse Ree 18.7 =6.2X38 
BUNO g2 aaa ore ee ee ee 24 =4.8X5 
RUN Qalactsls 32 aaa ceo ere neo eee aa 88.2 =4.2xX9 
RS Ogi: oes ae ek pac Se tos, Oo ern eee 26.4 =4.4xX6 
Rig ge8 yogi a)t Metta i are eee eee 32.9 =4.7X7 
RCO sts heise sont oe 21.4 =4.3X5 
a Oe eM ck etic ea dy. 29.1 =4.9X6 


Thus, there is, clearly, a heat contribution which is roughly 
proportional to the number of atoms in the molecule, which is, 
however, influenced in magnitude by certain constitutional 
differences for specific types of groupings. ‘This remarkable 
discovery of Du Long and Petit was not only of great use to 
the chemist in his attempts to establish the correct formule for 
his compounds, but lead to an expression for the specific heats 
which put them into some semblance of order. This order 
remained unexplained for many years and the kinetie theory 
offered the first and only explanation. The clue to the meaning 
of these laws is suggested by the rule of Avogadro that points 
to the fact that, in elementary solids, the same number of atoms 
under certain conditions have the same specific heat. Not only 
have the regularities proved of use, but the very irregularities or 
deviations have yielded a remarkable service in showing where the 
classical treatment and understanding ended and the mysterious 
quantum actions began. In fact, the applications and limitations 
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of the treatment of specific heats by the kinetic theory furnish 
one of the most dramatic and fascinating chapters of the kinetic 
theory and perhaps one of its strongest supports. 

91. The Doctrine of Equipartition of Energy and the Distribu- 
tion of the Energy among the Degrees of Freedom there. A. 
Review of Assumptions Involving Equipartition of Energy —In 
Sec. 9 it was shown that if the interpretation of pressure by the 
kinetic theory is accepted and is combined with Avogadro’s 
rule, for point molecules, making elastic impacts, it follows that, 
on the average, every type of molecule of a gaseous mixture has 
the same kinetic energy, and this energy is related to the tem- 
perature of the gas. Thus, if two types of molecules m; and mz 
of average velocities C; and C, existed in a gas of pressure p in a 
volume v at a temperature 7’, then 


pv = FnmC1? = FnmsCs" = 1a i 


where n is the number of molecules in each volume. Since by 
Avogadro’s rule - is the same for all gases at constant pressure 


and temperature, 


vere a More = S75 


2 2 an L 


where # is the value of R appropriate to a single molecule. 


This means that the kinetic energy of translation of the molecules 
m, and mz in a mixture of gases is, on the average, the same, or the 
kinetic energy is distributed evenly among the molecules, whether 
of different types or not. 

This idea is capable of being pushed further and has been actu- 
ally carried further in Chaps. II andIV.* There it was assumed 
that in a gas in equilibrium the velocities were equally distributed 
along the three coordinate axes—that is to say, that the 2, y, 
and z components of ¢, or u, v, and w, were, on the average, equal. 
In this case, then, the energies associated with the velocities 
u, and w along the axes, which are proportional to u?, v?, and w?, 


*A more rigorous proof of the theorem of equipartition of energies as 
a result of the conditions underlying the Maxwellian distribution of velo- 
cities is given in Sec. 36 of Chap. IV. 


364 THE KINETIC THEORY OF GASES 


are also equal. For a gas where the molecules can show 
only motions of translation along the three axes (e.g., the mona- 
tomic gases), the energy is composed of the kinetic-energy com- 
ponents of its motion along the three coordinate axes, and 
these, on the average, are equal. 

B. Definition of Term ‘Degree of Freedom” and Extension of 
Idea of Equipartition to Rotation and Vibration.—In discussing 
motion in what follows, the allowable independent motions which 
a body can make will be termed its degrees of freedom of motion. 
Thus, for example, a body that can have only motions of transla- 
tion has only three independent motions possible, 7.e., those 
along the three axes. It is said to have three degrees of freedom 
of motion. A body which can rotate about three independent 
axes has, then, besides its three degrees of freedom of translation, 
likewise three degrees of rotation. Finally, a body composed of 
two or more molecules bound by elastic forces may have vibratory 
motions of the molecules along their lines of junction. Each 
such vibrational mode which is independent of any other con- 
stitutes a new degree of freedom of motion. It may be pointed 
out, in this connection, that for such a motion under elastic 
restoring forces, on the average, one half the energy is at any 
instant in a kinetic form, the other half is in the potential form. 
Thus a body may have, at most, three degrees of translational 
freedom, three degrees of rotational freedom, and as many 
degrees of vibrational freedom as there are independent modes of 
vibration possible, each vibrational mode, however, having equal 
quantities of kinetic and potential energy. The law of equiparti- 
tions of energies may from the foregoing then be stated by the 
assertion that the energy of a gas is on the average distributed 
equally among the degrees of freedom. 

C. Existence of Rotation Proven.—Thus far in the text attention 
has been focused on the translatory motions of the molecules. 
That, with the assumption of elastic impacts and equipartition, 
one should also expect rotational motions in which each degree of 
freedom has as much energy as each degree of translational free- 
dom cannot be questioned, where molecules with moments of 
inertia exist. Experimentally, the work of Perrin has shown that 
_ the larger particles undergoing Brownian movements do exhibit 
rotations, and he has proved these to be rotational heat motions, 
similar to those for molecules, by quantitatively verifying Eins- 
stein’s equation for this case (see Chap. VIII, Sec. 88). A further 
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proof of existence of the rotations and vibrations of atoms in mole- 
cules comes in a striking fashion from the theory of band spectra. 
An atom in which an electron is emitting light, as was shown in 
Sec. 46, has the single line of negligible width broadened as a 
result of the Doppler principle and the translational motions 
coupled with the distribution of velocities. If, now, a molecule 
be considered in which, owing to the moments of inertia of the 
atoms about their common center of gravity, rotations of the 
molecule as a whole may be expected, then if one of the atoms 
be emitting a spectral line, the line will be displaced to the one 
side or the other of the line emitted by the atom at rest, due to the 
rotation and the Doppler principle. For rotations as well as 
translations then the lines would be broadened, owing to the 
distribution of velocities among the molecules. In rotation, 
however, there is a mysterious action which restricts the con- 
tinuity of the distribution of rotational velocities, while it does 
not do so in translation. For some reason at present unknown, 
a molecule may rotate about its center of gravity in such a 
fashion that its kinetic energy of rotation 14/w? (where I is the 
moment of inertia and w is its angular velocity) is only whole 
multiples of an energy hv, v being the frequency of rotation 
and h being the universal constant of Planck.* Thus unlike the 
translational motions which can take on a large continuous range 
of values dictated by the Maxwell distribution law around room 
temperatures, the rotational velocities can take on values of 
only hv, 2hv, 3hv, 4hv, ete. Thus one would have, besides the 
single broadened line due to translation for a light emitting 
molecule, a pair each of lines displaced one to each side of that 
line corresponding to the lhv, 2hv, 3hy, etc. of rotation. Ina 
similar manner, the quantization of the vibrations will superpose 
more displacements of the single line emitted, in which, due to 
many different values of v for vibration, the displacements may 
be different, so that for each line emitted by an atom of the 
molecule there will be a group of lines, closely related to it in 
frequency, constituting a single band or a system of bands. The 
spectrum of such a molecule will then consist of a system of 
bands corresponding each one to a single electronic frequency 
within the atom with the velocities of rotation and vibration so 
compounded with it that each single line becomes a band or 
group of bands of definite structure. In some cases these bands 
are in the infra-red, in others they lie in the visible. For many 
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gases they have been analyzed and from the distance between 
the components of a band it has been possible to compute the 
moments of inertia of the molecule and the distances between 
atomic centers.*4 Similar calculations for the vibrations lead 
to an evaluation of the law of attraction and the forces between 
the atoms. The values for these forces are now being checked in 
a spectacular fashion by Birge®® on the basis of the “swelling” 
of the atom due to the centrifugal forces of rotation. In fact, 
the uncanny precision of the explanation of such a multitude of 
phenomena by the assumptions of quantized rotations and vibra- 
tions has caused their unqualified adoption in the field of spectro- 
scopy. ‘This is carried so far that whenever a band spectrum 
is observed it is taken for granted that it represents a molecular 
compound, even when it occurs in gases where to the chemist’s 
knowledge molecules do not exist (e.g., in such gases as He and 
Hg and Ar). This evidence may then be accepted without hesi- 
tation as proving the existence of rotational motion among mole- 
cules, and as further evidence that the distribution of energy 
among the various rotational states is governed, contrary to the 
translations, by the restrictions of the quantum theory. 

D. Application of Equipartition to Rotation and Vibration and 
Limitations Imposed by Quantum Theory.—Thus having assumed 
rotations to exist, and having accepted the doctrine of equiparti- 
tion of energy for translation, it is not a great step to assume 
that the principle of equipartition must apply to the gas as a 
whole, that is, to rotational as well as to translational motion. 
As far as the quantum theory,* which was perhaps introduced 
somewhat prematurely in the last paragraph, is concerned, it 
has no conflict with this assumption. While it restricts the 
energies which single rotations of a given atom can take on 
to a limited number of values instead of the infinity to be expected 
from a continuous distribution law, it does not in any way pre- 
vent the particular degree of freedom as a whole from taking 
its full quota of the energy of the gas. What it does do, how- 
ever, is to restrict the activity of a given rotational or vibra- 
tional degree of freedom in certain cases, as will be seen. In 
fact, there is an actual experimental case on record where, owing 


*It may be added that the term “theory’ in “quantum theory” is 
perhaps a misnomer. It is from observation by experiment only that the 
physicist has been lead to the necessity of adopting the quantum concept in 
order to correlate the results of observation. The quantum is an observa- 
tional fact, not a theory. 
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to the quantum action, the rotational degrees of freedom of Hz gas 
disappear at low temperatures and tt acts as a monatomic gas. The 
restriction of the quantum theory to the application of the law of 
equipartition perhaps might be stated as follows: Wherever a 
degree of freedom can, under the quantum restrictions, assume 
its full activity, the law of equipartition of energy among the 
degrees of freedom may be applied without question. 

As regards the quantum restrictions in equipartition for 
vibrational degrees of freedom, the same may be said as for rota- 
tion. The extension of the doctrine of equipartition to the vibra- 
tions of the atoms is, in general, a little more doubtful. In this 
case the vibrations are intramolecular. If these vibrations lead 
to dissipation of the energy in any other form than that of mass 
motion of the atoms (e.g., in radiation which can escape from the 
gas or in chemical work of separation, dissociation, of the atoms), 
the impacts are inelastic. This is an assumption which has been 
carefully avoided in the kinetic theory and must be so in order to 
study the gases under sufficiently simple conditions. Thus in 
including the vibrations in the category of degrees of freedom to 
which equipartition can be applied, the restriction must be added 
that this can only be done where the elasticity of impacts is pre- 
served and no changes in the kinetic energy of the gas as a whole 
take place. 

E. Calculation of Cv for Various Types of Gases from Equipar- 
tition among Degrees of Freedom. 

1 3.RT .3 


Returning to the relation that gnc? sts wer Seay kT (where 


Ser is the energy of translation for one atom), it is seen 


at once that each of the three degrees of freedom of translation, on 
i 

the average, takes an energy 33”), or oT. Thus the law of 

equipartition may be stated by saying that to each degree of 

freedom of a gas molecule the energy associated with it is, on the 


average, Shr. Accordingly, for a gram-molecule, since 22,400 


Nk = Ra, is about 2 cal. for 1°C. (accurately, R = 1.9885 cal.), 


2 
it can be said that each degree of freedom corresponds to al cal. 


Hence, if the temperature of a gram-molecule of the gas be raised 
1°C., the heat taken to increase the energy of the degree of free- 
dom by an amount corresponding to this is roughly 1 cal. Thus 
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the molecular heat for each degree of freedom is 1 cal. It is now 
possible to apply the above assumption to the practical cases 
exhibited by different types of gases. For a monatomic gas like 
He, Ar, or Hg, all but 14720 of the mass or even less is concen- 
trated at the center of the atom in a nucleus whose radius is of 
the order of 50.000 a that of the atom.”® Accordingly, the frac- 
tion of the energy involved in rotation may be considered 
negligible.* Such gases can have only three degrees of freedom 
of translation along the three coordinate axes. The atomic heats 
of all such gases should be 3 X 1, or 3 cal. Measurement shows 
this to be the case within the limits of experimental error. In a 
diatomic gas in which vibrations do not occur, there are two mas- 
sive points moving as a rigid whole. This system can have its 
center of gravity moving along the three axes. It may also 
exhibit rotation of the two masses about two axes at right angles 
to each other and to the line adjoining the two atoms, that is, it 
may have three degrees of freedom of translation aul two degrees 
of freedom of rotation, making a total of five degrees of freedom. 
of motion. To each of these is permitted 1 cal. for all the mole- 
cules in a gram-molecule. Hence for these MC, should be 5 eal. 
This is seen to be the case for most chemically inert gases within 


* How the energy of rotation of atoms may be neglected on the quantum 
theory may be seen at once from what follows. According to that theory, 
hy 


E, = 5 Iu? = 5 (nv!) = n't 


where £, is the energy of rotation that must be quantized, J is the moment of 
inertia, w the angular velocity, v the frequency, h the Planck constant, and 
m an integer taking successively values (0, 1, 2, 3,4,5. . .). 

Hence 


h 
Yn = Gap m= (0, 1,2,3,4. ek 


and 
nh? 

(Birla = Srl 
If J is very small, H, is very large and the energy necessary to activate these 
quantum states is so much above the normal thermal energy that no energy 
of rotation is absorbed by the atoms of He, Ar, and Hg. This peculiar 
action of the quantization of energy will be discussed more in detail later in 
this section. If the radius of the atom is 10-8 cm, the electron mass is 
9 X 10-78, h = 6.5 X 10-” ergs sec., n = 1, EH, takes a value of 10-" ergs. 
This is a thousand times the energy of thermal agitation at 273° absolute. 
So at room temperatures there is not energy enough in the atoms to cause 
such a spin of the electrons. 
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the limits of experimental error. For all other polyatomic gases 
there are three degrees of freedom of rotation and three of transla- 
tion. Hence MC, should be 6. Thisis the case forafew. With 
most of them MC, is greater than 6, and this is the moré so the 
more reactive the gas is chemically. As the temperature is 
lowered, MC, for such gases decreases and approaches 6 calories. 

All this indicates definitely that for some of the more complicated 
gases energy is going into other channels than that of increasing 
the translatory or rotational energies. It can go into only two 
other channels, that of increasing vibrational energy along the 
lines of junction of the atoms, an act which might ultimately 
cause a loss of heat energy to work of dissociation, or that of displac- 
ing electrons in the molecules from their positions of equilibrium 
to new positions of greater energy content. The non-existence 
of ionization of the gas or light emission at ordinary temper- 
atures definitely rules out the electronic vibrations as the cause 
for the higher molecular heats of such gases.!* Furthermore, 
most molecular gases obey the gas laws either in their elementary 
form or in the form of Van der Waals’ equation, and dissociation 
does not occur at ordinary temperatures in most gases. It may 
therefore be concluded that for most polyatomic gases the high 
molecular heats are due to the activity of degrees of freedom of 
vibration inside the molecules. These degrees of freedom, how- 
ever, do not necessarily demand inelasticity of impact in any sense. 

F. Brief Statement of Quantum Theory.—lIf the atom is re- 
garded as a system of electrons in orbits about a central sun 
or nucleus, and molecules as the grouping of two or more such 
celestial systems in positions of equilibrium relative to each 
other, the question arises as to why the impacts should be 
elastic at all, that is, why at impact could not the kinetic energies 
be used in semipermanent distortions of the molecules which 
increase their potential energy and cause dissipation of energy 
as radiation. It is here that a generalization from other fields, 
and one which early found its application in specific heats, may 
be applied. The first to realize the application of quantum theory 
to specific heats was Einstein? in 1907. Work on the radiation 
laws had lead Planck'® in 1900 to conclude that these could be 
derived only on the assumptions that energy was absorbed or 
emitted in whole units or quanta. These quanta he showed 
consisted of the frequency of vibration of the oscillator multiplied 
by a universal constant h. Einstein! in 1905 indicated that the 
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energy of electrons liberated by light from a metal, the photo- 
electrons, should be smo? = hv — P, where v was the frequency 
of the emitting light and P was the work to get an electron out 
of surface. This law was subsequently proved experimentally 
by Millikan!? in 1916. In 1913, experiments by Franck 
and Hertz had shown that electrons collided elastically with 
atoms, that is, they retained their energy gained from the 
field unless the energy exceeded that necessary to ionize the atom. 
This was later also shown to apply to the process of light emis- 
sion in that it was found that, to excite radiation of light by the 
bombardment of atoms by electrons, atoms and electrons were 
unaffected by impact unless the energy at impact exceeded the 
value of hy characteristic of the light excited. All of these may be 
correlated as belonging to phenomena which were summed up by 
Bohr!*!* in his formulation of the structure of the atom begun in 
1913. In this formulation, Bohr postulated that for an electron 
moving about a nucleus on the inverse-square law of force the 
electron, although accelerated, does not radiate energy as classical 
electrodynamics requires; and that, furthermore, it was not 
possible for the electron to assume any orbit consistent with the 
force and its velocity. He assumed that the electron could take on 
a limited number of definite orbits, in which it could move without 
radiation. In order to be disturbed, an electron in such an orbit 
had to receive energy enough in the encounter to move it to one of the 
next outer stable orbits, that is, it could only be removed from an 
orbit to an outer one when it received from the impinging electron 
an energy equal to that of moving it to a higher orbit or out of the 
atom. Light was emitted then only in the process in which the 
electron fell back from an outer to an inner orbit and the energy 
radiated was hy. The frequency » of the radiation was connected 
with the orbital frequency by what is known as the correspondence 
principle. This group of assumptions has had such a remarkable 
success in correlating the spectroscopic data that, together with 
the experimental evidence on inelastic impacts and radiation laws, 
they must be accepted as essentially in conformity with nature, 
although the mechanism of the processes remains quite obscure. 

G. Effect of Quantum Restrictions as Regards Equipartition of 
Electronic Vibrational and Rotational Energies —The important 
feature of these quantum assumptions for the problem of specific 
heats lies in the problem dealing with the effectiveness of impacts 
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in setting rotations or vibrations into action or in disturbing 
the electronic configuration of the atom. Thus on this basis 
it would not be expected that an electron in an atom should 
be excited on impact unless it received energy enough to raise 
it to a level where in falling back to its original position it would 
radiate light of a frequency ». For an electron emitting one 
of the D lines of yellow sodium light » = 5.095 X 10!4. Planck’s 
constant A is 6.62 * 10-7’ ergs sec., whence hy = 3.387 XK 107 
ergs. The average energy of an electron or of a molecule at 
0°C. is 5.62 X 10-'4 ergs. Thus it would be a rare impact 
between atoms in which the relative energy imparted to one 
electron would be 50 times the average energy of agitation. 
The quantum condition for an inelastic impact would, therefore, 
be fulfilled but rarely and the majority of the impacts would be 
elastic. It is therefore to be expected that degrees of freedom of 
electronic vibration are only to be awakened at temperatures 
where the average energy of agitation of the molecules or atoms 
becomes comparable with the quanta required for light emission 
by electrons. That such processes do occur at high temperatures 
is evidenced by the emission of spectral lines in flames when the 
adequate temperatures are reached.'® At room temperatures, 
however, practically all impacts are elastic as regards losses to 
electrons. For the vibrational energies in molecules v is very much 
lower, that is, the light radiated is in the infra-red and for rota- 
tional energies the frequency is yet still lower. Hence in this 
region it is not surprising that, since hy is not much greater than 
the 5.62 X 10-!4 ergs of energy of agitation, an appreciable frac- 
tion of the collisions set the molecules into vibration along the 
line of centers. Thus MC, should be expected to show signs of 
increasing at room temperature. If, on the average, one-half 
the molecules were kept vibrating with one quantum of energy, 
then, since equipartition demands that each vibrational degree 
take 2 cal., it would be’ expected that the value of C, would be 
7 instead of 6 cal. for a polyatomic gas, and 6 instead of 5 cal. for 
a diatomic gas. ‘This is the case for Bre, where MC, is about 5.82 
instead of 5, and less so for Cle, where MC, is 5.2. It-is clear 
that, as the temperatures are raised, gases which had the number 
of calories for MC, that theory demanded would begin to 
increase their molecular heats, and that as the temperatures were 
lowered gases like Cl, and Br would begin to conform to the 
general rule. This appears to be so experimentally. 
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Since rotational quanta require still less energy, it is not sur- 
prising that at room temperatures the molecules all show their 
full quanta of rotation. At very low temperatures this should not 
be so. Unfortunately, all molecular gases other than He liquefy 
at temperatures so high that a marked decrease in the rotational 
energy has not set in. In Hp luckily, it had been shown by 
Eucken" in 1912 that at temperatures below the boiling point 
of liquid air the molecular heat of the gas rapidly diminishes, 
reaching a value characteristic of a monatomic gas at about 60° 
abs. This, as will be seen in what follows, can only mean that 
at such temperatures the average kinetic energy of thermal agita- 
tion is so low that it is only rarely that the molecule has an energy 
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imparted to it, equivalent to the hy, for rotation, and hence 
capable of imparting rotational degrees of freedom to the gas. 
This can be seen in Fig. 52, where C, for H, is plotted against the 
logio.7* 

92. The Specific Heat at Constant Pressure C,, and vy, the 


Ratio of the Specific Heats, ae as Interpreted on the Kinetic 


Theory.—Consider a gas in a vessel provided with a weightless 
piston in contact with a heat reservoir. If the gas is insulated for 
heat losses its temperature will gradually increase due to the heat 
inflow. As the temperature increases, the gas will expand, driv- 
ing the piston outward. If the initial pressure was p, the outside 
atmospheric pressure, the gas in expanding by an amount Av 


* Recent measurements of Cornish,!* at the University of California, 
have established the correctness of this with remarkable precision. 
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will do the external work pAv against the outside pressure p. 
In addition to this, the kinetic energy of the gas will increase by 


an amount corresponding to Kar = dT cal. for each gram- 


molecule of gas foreach degree of freedom of mechanical motion 
active. If the gas is one in which degrees of freedom of vibra- 


tion can exist, then again uy or 2dT cal., will be absorbed by 


the gram-molecule of.the gas per degree of freedom of vibration. 
Finally, if the intermolecular forces are very great (e.g., Van der 
Waals’ a is appreciable) and dv is great, then some work will be 
done in increasing the potential energy of the gas. If Av is small, 
since a is generally minute, this term may be neglected and 


Av 
if do can be set equal to0. ThusC,d7 = A(KE), + A(KE)p 
0 


+ A(£), + pAv, where A(KE), represents the gain in trans- 
latory kinetic energy, A(KZ), the gain in rotational kinetic 
energy, A(/), the gain in vibratory energy, and finally pAv, the 
external work done against pressure. 

Now pv = RT to a first approximation and hence for small 
volume changes pAv = RdT. Thus, expressing the relation 
for the heat absorbed C,d7, where C, is the specific heat at 
constant pressure, in terms of & and d7’ one has 


C,dT = * RAT a 5 Rar + foRdT + RaT, 
where 34RdT = A(KE)7, 16f\RdT = A(KE), f.RdT = A(£),, 
RdT = PaAv, and the factors f, and f2 represent the degrees of 
freedom of rotation and vibration present. Thus 


in ORAL 
Cy = ( +2 +h)R. 


As R = 2 cal., one may write 

Cs _— (5+ fi + 2fe). 
For a monatomic gas f; = 0 and f2 = 0. Hence C, = 5 cal. 
For a diatomic gas f; = 2 and C, = 7 when f, = 0, while for a 
polyatomic gas where fz = 0, C, = 8. For a gas with f; = 2, 
fe = 1, and for a gas with f; = 3, f2 = 1, Cy becomes 9 and 10 cal. 
respectively. These last figures are approximated under certain 
conditions by gases such as Cl, and C;Hs. 


374 THE KINETIC THEORY OF GASES 


In general, while C’, is known, y, the ratio of the specific heats, 


Cae: : 
y= a” is much more accurately known, for it can be found 
v 


by direct measurements of C, and C,, from the velocity of sound 
in a gas, and by adiabatic and isothermal expansion methods 
such, for instance, as the Clement-Des Ormes method. 

Using the notation of this section, C,d7T may be given by 


CodT = A(KE)r + A(KE)z + A(E)o, 


or C, =3R+SAR + HR, 
Cp_, __BR+MAR+A/R+R 
whence em MS eR 4 Meh ae 


Thus one has for y 


eh Ge ie 
Co. (8 + fark Be) 


For monatomic, diatomic, and polyatomic gases this gives y 
as 54 = 1.66, % = 1.40, 8 = 1.33 respectively. Where f; = 
2 and f. = 1, and also where f; = 3 and f. = 1, that is, for dia- 
tomic and polyatomic gases with one vibrational degree of freedom, 
vy is 94 = 1.286 and 1% = 1.25. It is seen that as fe increases 
beyond unity y will gradually approach 1 as a limit. Below is 
given a table of the values of y for a number of gases and it is 
seen that y varies as is predicted, reaching values near 1 for 
such complicated gases as ether vapor where many vibrational 
modes may be operative. It is possible, however, with ether 
that the internal energy of expansion may need to be taken into 
account in order to compute a correct theoretical value for y. 
How well these laws are obeyed may be seen from the observed 
values of y given below: 


OBSERVED y FOR GASES 


Monatomic Gass Diaromic Gases Po.yaromic GASES 
Het an eee 1.63 AIT <2 eee tence 1.401-- Osteen 1.29 
DiS BOM Ons se Ge ae 1366 7— 2H ace ee 1.408 HO jee 1.305 
TST ge eee 1.66 (OMS eer Lee, 1.400. COs ieee ee 1.300 
TG 2 coriorn Ohe 1.66 COAS a. cuhenere 1.401 NHS ee 1.336 

INO Site, casnere 11394. -CHi eae 1.313 
Baars setae 1.293 CjHacee eee 1.22 
Cle. .s.ces-c0s. 1.823, > GRE ee 1.130 
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93. Atomic and Molecular Heats of Solids.—In view of what 
has gone before in the case of gases, it is a simple matter to 
explain the law of Du Long and Petit on the kinetic theory. 
In the solid state, and especially in crystals, it is assumed that 
the atoms or molecular groups are bound in fixed positions rela- 
tive to each other. Thus there is not the motion associated 
with the solid state that characterizes the liquid and gaseous 
states. Heat motions, obviously, exist, for solid bodies both 
transmit and absorb heat. Thus they must be capable of taking 
up the kinetic energy from a gas and, in turn, passing on energy 
to a gas. A body held in a fixed position, while not free to 
execute random heat motions, may well move if disturbed. Such 
a motion will be an oscillation or a vibration about its rest 
position as center. Since it is likely that, within certain limits, 
the forces urging the displaced atom or molecule in a solid back 
to its initial position may be assumed to obey Hooke’s law, the 
particles then execute simple harmonic vibrations about their 
equilibrium positions. Thus the heat motionsin a crystal consist 
of vibrations of the atoms or molecules about their rest positions. 
Since, on the average, each such degree of freedom of harmonic 
vibrations has equal amounts of kinetic and potential energies, 
there are 2 cal. per degree C associated with each degree of free- 
dom of vibration in a gram-molecule of solid. As there are only 
three degrees of freedom of vibrations possible, along the three 
coordinate axes, the molecular heat should be 


MC, =3 X Rk = 6 cal. per degree C. 


Thus Du Long and Petit’s law that each molecule or atom has 
associated with it a given amount of the absorbed energy which 
goes to raise its temperature at once finds its explanation in terms 
of the kinetic theory and the law of equipartition. With the 
exceptions discussed before, and which will be analyzed in what 
follows, this law holds for the elements very closely. For com- 
plex solids the law of Neumann holds. Here it is found that each 
molecule often does not absorb its full 6 cal., but where certain 
groupings appear the energy absorbed is less. This finds imme- 
diate and simple explanation in the view now held of the crystal 
structure in the case of complicated molecular groupings. Thus 
in CaCO; the crystal is built up of Ca atoms and CO;groups. The 
latter then act asa unit. It is quite plausible to assume that each 
of the atoms in this CO; unit are not free to vibrate in all three of 
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their degrees of freedom. Hence it is to be expected that where 
the CO; group occurs its contribution to the molecular heat may 
not be 24 units, but less, owing to some of the vibrational modes 
suppressed in its component atoms. Why some modes are sup- 
pressed and others not is explainable on the basis of the quantum 
theory, for if one of the oxygen atoms is very rigidly bound to the 
COs, and not equally so bound in the group along the three axes, 
it will require blows of greater energy to set the particular vibra- 
tion into operation—that is to say, it is possible that at the exist- 
ing temperature the average kinetic energy is too low to awaken 
the particular mode of vibration. Hence only those vibrations 
which are loosely enough bound to be active at the temperature 
in question should respond, and the energy absorptions will be 
less by 2 cal. for each such “‘sleeping” degree of freedom. Of 
course, since the energy exchanges are statistical, an occasional 
degree that is normally ‘‘sleeping”’ will absorb. More of these 
will absorb the higher the temperature. Thus the molecular 
heat of such a compound will begin to go up as certain temper- 
atures are approached. ‘This increase will at first be gradual and 
then more rapid, but in any case more or less continual, due to 
the continuous value of the energy distribution function. 

The explanation just given for the Neumann law should also 
apply to all the elements as well. In this case, however, the 
greater symmetry of the crystal lattices and the equality of the 
atoms should make the probability of exceptionally strong forces 
in certain directions less likely. As may be seen from the table on 
page 360, this is the case. The three elements C, Si, and B, hay- 
ing the highest melting points, however, deviate quite perceptibly 
and have MC, well below 6 cal. This is not surprising, since the 
high melting points of these substances indicate very intense 
interatomic forces, for the melting points are merely the temper- 
atures where the average kinetic energy of agitation of the atoms 
becomes comparable with the potential energies of the atoms in 
the crystal. At this point the interatomic forces cease to be able 
to hold the atoms in the rigid positions characterizing the solid 
and the body melts, becoming a liquid. Strong forces mean that 
the vibrational frequencies of the atoms are high, and thus at 
room temperatures the average heat impact is not able to impart 
hv to all the different modes of vibration possible. As the tem- 
perature increases, this becomes possible and at higher temper- 
atures C, Si, and B all show the normal value for MC,. As 
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temperatures are lowered, all of the solid elements, and, in fact, 
all substances, should have decreasing values of MC,, and at 0° 
abs. MC, should be 0, for no mode of vibration can have a fre- 
quency so low as to be set into vibration at O energy. The accu- 
rate study of the decrease of the specific heats of the elements as 
the temperature was lowered was largely the work of Nernst'® 
and his pupils. It was this study which most helped to lead to 
the explanations of the deviations from Du Long and Petit’s law 
on the basis of the quantum theory. 

At very high temperatures MC, for the elements increases 
above 6 cal., and, in fact, it is so for the alkali metals at a little 
above room temperatures. This may be ascribed to the absorp- 
tion of energy into degrees of freedom so far not included. It 
coincides with the emission of light by the heated solids. The 
equipartition of energy of motion among the atoms and molecules 
heretofore discussed, as was stated in Sec. 9 and 92, presupposed 
that no energy was absorbed into the atoms themselves, that is, 
it was assumed that the energy was not taken up by individual 
electrons of the atoms. In view of the work of Franck™ and 
Hertz and all of the present-day knowledge of the quantum theory 
as regards the electronic energy exchanges, it is obvious that at 
ordinary temperatures it would not be expected that this would 
occur; at 1000 or 1200°C. there are four to five times the energy 
of agitation, so that the probability of having impacts which can 
excite some of the lower electronic frequencies begins to be 
appreciable. It is, therefore, not astonishing that MC, should 
increase above 6 cal. at high temperatures. 

One more point should be touched on here. In the metallic ele- 
ments, electrical conduction and even heat conduction received 
a tentative explanation from the electronic point of view, that is, 
the parallelism between heat conductivity K and electrical 


conductivity ; of metals, which was evidenced in the Wiedeman- 


Franz?° law that Kp = constant, led to a theory that these con- 
ductivities were due to the same agent. On the discovery of the 
electron, the high electrical conductivity of the metal conductors 
as against ionic conductors, such as liquids, led to the assump- 
tion that the conductivity of the metals was due to the highly 
mobile electron. Thus heat conductivity was also ascribed to 
this agent. The conductivity of heat and electricity by electrons 
led at that time to the assumption of the existence of large num- 
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bers of permanently free electrons in the metal which were in thermal 
equilibrium with the atoms of the metal. Certain phenomenon, 


such as the reflection of light by metals, the Peltier effect, the 


contact potentials, the general photoelectric effect, and the ther- 
mionic effect (mentioned in Sec. 45), also seemed to confirm the 
workers in this belief.24_ ‘On the basis of such evidence, Lorentz” 
worked out an elaborate theory of electronic conduction, which 
was later extended by Richardson,” Drude,?* Norman Camp- 
bell,24 and others. It led, however, in its extreme form to one 
conclusion which was not justified by fact. In order to account 
for optical conductivity and Peltier effects, the actual numbers of 
free electrons present had to be assumed to be very large, that is 
to say, they were assumed to be at least comparable in number to 
the number of atoms present. An alternative to this was that 
they have mean free paths of excessive length in the metal. 


While the latter alternative was possible, it did not seem probable | 


at that time. Today it is considered more likely in view of the 
apparent transparency of atoms like argon to slow electrons.”® 
Thus at that time the assumption of large numbers of free elec- 
trons in thermal equilibrium with the metals was made. If this 
is so, the electrons must, if they are present in the same numbers 
as the atoms, contribute to the specific heat, that is, WC, for 
metals must be increased by 38 cal. for the translational energies 
of the electrons if there are as many present as there are atoms. 

It is of interest to see to what extent this condition holds 
true. A glance at the values of the atomic heats of the elements 
in the table of Sec. 90 shows that many of the elements have a heat 
higher than 6. Others seem to have lower ones. There, further- 
more, seems to be no correlation between the electrical con- 
ductivity, or “free electron’’ content, and the excess value of 
atomic heat as the table stands. G. N. Lewis?* and Gibson point 
out that for most of these substances the heat measured is not 
MC, but MC,. While the difference is small, calculation shows 
it to be appreciable. They obtained data which enabled C, — C, 
to be computed for 15 elements. They found MC, for iodine to 
be 6.9, and MC, — MC, = 0.9. Thus the true MC, for iodine 
was 6.0 and not 6.9 cal. The values of MC, — MC, calculated 
by them are given in the following table: 
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Using these data, they find for 15 elements a mean value of MC, 
of 5.9, with the average deviation of 0.09. It is, therefore, shown 
that for almost all metals MC, is nearly 6 and the electrons do not 
share markedly in the specific-heat contribution. Lewis, East- 
man, and Rodebush,?’ however, found that for certain electro- 
positive metals (e.g., Na, K, Cu, and Mg), MC, rose well above 
6 cal. as the temperature went up. In the most electropositive 
element Cs Dewar?® showed that, even between the boiling 
point of He and of liquid air, MC, was greater than 6 cal. This 
these authors interpreted as meaning that number of electrons in 
these metals are held in such weak restraints that they can pick 
up thermal energy of low value. 

The verdict of this evidence, on the whole, seems to be that in 
no metal are there numbers of “free”’ electrons closely comparable 
in number with the atoms of the metal. At higher temperatures 
the electrons certainly partake of the energy of agitation. Thus 
it would seem that the specific-heat data answer the question of 
the old ‘‘free electron’’ atmosphere quite decisively, while they 
also indicate the presence of electrons very loosely bound. 

94. Calculation of the Temperature Variation of Specific Heats 
from the Quantum Theory and the Values of the Natural Atomic 
Frequencies v in Solids.—It is instructive to study a simple 
derivation of the equation for the variation of specific heat with 
temperature. By means of such an expression, the natural 
frequencies v of the atoms may be computed and the value com- 
pared with those obtained by other methods. The derivation is 
also of value, as it indicates how the quantum theory operates in 
such cases as have been dealt with. 
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To achieve this, one proceeds as follows. For the sake of 
simplicity, assume that the oscillator or atom is a linear oscillator 
describing simple harmonic oscillations. From this and the 
general law for the distribution of energy, assuming equipartition 
among the infinite number of values of the energy of oscillation, 
one obtains, by integration, the average energy for one of the 
degrees of freedom of the linear oscillator, or the atom. ‘This 
is an expression which is merely 24kT for the vibrating atom 
(see Sec. 36 for further details). The above is merely the applica- 
tion of the distribution law to the case of oscillatory instead of 
translatory motion. It is then necessary to introduce the 
quantum conditions before integrating the expression above, 
which was obtained for the energy before introducing the quan- 
tum concepts. Owing to the discontinuous nature of such a 
quantized energy content, the solution cannot be obtained by ~ 
integration, but must be obtained by summing a series. The 
new value of the average energy per degree of freedom will then 
be found to be of a complicated form involving the ratio = the 
energy quantum and the absolute temperature. 

Consider the simplest type of an oscillator, that is, an oscil- 
lator which executes simple harmonic motions along a straight 
line. This might be an atom bound in a crystal. The state of 
the atom or oscillator is defined by the coordinates x, y, and z of 
its center of mass, and wu, v, and w of its velocity of translation. 
From the general law of equipartition of energy, the number of 
atoms of the solid with these parameters between x and x + dz, 
u and u + du, ete. are given by the Maxwell-Boltzmann law of 
equipartition. This says, in its most general form, that 

dn = Ae~**Edrdydzdudvdw. 


2 
In this expression the 2/E is equivalent to of in the expres- 


sion for the distribution of velocities on Maxwell’s distribution 
law given in Sec. 36. £ is, however, the total energy of a linear 

: aa 
oscillator and is given by E = (Gme? + ad*), where — 
is the kinetic energy and ad? is the potential energy, a being the 
force constant and d the displacement. 

It is simpler to consider the energy along one axis only, since 
the energies, on the average, are equal along the three axes. 
This is equivalent to picking one degree of freedom of oscillation 
only. To get this from the above expression one must integrate 
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it for all values of y, z, v, and w. This gives dy, the number of 
atoms or oscillators with parameters beween x and x + dz, and 
u and u + du only, as 


dn, = A,e~*E-drdu, 
where = (Gr -- az?) 


Putting A = sa where k is the Boltzmann constant (see Sec. 


42), then, 
Ez 


dn, = Aze *Tdadu. 


This cannot be integrated in this form, for u and x must be 
expressed in the same form as F,, that is, to integrate this equa- 
tion it must be transformed from an area in the ux plane to an 
area in polar coordinates in the H, plane. Since LH, = l4mu? 


3u and ~/az. Then WE, 


becomes the radius of a circle, and the result is: 


mu = \/ #, sin 0 
Var =<VJE, cos @. 


By means of a Jacobean transformation the area dudz may be 
transformed into an area in the £,, @ plane. 


HE Ou m ou dE ,d0 
dudt, = 2 dH, N 2 06\—=— 


Va a va tT 


sin @ 


+ ax’, one may choose as axes "i 


m du _ a 
Sgn. 1 2HPS 
$i ‘a E,” sin @ 


2 00 

Va dx 1 
aE. = 774 8? 
ass = —~V/E, sin 0 


E,” sin? @ ££,” cos? 6\dEH,dé dE dé 
dudxg I Fae = 


1 
2H ite. 28, m 2 J 
V°2 ca 
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Therefore dudty = — ; dE de 
am 
2 


For all values of 6, dudx becomes 


Qn 
ae in f (dé). 
> fem 

2 Jo 


rd(B2), 


A 
2 
From this it follows that 
ae, 
dnz = dnz, = Be *TdEz, 


where 5 TAs 
am 


2 


Hence dudx = — 


Now if any value of the energy is equally probable for linear 
vibration, that is to say, the energy is not quantized or distributed 
in any other manner, the average energy possessed by a degree 
of freedom may at once be calculated from 


that is E, = 


= kT, 


that is, for a linear oscillator the energy per degree of freedom is 
kT. For three degrees of freedom it is 3k7. If it be multiplied 


by Nu and differentiated for 7, then at once MC, = ea 


= 3N sae = 3kN, = 3R, or 6 calories. This is independent 


of T and is merely the expression obtained for MC, before on 
elementary considerations, Now actually, if it is assumed — 
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that the energy can only be absorbed in quanta, in which the 
quanta must be equal to a given value depending on the fre- 
quency of the oscillator, it is impossible to integrate in the manner 
above. The situation may be seen in the two diagrams of Fig. 
53. Diagram a gives the distribution law for energy #, among 
the oscillators, assuming all energies are possible. The average 
E, is obtained by the integration process performed above. It 


is the product H,dnz, summed up from 0 to ©, divided by 
dnz, integrated from 0 to ~, that is, by the total number of 
atoms in each element summed up for all the elements. In 
the diagram 6} the curve is not continuous but the total energy 
content is made up of the various strips dH, = e wide and having 
consecutively the ordinates daz, given for the particular strip 
in question. The H, is then the sum of a finite number of the 
quantities «, of value, respectively, 0, ¢, 2e, 3c, 4e, etc. the number 
of atoms having the energy EH, being given by the appropriate 
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value of dng; for the given energy «, 2c, 3¢, 4e, etc. The quantity 
previously represented by 


| an is now >idne, 
0 0 
peg 16 _2e 
= al « AT tee kT 4 eg *T4 . | I 


Ez 
for the value of dng, = Be *TdE,, and E, has progressively the 
values 0, €, 2e, 3e, etc. while dH, = e, and that represented by 


fz 2dnz, 18 now > cnn, 


0 € Qe 
= Blox c+ exe + ex 20 kT + € X Bee “EP ; | 


‘ _2« _ 3 
£ alo +ee T+ 2 T+ Bete 4 | | 
Therefore # aan Pram FEE  SCSC~Ss*S*~CS~S 
Bl +e Tre Tie T4... 


This leads to the study of the power series obtained by setting 
a =e *T and gives an expression 


EL, ==) or Ee 
(1 as x) et et at 
To get the specific heat, this must be differentiated with respect 
to T. Differentiation gives 


€ 


dE, 2 ke®eht 
aT ~ (gra) 


For a gram-molecule, that is, for N4 molecules and for three 
degrees of freedom, one has MC, for a monatomic gas as 


_wW 3dE, dEw, 2% 3ReekT 
Sat! saan (a iy 
ekT — J 


The energy quantum e according to the quantum theory is hy, 
where y is the characteristic frequency of the atoms and h is the 
Planck constant. Thus one may write that 


hy 
iy 29 kT 


MC, ="8R y= 
rene 


MC, 
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hy 
kT 
this quantity is nearly 0, and asymptotically approaches 0 as 7 
approaches 0. When kT’ is large compared to hy, this quantity 
approaches 3R asymptotically. Since 3 is the classical value 
for C,, the equation fits the experimental facts quite well. 

The values of v found from the form of the experimental curves 
makes it possible to plot the theoretical curves and to compare 
them with the observed curves. The comparison leads to a 
satisfactory agreement. Asa final check on this theory, the com- 
parison of the value for v obtained from the experimental results, 
using this equation, may be compared with other estimates of v.** 

Since v is a characteristic of the atoms in the crystal structure, 
and is related to the forces of restitution for the atoms in the body, 
it is not surprising to find that Einstein” as far back as 1911 found 
a relation between »v and the elastic properties of the body. On 
the assumption that the atom vibrates with simple periodic 
vibrations (7.e., that it emits monochromatic waves) he derived 
an expression for 


It is seen that when is very large, that is, 7 is very small, 


M285 10" 
’8 = AMpKK 


where A is the atomic weight, p the density, and K the com- 
pressibility of the body. Lindemann*! assumed that the ampli- 
tude of the atomic vibrations in a solid at the melting point is of 
the order of the distance between the atoms. From this assump- 
tion he obtained the following relation between 7's the absolute 
melting point and the characteristic frequency 
Tp 

7 


Yng = 2.8 X 10 


where A and p have the same significance as before. It is seen at 
once why the light refractory elements at room temperature 
depart from the Du Long and Petit law so widely, for with a small 
A and a large T's, vr, is very great, which makes C’, < 3 in the 
equation above. Finally, E. Madelung*® and W. Sutherland,*? 
independently, found that in certain substances the frequency » 
should coincide with the optical frequencies of the atoms. Thus 
rock salt, Sylvin (KCl), and KBr show strong absorption bands in 
the far infra-red. Together with this they show strong metallic 
reflection for these same waves. Thus these crystals have atoms 


- which have natural frequencies in this region. These frequencies 


386 THE KINETIC THEORY OF GASES 


can be none other than the oscillation frequencies of the atoms in 
these bodies, for the crystal is known to be composed of a regular 
lattice in which the metal ion and the anion alternate. Thus as 
these electric waves have too low a frequency to be electronic in 
origin, they can only come from the oscillations of the charged 
atoms or ions themselves. Since these are the atoms, the atomic 
frequency v must be the same as these. Now by repeated selec- 
tive reflection from a rock salt or other crystal, these waves can 
be segregated out and their wave lengths measured. Thus one 
can find » for the atoms directly by getting the wave length of 
the residual rays according to Nernst.*4 The comparison of 
these values with the values from the atomic-heat equation may 
be seen summarized for a few substances. The first column gives 
the element or substance used; the second, vz calculated from 
elasticity data, using Hinstein’s equation; the third the value of v7, 
calculated by the Lindemann formula from the absolute melting 
point. Column four gives vz for the residual rays and the last 
column the values of v calculated from the atomic or molecular 
heats by Lindemann and Nernst from the equation for specific 
heats. Thus the values for » from the equation agree in a remark- 
able fashion with the values of v calculated from diverse sources 
with approximate equations. They thus give an excellent confir- 
mation to the theory of atomic heats as modified by the new 
quantum concepts. 


CHARACTERISTIC FREQUENCY 


Substance | Ve vr. | VR | Vatomic heat 
DAE nem 5 ce ioe eee 657X102? |736)X<' 1089) 2 8.3 < 10% 
CWE sae eee d30 10%" |°6.8: X 10" | 2 Gal 102 
ZAM seeing ee iter o,cfe ace Pc Oee 4.4 X10" | 5.2733 4.8 * 10% 
Agel Uk ence 4.1 X10" | 4.4 x 10% | |... 9 4.5 X 10” 
Iba fiw cn ae ae 2.2 X 10% | 1.85% 101? || > 1.5.10" 
Diamonds cos ae 32.5 X 10" | 15. 3eeeee 40.0 x 10” 
Na Gls) y 2. Secale ee 7.2 X10" | 5.8 X 10? a eee 
Keo s. ot He Belle 5.6 X 10! | 4.7 «& 10™ a) ae 10! 
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CHAPTER X 


CONTRIBUTIONS OF THE KINETIC THEORY TO 
ELECTRICAL AND MAGNETIC PROPERTIES OF 
MOLECULES 


I, THE DIELECTRIC CONSTANT OF MOLECULES 


95. Elementary Statement of the Problem.—lIt had long been 
known that there was a relation between the optical refractive 
index of a substance and its chemical nature. In fact, Gladstone 
and Dale! as far back as 1858 to 1863, and Landolt? found that 
the refractive index n diminished by unity and divided by the 
density p gave a characteristic quantity associated with each 
chemical type of atom. This when applied to the atoms of some 
compounds had marked additive properties. It did not hold 
for changes of state of aggregation nor did it fulfil the values 
observed in mixtures very well. An equation was deduced 
simultaneously in 1880 by Lorenz* in Copenhagen and Lorentz‘ in 
Leyden on a sound theoretical basis which satisfied the condition 
of being independent of the state of aggregation quite well. 
It starts out with the assumption that the molecules are spherical 
electrical conductors. If such molecules find themselves in an 
electrical field they will have charges induced on them of opposite 
signs on the two sides of the plane normal to the line represented 
by the direction of the field and passing through the center, that 
is, the centers of gravity of the positive and negative electricity 
present in equal amounts will be shifted from the center of the 
sphere by the field, so that the molecules act as induced electrical 
dipoles. Such dipoles would act on the charged bodies producing 
the field so as to diminish the forces between them, and it is thus 
that the dielectric constant may be accounted for. Clausius® had 
shown in 1867 that if the fraction of the volume occupied by the 
_ substance which is actually occupied by the molecules be wu, then 
1 +24 
1—u. 
This expression will be deduced in a later section. Thus the 
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the dielectric constant 6 is given by an expression 6 = 
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fraction of the volume of a gas occupied by the molecules 
themselves will be given by 

mete Zi 

siete. 

For agram-molecule of substance M, of density p, the total volume 


U 


is = Then if Py is the fraction of the volume occupied by the 


molecules in a gram-molecule, one may write 


This Py is termed the polarizability and is independent of the 
density. 

Now from the wave theory of light it had been known that 6 
should approximate n?, the refractive index, particularly where n? 
could be measured far from an absorption band, or for very long 
wave lengths when there are no absorption bands in the infra-red. 
Thus for a gram-molecule where 7 is the index of refraction, one 
can write P, the specific refraction: 


The result is an equation representing the relation of the index 
of refraction to the actual specific volume of the molecule which 
is supposed to act like a conducting sphere. This should depend 
on the characteristics of this molecule only and represent its 
contribution to the refractive index no matter what the state 
of aggregation. The theory achieved a remarkable amount of 
success in its applications, and the success achieved may be seen 
in referring, for instance, to Nernst’s® ‘‘ Theoretical Chemistry,” 
Seventh Edition, Chap. VI. 

As was seen above in deducing the Lorentz-Lorenz law, which 
holds surprisingly well, an expression for u in terms of 6, the 
dielectric constant, was first deduced, on the Clausius-Mosotti 
theory of dielectrics. This expression should have the same validity 
as the expression for the index of refraction which was deduced 
from it. Thus since n? was assumed equal to 6, the additive law 
for refractivity should also hold for the dielectric constants 6, 
that is, Po which holds for infinitely long electric waves should 
be given by Py = Eau =. This is, however, found to be in no 


sense the case. For some substances the value of Po is not at all 
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constant with the temperature or varying state of aggregation. 
It also fails for the case of mixtures, and the additive laws found 
in the case of the index of refraction cannot possibly be applied 
to some substances. It was at first thought that this was 
due to the fact that for some substances n? did not equal 6, as, 
owing to absorption bands, the extrapolation of n? for visible light 
did not give the real value in the infra-red (see Nernst, Loc. cit.). 
As investigations in the spectra developed, this explanation of 
the failure did not seem to agree with the facts and thée*matter 
remained unexplained. In 1912, Debye’ published a paper in 
which the idea which lay at the basis of his beautiful explana- 
tion was expounded. It was further developed in subsequent 
papers and a masterful account of this will be found in his 
chapter on the subject in Marx’s ‘‘ Handbuch der Radiologie,”’® 
from which a large portion of the subsequent discussion in a 
simplified form was taken. 

To understand Debye’s reasoning, one must return to the 
underlying Clausius-Mosotti picture of the molecules from which 
their equation was deduced. The molecules were assumed to be 
conducting spheres which could not give up their charges on 
contact but were charged on opposite sides by the inducing field. 
These by their action led to an expression between wu, their total 
volume, and the dielectric constant 6 of the form given before; 
namely, 


ih Bel lett 
6 +2 
: 6—-1M 
For those in a gram-molecule the volume should be Py = nr a 


that is, the actual volume of the spherical conducting molecules 
in a gram-molecule should be given by Py. Now from Van der 
Waals’ equation (Sec. 48) one has a quantity b whose volume is 
four times the total volume of the molecules present. Thus 6 
should equal 4P,) calculated from the above equations. Actually, 


from critical data b = Ve Bra = V,.. From the critical data 


3 
Pde _ 3 
also RT. 8 (see Sec. 52), so that 
iter 
Po 32 pe 


The values of Po computed from 6 for Oz, He, and NH; gases are 
given in the table and compared with the values calculated from 
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the critical data. For He, Po = 142V. was used as it was for the 
first value of O2. For the second value of O: used, as well as for 
NHs3, the expression 


Isher 
P Cie irae c 
32 De 
was used as the latter data are better for NH3. 
Po critical 
Gas Po by 6 data 
Pa spuds, Meche egal = een ee 2.04 4.98 
CG i sen ers Mr fe RY eee Are attr Md et b 4.05 6.20 
0 Sea ae mI RRR aE Ae tiiy Pet Ror Ry nig “od BANS ED te a, 4.05 7:83 
INET gece Pe eaten TR cH ee RENE wa cae en er ee 63.0 9.52 


* The difference in the figures for Oz is due to errors inherent in all caleu- 
lations from critical data (see Sec. 52). 


The table is very interesting as it shows first that for H2 and O» 
the value of Py obtained, assuming that the atoms act as conduct- 
ing spheres, is in as good an agreement as can be expected with 
observed values of the volumes. For NH; this is not the case. 
The disagreement is striking, being almost one of order of magni- 
tude. Again, the constant Py should be additive, as it is for the 
case of P, using refractive indices. This is found to be the case 
for carbon and hydrogen in CH, and CsHe5. For He, Po was 2.04 
cm*, so that for H it is 1.02 em*. For CH, one calculates, from 
5, Po = 7.09 cm’, whence if the additive law holds P» for carbon 
should be 3.01 em*. Benzene (CsH¢) leads one to calculate Py 
on the additive law from P, for carbon and hydrogen as 24.2 cm*. 
The observed value is 27.5 em*. Thus for carbon and hydrogen 
the additive laws for Py) calculated from 6 seem to hold in CH, 
and CeHs. For Ne, Py is 4.33 em? from 6, so that N has.Py as 
2.16 cm* if the additive law holds for Ne, as appears to be the 
case. Calculating Py for NH; from these data on an additive 
law, it comes out 5.22 cm*. The Py as computed from the 
observed 6 is 63 em’. Thus again NH; fails to obey the additive 
law, while H, N, C, and O seem to follow it in some compounds. 

Finally, if the variation of Py with temperature is examined 
under conditions where the molecules are separated by consider- 
able distances as in a gas or in dilute solutions, it will be found 
that a large number of them have Py constant with temperature, 
as the theory demands. These substances comprise the whole 
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group found above that give the values of P, from 6 which agree 
with other data, and that follow the additive law, e.g., Oo, No, 
He, CH, CsHs. On the other hand, substances like NH;, SOs, 
H,0, alcohols, pyridine, etc., which fail to give reasonable values of 
Po from 6 and do not follow the additive law, also show a large 
variation of Py with 7. Thus for NH;, Py decreases as the 
temperature increases, as seen in the table below: 


Ti Po 
292 .2 57.57 
309.0 55.01 
333 .0 51.22 
387 .0 44.99 
413.0 42.51 
446.0 39.59 
448 .0 39.50 


All these phenomena appeared to Debye to have a common 
cause, and he asked the question, How can one have a dielectric 
constant or a portion of it that varies with the absolute temper- 
ature? This at once leads one back to the original Clausius- 
Mosotti explanation of 6. According to them, 6 was due to the 
polarization of electrically conducting spherical molecules. 
Debye and others investigated this in the light of modern theories 
of atomic structure and found that the type of action assumed by 
Clausius and Mosotti for their conducting spheres was also appli- 
cable to molecules composed of nuclei with orbital electrons. 
Debye, however, could imagine no mechanism for this type of polar- 
izing action consistent with modern theory which would account 
for a temperature variation. If, however, it is assumed that with 
this polarizability there exist in some of the molecules permanent 
electrical dipoles the case is entirely different. The precedent 
for this idea lay in the fact that the chemists had long regarded 
the electrical charges of substances strongly ionized in aqueous 
solutions to be segregated even in the molecules. This was 
required to account for the easy electrolytic dissociation. Thus, 
for instance, in HCl the H atom was supposed to be positively 
charged and the Cl atom negatively charged. The HCl mole- 
cule has thus a permanent electrical moment as the H and Cl 
atoms are separated by finite distances from each other in the 
molecule. With permanent dipoles the whole temperature effect 
is explained as well as the high non-additive values of Po. The 
idea for this explanation came to Debye from the work of 
Langevin, who had in 1905 deduced the expression for the 
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magnetic behavior of paramagnetic gases as a function of the tem- 
perature, assuming the existence of molecular magnetic dipoles, 
for if HCl molecules are imagined in a gas the action of a field will 
be such as to cause the molecules to try to orient themselves in the 
field. This orientation analogously to the case of molecular 
magnets in iron in a magnetic field tends to be destroyed by the 
random heat motions. Thus, although the HCl molecules are 
free to turn in the field, on the average, they are oriented only 
partially in the field and only a fraction of the moment is effective. 
This could be expressed by the moment multiplied by the cosine 
of the average angle of orientation in the field. The higher the 
temperature the less the orientation and hence, as the temper- 
ature increases, the value of 6, and so the apparent value of Po, 
should decrease. Again, the Clausius-Mosotti equation allows 
one to calculate only the induced portion of Py. Thus the values © 
of Py due to the induced electrification of separate atoms in a 
compound should really be less than values of P» calculated from 
a 6 where part of this quantity is due to permanent moments. 
This explains the non-additive nature of the values of Py for such 
compounds. While N and H separately have a small additive 
P, due to induced electrification of the Clausius-Mosotti type 
when they unite to form NHs, there is a new grouping with a large 
permanent dipole moment due to the segregation of the charges 
in this particular type of molecule. Other compounds of H and 
N which did not have this could conceivably have a 6 and hence a 
P» where the H and N P, values combined purely additively and 
were of a simple induced nature. Most compounds have a P 
calculated from the index of refraction which is nicely additive, 
since, because of the very high frequency of the light vibrations, 
the slow orientation of the permanent molecular dipoles in the 
field cannot occur. Hence here mostly the purely induced dielec- 
tric constants which are nicely additive are dealt with. In cer- 
tain cases where the frequencies of the light waves approach fre- 
quencies of dipole rotation in the infra-red this no longer holds 
and the additivity then begins to break down. 

This beautiful explanation of the paradoxical situation of the 
— 57 and P = = = a where the 
second equation held while the one from which it was derived 
failed, merits treatment in this book because of its relation to the 
kinetic theory. It is also very desirable that it be made accessi- 


two equations of Py = 


- | 
o 
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ble to students in this country to whom it would otherwise be 
inaccessible due to language difficulties and to the fact that it does 
not appear in usual reference books. In the succeeding sections 
the Clausius-Mosotti equation will be deduced and the Debye 
calculation for the temperature variation of 6 will be given. Sec- 
tion 97 will give the beautiful quantitative agreement between 
theory and experiment. In Part II, the treatment of the 
magnetic properties of gases from a similar point of view will be 
given. 

96. Theory of the Variation of Dielectric Constant with Tem- 
perature. a. The Deduction of the Clausius-Mosotti Law.— 
Consider a region in free space with no material present and pro- 
duce an electrical field # in this region; the field produced has 
the intensity EH, that is, if one represent it by the number of lines 
of force per cm? normal to the direction of these lines, there will 
be EF lines of force per cm?. If, now, one place matter in this 
space, the field intensity will no longer be #, but it will have the 
value D. D is, however, related to H in a simple manner. 
Owing to the presence of induced electrical charges in the dielec- 
tric, the added lines of force can be treated as coming from the 
two ends of the volume considered, the ends being chosen normal 
to the lines of force, that is, the action of this region filled by mat- 
ter can be imagined as being replaced by two condenser plates 
with a charge density at the two ends of the volume. This 
new charge gives lines of force which add to the field # initially 
existing. If unit volume is considered, these charges may be 
designated as +P. Hence, numerically, each unit volume will 
contribute 47P new lines to the field H. Thus D, the dielectric 
displacement, is given by 

D=E-+A4rnP, 
where P is called the polarization. Now P is proportional to H 
in certain cases, for P is caused by ZH. Thus P = KE, where K 
is the electrical susceptibility. For the cases where this holds 
then 
D= H+ 4rK). 

This may be written in a different form, to wit, D = 6H, where 
6 = 1+ 47K and is known as the dielectric constant. It.is 
the same quantity by which the force between two electrified 
bodies in a medium is reduced by the polarization of the medium. 
Thus it is 6 which is measured experimentally, and the quantity 
K must be derived from it. 
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All the above considerations apply to the case of a homogeneous 
medium filled uniformly with matter of dielectric properties. 
Actually, matter is made up of molecules whose total volume 
may make up only a fraction of the total volume. The question 
of interest is how these molecules affect the dielectric constant, 
and what can be learned about the molecules by a study of their 
dielectric constants. It could be assumed that for any one 
molecule the relations of the last paragraph were applicable. 
This molecule does, however, not find itself in an isolated space 
in a field # devoid of matter. It is, in fact, surrounded on all 
sides by molecules, each of which is polarized and each of which 
consequently contributes to the field acting. The field in which 
a molecule finds itself is not now LH, but a field F. This F may 
also be considered proportional to H, so that one may write 


F=EH+4- vP. 


This field will be designated as the inner field. ‘The constant 
factor v is called the constant of the inner field. It is a pure 
number which replaces the 47 in the equation above. Its value 
depends on the nature and distribution of the molecules. Calcu- 
lations for which there is no space in this book make it possible 
to determine v. For a more complete treatment, refer to H. A. 
Lorentz,® and a complete summary of the literature will be found 
given by Born.'° For spherical molecules which constitute the 
corners of a regular molecular (or atomic) space lattice, or for 
such molecules which are distributed completely at random in 
= Thus 
instead of D one now uses the inner field F, given by F = # + 
4 : . j ; ; 
a for cases which are of interest in the questions raised. 


space, (¢.g., as in a gas or a liquid), this factor v is 


In the electrical case saturation as observed in ferromagnetic 
substances is hardly detectable.* Thus it may be assumed that 
a molecule in an inner field F will acquire a moment m whose 
average value with time m is proportional to F. Hence m = 


* The reason for this is that the electric fields are so feeble compared to 
the atomic electrical fields that the polarization produced is very slight, 
thus, as in magnetism, one can assume proportionality for weak fields through 
narrow ranges. Furthermore, the orienting action of the weak electrical 
fields on molecular dipoles in gases and liquids is too slight with the violent 
heat motions to give saturation, 
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yF. If there are in unit mass of the substance z molecules, and 
if the density is p, then 

P = pem = ypek. 
As, however, 


F=E:+ P 
j arg el ea 
1 — vpzy ’ 
and 
fg agua ach a 
1 — vpey 


and therefore 
Bei: eee ("Ar bey 


These equations relate K and 6 to » and the polarizability of a 
single molecule y. One may also put this in the form 
6—1 


Sa 2 
yp — An Ea) 


= 


v 


by solving for pzy. For the case where v = st the solution 


then becomes 
URES 
[po Sp prea 
If y, the polarizability, is a constant independent of pressure or 


temperature, the cae iz is by the equation proportional 


to the density. Wheres is not proportional to the density, 


6 Sr ; 
‘ 15-1. oa ; 
that is, where SaaS is not a constant, it is to be inferred 
that y, the polarizability, varies with the temperature or pres- 
sure. That this actually occurs was noted in the Introduction, 
for 6 is a function of the temperature. It was the study of this 
temperature variation which led Debye to the assumption of 
molecular dipoles. The above expression is the Clausius-Mosotti 
law.* To obtain the Lorenz-Lorentz expression from this, it 


*In the deduction here, however, the conducting sphere hypothesis is 
absent. Clausius and Mosotti deduced the law and calculated the factor v = 


3 for the special case of a conducting sphere. The deduction here is 


correct for any body with positive and negative charges that are relatively 
mobile and for the cases of random or special spatial distribution. 
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need only be remembered that 6 = n?, where 7 is the index of 
refraction, if one is far from an absorption band and at infinite - 
wave length. Thus one can write 


Weel ee oe ur 

pao 
and 

ln? —-1 4 


as the Clausius-Mosotti and Lorenz-Lorentz equations. To 
make them more useful, both sides may be multiplied by the 
molecular weight MM. Then 

Mi-—-1 _ 4r 

ube 


and 
Mit — 1 345 
pn?+2 3 Ya, 


where N4, the Avogadro number, is Mz. Thus the molecular 
refraction is a constant times the molecular polarizability. Call 


“tN 4 as deduced from the refractivity P, and the value deduced 


for the dielectric constant (7.e., for infinitely long waves) Py; then 
6-1 M, 
5+2 p 


te as 
. oa = 2p 
The P should be equal to P» if for high-frequency waves and 
infinitely long waves 6 is a constant independent of temperature. 
As was stated before, the law for polarizability seems to hold for 
fast vibrations (7.e., for the equation for P), but does not hold for 
the equation from which this was deduced (7.e., the Po equation). 
The quantity Py has the dimensions of a volume. Its meaning 
in this sense becomes evident if one takes the earliest Clausius- 
Mosotti theory which assumes the molecules as conducting 
spheres of radius a, which do not lose their charges on contact. 
The moment m of such a sphere in a field F is then merely 


m = af, 


Po 


and 


Since 7 = mi one obtains for this case 
y= a; 
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whence, 


4 
P= ay Nua’, 


But ara is the volume of a sphere of radius a, and N, times 


this is simply the total volume of these supposed spherical mole- 
cules in a gram-molecule, that is, Pp) = Q = 4 where © is the 
volume of all the molecules in a gram-molecule, and 6 is the b of 
Van der Waals’ equation for a gram-molecule. As will be seen 
by referring to the preceding section, these predictions are ful- 
filled for certain substances but fail badly for others. Since, 
again, 2 is a constant for each type of atom, it should follow an 
additive law for compounds. It is found that this holds for the 
same substances for which computed from 6 agrees with the 
values from Van der Waals’ equation, but not for the others. 
The Lorenz-Lorentz equation fits fairly well for all substances in 
spite of the fact that it was derived from the Clausius-Mosotti 
law for 6 which breaks down. It.was the fact that the substances 
for which the Clausius-Mosotti law fails show a temperature 
variation of 2 (7.e., for which y is not independent of pressure and 
temperature) that Debye used in discovering the clue to the 
discrepancy. 

b. The Temperature Variation of the Dielectric Constant.—On 
the basis of the preceding difficulties, Debye began to investigate 
the cause of a temperature variation of y and hence Py. The 
first question investigated was whether the modern views of 
atomic structure can cause the modifications required. The 
atom or molecule is considered a dynamical system of charges. 
If the average positions of the charges are disturbed by some 
external force, these charges endeavor to return to their average 
positions again. Investigations show that it makes no difference 
whether these charges are dynamical or static systems. It was 
also found that the sharing of the heat motions of the molecules 
by the electronic charges would make no difference in the law of 
force. As is seen (Sec. 91), this does not occur in molecules at 
ordinary temperatures, so that even if it did have an effect the 
question would not be solved. Another way out might be that 
it be assumed that the electrons are unsymmetrically bound to 
their rest positions as a second approximation, so that the poten- 
tial energy of the charge on a displacement £ would be repre- 
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f 
z 
forces. Then if the electrons shared in the heat motions, the 
-.change of dielectric constant with temperature would result. 
As said before, howey%r, such an interpretation is contrary to the 
verdict from spec}(c-heat considerations, and so will have to be 
discarded. Forsolids where thermal expansions change the 
elastic forces, and hence could change the displacements, these 
considerations would, of course, be applicable. 

If it be assumed that the dielectric constant has, in part, 
another origin than the simple induced dipoles due to the dis- 
placement of the charges by the field, the whole problem is 
simplified. If, for instance, certain molecules like HCl have 
permanent dipoles present, then their dielectric constant is com- 
posed of two types of action. There is the usual further separa- - 
tion of the charges by the field, which has no temperature effect, 
and was calculated by the Clausius-Mosotti relation. This can, 
for the present, be ignored. The fixed dipoles in the molecules 
which are oriented in all directions because of thermal agitation 
suffer torques in the electrical field, that is, they tend to set 
themselves parallel to the field. This orientation is continually 
destroyed by the heat impacts. But, on the average, there is a 
resultant component of these dipoles in the field and they act to 
increase the dielectric strength of the material, that is, they con- 
tribute to the polarizability of the molecules. The higher 
the temperature, and hence the thermal agitation, the less 
this orientation. Thus the polarizability must decrease as 
temperature increases. To investigate this, one may neglect the 
Clausius-Mosotti type of action, and consider the charges as 
undisplaceable. Let the position of one of the e; charges com- 
posing the molecule be given by its coordinates &;, :, ¢; along the 
axes x, y, 2 of a coordinate system in the molecule. The molecule 
in an electrical field of potential ¢ will have the potential energy 


sented by — ¢? + z 3, where f and g are constants of the elastic 


u= Deidi. Inside the molecule, in general, it will be possible to 


determine the ¢; in terms of its development in a power series of 
the coordinates £, 7, ¢. By taking only the linear terms of these 
expressions, the assumption of a homogeneous field inside the 
molecule is introduced. If this assumption is made for simplicity, 
then 


Uy poe ae 
Oi = tbo 5 Ni a ack irae 


——— re 
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where ¢, “e are taken relative to the origin of the coordinate 


system axes chosen. For the et U oe 
- dg 
“u= > AG ase esti + of Sein: + oF Sets. 


If the molecule as a whole is uncharged, the s term is 0, and 


the following three terms represent the scalar product of the field 
strength F and the electrical moment m. Thus without displace- 
ment of charges there is, in general, a potential energy 

— (mF). 


To compute the temperature effect, all that is needed is to 
assume molecules with a fixed moment of absolute value u. 
From the classical kinetic theory, there will be equilibrium 
between the potential energy of these dipoles in the electrical 
field and the kinetic energy of agitation. Thus the number of 
molecules which have a potential energy of the value u, that is, 
whose potential energy in the field is wu = —m F = —uF cos @ 
(where @ is the angle between m and F), is given by the Maxwell- 
Boltzmann law, (see Sec. 36), as 

uF cos 6 


Ae *TdQ = Ae KT dQ, 


where dQ represents the space-angle element of volume charac- 
terizing this energy. Thus each molecule has a moment u cos 0 
in the direction of the field and the distribution law (see Sec. 35) 
gives one the number of molecules having moments for each 
value of 6. The average moment, that is, the moments for all 
the different angles of orientation averaged in terms of their 
probability of appearance, can be found very easily as 


Ki at cos @ 
eXT 2 Cos 6d 
Wee 0 2 
Oe a ee 6 
ekT «dd 
0 
If aI” = x, integration gi 
one set KTP — % integration gives 
m 


1 
= cot r — ae L(a). 


This function, represented in Fig. 54, plotted against x is named 
the Langevin function, after P. Langevin, who first applied it in 
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explaining the Curie law for magnetism. It may be approxi- 
mated for large values of x by the power series 


22 


L(a)=.1— 5 + 267 +. 


Here the polarization would not be proportional to F and it 
approaches a saturation value. This deviation from propor- 


Fia. 54. 


tionality occurs only for very high fields, and in experiments © 
especially designed to show this effect. In general, for small 
values of x one may write with sufficient accuracy 


ee cist 2 
L(x) =.3 at: 
Thus for the weak fields usually used L(x) = 7 and hence 
m _1 we 
pe 63. 
or m= 1 WF 
SPER ar 


For electrons or charges which suffer displacement in an electrical 
field and thus produce a dielectric constant, the Clausius-Mosotti 
law gave 


m = F, 

or Y= 7 
and where the quantity v = = one had 
6—-1M Ar 


If, however, permanent dipoles exist, they alone produce a 
quantity 


CONTRIBUTIONS OF THE KINETIC THEORY 403 


which must be their contribution to the measured polarizability 
of the molecule. Hence for molecules that have displaceable 
charges and constant dipoles the y used before is not just the 
polarizability y’ due to displacement of charges, but is given by 


1 es 
— are an Os tee 
Thus, in general, the molecular polarizability P, should be 
written 
fey ty fg OHI 
Po = Nay = BNa{y +R) 342 


Thus P, is a function of temperature and so is the measured 
§5—-1M 
mt 2 5. 
molecules). 

It can be seen at once why P, = Q, the volume of the conduct- 
ing spherical molecules is so abnormally great for NH;, HCl, and 
Ny ay’, which is 
the effect of the displacement induced by the field on the mole- 
cules considered conducting. But since yp is large for these 
molecules, the observed 6, which depends on both types of 
dielectric action, gives values for P, that are far too great, and 
hence values of 2 that do not agree with the real values. If y’ be 
estimated from the Van der Waals’ constants, then the relative 
importance of dipole and displacement effects can be estimated. 
Since the high value of uw is due to atomic grouping in certain 
molecules, it is a specific property of those molecules, and hence 
it is the appearance of a high uv in some groupings that interferes 
with the additive law. The Lorenz-Lorentz relation 


for all substances for which yp is not 0 (i.e., all polar 


similar gases. P) should be calculated from 


holds, shows little or no temperature variation and shows addi- 
tivity because for light the electrical fields alternate so rapidly 
that the molecules with their high inertias and low frequencies 
of rotation cannot respond. Thus the contribution to y by the 
permanent dipoles is nil and the value of P is governed only by 
the mobile displaceable electrons which can follow the field. 
Near a resonance frequency (?.e., absorption band of the sub- 
stance), the electrons are hampered in their motions, y’ is not 
given by the Lorenz-Lorentz law, and this theory fails. Thus 
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one sees how simply and completely the qualitative discrepancies 
which lead to this investigation are explained. In the next section 
the quantitative agreement will be given. 

97. Experimental Verification of the Debye Theory.—The new 
expression for the molecular polarizability Py is now 


us, be 
ine vay’ + 


This takes on the form P,)7’ = a + bT7, where a has the value 


_ Ar pe 
ee EY 
and 6 the value 
4 
b= a Nay’ 
6—-1M : a : : 
Thus Pot = sees. T plotted against T gives a straight line, 


whose intersection with the axis of ordinates evaluates a, and 
whose slope evaluates b. The results for NH;are plotted in Fig. 55. 


si 
Fira. 55. 


As is seen, they lie on a straight line within the limits of accuracy 
of the measurements. From these results a is found to be 15,250, 
and 65.45. Sincea has a finite value it must be assumed that NH, 
has a considerable permanent moment. Taking Ny = 6.06 < 
1073 and K = 1.37 X 10716, » is found to be g = 1.56% 10-™. 
If the electron is taken as 4.77 X 10719, the length of the dipole, 
that is, the distance between the charges is 3.27 X 10-° em, that 
is, assuming the dipole to be a single positive and negative charge 
separated by 3 X 10-® em one would obtain the value of u 
observed. This distance is of the order of magnitude of the 
distances which atomic charges might be considered to assume 
between them in a molecule. The idea at once suggests itself 
that this distance might be equal to that between the nuclei of H 
and Cl in a gas like HCl. Recently, Zahn'! has measured a and 
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b for the three halogen acids, HCl, HBr, and HI. He obtains 
for «4 divided by the electron the three values 0.217, 0.165, and 
0.080 X 10-8 cm. According to a recent quantum-theory deduc- 
tion due to W. Pauli,” Jr., 
5-3 N(re* + 1.5867;7) 
This equation has the same form as that of Debye, which was 
based on the classical theory above. It differs in the constant 
factor 1.5367 entering into the doublet or »? term compared to 
the value 14 of Debye. The values of 4 computed by this theory 
are related to u from the classical theory in the following fashion. 
uw (classical) = 2.15 u (quantum). Thus if the u calculated on 


the classical theory from the data gave values of : greater than 


the values observed from other measurements, Pauli’s theory 
would be proved to be the more correct. Now band spectra 
measurements in HCl and HBr make it possible to determine the 
distance between nuclear centers for these molecules. The 
values found for this distance are 1.27 X 10-8 and 1.3 X 107° 
cm for these two molecules. The results are thus not adequate 
to differentiate between the two theories. That the value of 


should be less than the nuclear separation means merely that 


the interaction of the force fields of the charges in the molecule 
and their distribution give a dipole whose moment is equivalent 
to two elementary charges of opposite sign separated by a distance 
of 0.217 X 10-8 and 0.165 < 10-8 cm, that is, the two charges 
are not segregated in the centers of the two atoms. How the 
charges are distributed and how this is related to the nuclear dis- 
tance is unknown.}* It is sufficient for the theory that the value 


of s is of the order of magnitude of 10-° cm. 


The value of b for NH; should give a reasonable agreement with 
the value of P calculated for optical frequencies (where the perma- 
nent dipoles do not figure) from the relation 

n—1M 

POTD 
The agreement should not be perfect, owing to the presence of 
absorption bands. But extrapolation by means of the Cauchy 
formula to 0 frequency should yield values of P in rough agree- 


406 THE KINETIC THEORY OF GASES 


ment with 6. P from such data comes out 6.13 em*, compared 
to the 5.45 observed for b above. This is a satisfactory agree- 


“ and b one can get 


ment. From the relative ease of p 


» the contributions of the. 


the relative magnitudes of y’ and 3 aa 


displacement dipoles to the polarization. Thus for NH3, 7 = 


50.8 andb = 5.45. Hence bis about one-tenth of 7 


izability of the NH; molecules is due largely to its great permanent 
dipole moment. 


and the polar- 


These calculations hold unqualifiedly for gases. For liquids 
this is subject to a restriction. If the molecules with permanent 
dipoles are completely free to move and have their dipole strength 
unaltered in the liquid state by combinations, then the law must 
hold for both. If the liquid is one in which the molecules tend 
to associate, that is, join in groups of two, three, or more mole- 
cules as the temperature changes, then the dipole strength is 
altered and the law does not apply. Both types of substances 
exist. Thus in ethyl ether some 50 values of Po7’ from solid to 
gaseous state have been plotted in Fig. 56 as a function of T. 
From the critical temperature to the neighborhood of the melting 
point of the solid state 7’, they lie on astraight line. Below the 
melting point they fall down rapidly. A similar change in 
dielectric constant for water is noted for the melting point. Thus 
water has a value of 6 = 88, while the value for ice is 3.8. This 
indicates an abrupt change of the dielectric constant on solidifying. 


- — 
— 
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The curve for ether gives a = 4400 and b = 38. This gives a 
moment uw = 0.84 X 10-18. The value of P from optical data is 
22.8 in rough agreement with b. The difference is due to the 
a = 14.7 em’, which is 
less than one-half the value of b. Hence for this substance the 
displacement polarizability is more than double the permanent 
dipole contribution to the polarizability. 

Figure 57 gives the curve between P,T and T for ethyl alcohol, 
which is a typical associative substance. It is interesting to note 
that again the points lie closely on astraight line. In this case the 
slope is such that a takes on a negative value. The five points 
above 350° lie on a different line. These were obtained from 


absorption in the infra-red. For ether 


observations on the vapor. Could a straight line be drawn 
through them they would give positive values of a of considerable 
a 
1 
value of b. Through association in the liquid state as temper- 
ature decreases the combinations of molecules annihilate the per- 
manent dipoles. As these constitute most of the dipole strength, 
the rapid annihilation as association occurs gives the Po7’ — T 
curve a slope in this region, which, if extrapolated to the axis of 
ordinates, would give a negative value. It is probable that the 
curve flattens out below 100° abs. and gives a positive value for a 
corresponding to the solid state. Needless to say, measurements 
made in such liquids where association is taking place can lead 
to no values for a and b of any significance. 

Below is given a table of the dipole moments (7.e., values of u) 
for a number of substances: 


magnitude, indicating a high value of ;, and a relatively low 
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Garbon-dioxide{COs) 4.7...) an. ssl. eee 0.142 xk 10718 
Carbon monoxide: (CO): .. .....:.5 7. eee 0.118 
Ammonia; (N His) sees sce «0.5, eae eee 1.53 
Sulphtr dioxide: (SO3s)ie- - «2. ie here 1.87 
Methyl alcohol (CHZOH)).... ...2... «ene 1.61 
Water. (sO) ee ioete cstec tis ceo ee 1 Si, 
Hydrochlorie-acid (HC))s.....: .:. 44... 25 
*Hydrochloric'acid (HCl)... .....2...+--4 90 eee 1.034 
*Hydrobromic acid) (H.Br)..3... .4. .« se eee 0.788 
*Hydriodic acid (HD) i. .5 6.20.12 ++s2)- -e 
*Sulphur dioxide (6@3)40.-.2 40. 1.62 
* Ammonia (INH 3). 5%..). Soe nolo et ee 1.44 
*Carbon dioxide (CO3)). ae. 0s 7s eee 0.06 
Ethyl ether (C2H,OC2H;) er a ae 0.84 
Methyl aleohol (CH;,OH): oo 4.00 ae 1.64 
Propyl alcohol (C;:H7OB).2 2, o.0 sc -. nee 1.66 
Nitrobenzol (CsHsNOQs) i210 .2.:....5-. 0 eee 3.75 
Acetone (CH; COCH3). 3.3. ....- 01 «ae een 2.61 


* Recent measurements due to Zahn. (See K. T. Compton, Science, 
63, 53, 1926.) 

The theoretical treatment of the question may be further 
extended to a study of the polarization in mixtures. Here again 
two classes of substances can be discerned—those mixtures in 
which no association takes place and 
those in which itoccurs. The former 
are typified by ethyl ether-benzol 
mixtures. These follow the theoreti- 
cal variation for the polarizability 
of the mixture which would be de- 
0 20 40 60 80 100 duced from the percentage composi- 

Per Cent Alcohol tion and the polarizability of the 

ath two molecular types. A study of 
the second type of mixture, such as benzol-ethyl alcohol mix- 
tures, leads to very complicated curves. From an analysis 
of these curves, Debye is able to segregate the part due to the 
polarizability of the alcohol, and thus obtains a curve which gives 
the molecular polarization of the alcohol as a function of the 
concentration. This curve is given in Fig. 58. It is seen that 
this starts at 0 concentration with a value of 71.7 em’ for Po and 
then increases. After passing through a maximum of 95 em$ 
at 35 per cent it falls off to a value of about 50 at 100 per cent 
alcohol. The value at infinite dilution is the value for the unas- 
sociated single molecule. This is borne out by a measurement 
of the lowering of the freezing point, which indicates that at 


— o- 


Benzene-Fthy/ Alcohol 


Polarization 
-1 @® Oo 
5a eee 
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great dilutions the molecules are present as single units. Thus 
the measurement of the value of Po for alcohol can be made in dilute 
solutions. This has been done for other associative liquids also 
(e.g., methyl alcohol, propyl alcohol, and nitrobenzol in benzol, 
and methyl alcohol in toluol). For ethyl alcohol the index-of- 
refraction method applied to the vapor gave a displacement polar- 
ization P = 13.2 em® and the liquid alcohol yielded 12.7 cm’. 
Taking the mean as 13 cm’, the contribution of the permanent 
dipoles in this to the total polarizability of 72 for the substance 
A is 59cm*. Hence the moment u for ethyl alcohol is «1 = 1.66 < 
0-1; 

A further study of associative liquids could be made by a 
measurement and analysis of the molecular polarization of dilute 
solutions as a function of the temperature. These should yield 
a variation of P)7' with temperature of the form a + b7, and so 
lead to an evaluation of ». This has been carried out by one of 
Debye’s pupils. The explanation given by Debye of the form 
of the curve shown for ethyl alcohol in benzol is instructive. 
Owing to its high dipole strength, the alcohol molecules tend to 
join in groups of one, two, and more molecules. This tendency 
is counteracted by the temperature motion. In great dilutions 
they are, on the average, unassociated. At high concentrations 
the chance of association is increased, for, since they are, on the 
average, nearer together, groups form more often and more are 
in groups. It now remains to see how an associative substance 
can first increase its polarization and then decrease it as concen- 
tration increases. If two spherical dipolar molecules come 

together, their position of minimum potential energy is with the 
axes of the dipoles in line, the positive pole of one being near the 
negative pole of the other. The moment of such a configuration 
| is twice the moment of a single dipole. For three such molecules 
the axes orient themselves in such a way that they lie along the 
sides of an equilateral triangle, each positive pole being towards 
the nearest negative pole. Such a configuration will have a 
resulting moment of 0. Thus the first stage of association has a 
moment double that of a single molecule, the second stage one 
which is 0. With this picture, if one add alcohol to pure benzol 
in increasing concentrations, at first one should get a formation of 
double molecules, that is, if this association were complete, one 
would have, instead of N4 molecules of moment » and contribut- 
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ing to the molecular polarization a factor N4p?, Na molecules 


2 
of moment 24 which contribute to the molecular polarization 
a factor of Nag 2 that is, twice the original factor. Thus as 


2 
long as the number of association groups of this type increases 
the molecular polarization increases. As association progresses 
with increasing concentration, groups of the type of three mole- 
cules of zero moment will form. These contribute 0. As the 
number of these groups increases relatively to the bimolecular 
groups, the molecular polarization must drop rapidly. In prac- 
tice, it is doubtful whether all groups take on the positions of 
minimum potential energy; but even approximation to this will 
explain all the phenomena observed in this case. In nitrobenzol 
the polarization P, is 335 cm’, while the value from the index of. 
refraction P = 33 cm’. This leads to a moment yp of value 3.75 
x 10-18. Such a molecule should show a marked association. 
This is the case for nitrobenzol, but in this case the molecular 
polarization does not increase at first as concentration increases, 
as was the case for alcohol. In fact, it decreases rapidly at first 
and more slowly later. The explanation of this would require a 
different model. Here the molecules would have to be ellipsoids 
of revolution with the minute dipoles parallel to the major axes 
at the center. In this case the molecules would associate by 
bringing the minor axes in contact and so have in the bimolecular 
state zero moment. It is obvious that such a picture is purely 
speculative, and it can be fruitful only in that it suggests further 
experiments. 

Debye has also considered the case of electrical oscillations 
whose frequency lies between the infinitely slow oscillations 
giving P, and the rapid light vibrations giving P. In this region 
the time is long enough so that the alternating field changes 
sufficiently slowly to react on the permanent dipoles to an appre- 
ciable extent. Under these conditions the polarization will 
depend on the relation of the period of relaxation (7.e., the 
time required for the molecular dipole to respond to the field) 
to the period of the alternating field. This must, in part, 
depend on the coefficient of viscosity of the surrounding liquid 
and on the size of the molecule. By an analysis using the law 
of equipartition and statistical relations similar to the treatment 
of Brownian motions, he arrives at a definition of the time of 
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relaxation oo QKT 
ular substance, and determines its behavior. Assuming values 
for the constants for water, he computes that for values of 
@ = 32 XK 10!°to4 X 10!°, that is, for oscillations of wave length 
from 0.58 to 4.6 cm, water should begin to show the effect of 

_ its permanent dipoles in the value of P. The values of P are 
calculated on this basis, but the calculations are beyond the 
scope of this text. The values are complicated by absorption 
of energy in this region and their study properly belongs in the 
field of anomalous dispersion in light. According to Rubens 
the calculations are in agreement with experimental facts. 


, which is a characteristic of the partic- 


II. APPLICATION OF THE KINETIC THEORY OF THE MAGNETIC 
PROBLEM 


98. Introduction.—In general, two types of magnetic action 
are recognized. ‘These two types are exemplified by the classes 
of substances denoted as diamagnetic and paramagnetic sub- 

. stances, respectively. It is asserted, and generally believed, that 
the diamagnetic behavior is common to all substances, including 
the paramagnetic bodies, but that in the latter case the para- 
magnetic behavior where it exists is so much more powerful that 
it masks the diamagnetic behavior. The diamagnetic bodies 
can be characterized by two tendencies, both ascribable to the 
same action, that is, substances like Bi and Cu when placed in a 
strongly divergent magnetic field are repelled by the pole. Also 

’ when a rectangular piece or a piece of one of these metals having 
a greater length along one axis than another is suspended in a 
uniform magnetic field, the piece sets itself so that the long axis 
is at right angles to the magnetic field. These tendencies are 
real but on the whole relatively weak. The paramagnetic bodies, 
on the other hand, show just the opposite behavior, that is, they 
are attracted to the poles in a strongly divergent field and set 
themselves with their long axes parallel to a uniform magnetic 
field. 

In terms of a picture of the magnetic field represented by Fara- 
day lines of force, the diamagnetic behavior could be described 
by assuming that the diamagnetic bodies have less lines of force 
running through them than normally would exist in the space 
occupied by them, that is, they have a permeability less than. 
unity which is ascribed to free space. For the paramagnetic 
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behavior the tendency is to have a greater number of lines of force 
running through them than would pass through the empty space 
which they occupy, that is, they have a permeability greater than 
unity, the value for free space. For the ferromagnetic substances 
this increase in the lines of force is a very large number of times 
greater than unity, while for the diamagnetic case the reduction in 
permeability is not much below the value for free space. As will 
be seen later, the ferromagnetism is merely a type of behavior 
exhibited by paramagnetic bodies in the proper temperature range. 
Paramagnetic phenomena have been ascribed to the existence in 
substances of small permanent molecular magnets, or molecular 
magnetic dipoles which can orient themselves in a magnetic field, 
so that their axes tend to correspond with the directions of the 
field, their north poles being oriented to the south pole of the field. 
Such an action would be counteracted by the disorienting heat 
motions of the molecules. Thus it would be expected that the 
permeability would decrease as temperature increased, and the 
paramagnetic properties would markedly depend on temperature. 
In this state they act as if the substance which they compose had 
become a magnet whose lines of force must be added to that of the 
inducing field, and, in fact, the quantities defining the effect of a 
field on a paramagnetic substance have, in part, been formulated 
from this viewpoint. To account for diamagnetism, it would be 


necessary, on a similar viewpoint, to assume that such a sub- 


stance brought into a magnetic field had a magnetic field induced 
in the molecules present that opposed the existing field, and so 
reduced the number of lines of force passing through the body. 
That is, one would have to suppose that the molecules of Bi when 
brought into a field became magnets whose north poles were 
directed towards the north pole of the field. 

An action of this type could at once be accounted for on the 
basis of Lenz’s law of magnetic induction. If the molecules were 
of such a nature that they contained small resistanceless closed 
electric circuits, they would, when placed in a magnetic field, 
have currents induced in them, which, according to Lenz’s law, 
would set up magnetic fields opposed to the acting magnetic 
field. Owing to the lack of resistance, these currents, and hence 
the field, would persist as long as the external field acted. In 
removing the external field, currents in the reverse sense and of 
equal magnitude would be set up, and when the field was gone 
there would be no resulting magnetism in the molecules or atoms. 
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Such an action would manifestly be independent of temperature, 
for the disorientations of the molecules due to heat in the mag- 
netic field would merely serve to annihilate the fields of some of 
the molecules while creating new field in others, since the orienta- 
tion of the current circuits in the external field would be the 
determining action. This is found to be the case. 

99. The Explanation of Diamagnetism.—The existence of such 
resistanceless circuits in the atoms and molecules seemed at first 
an unreasonable hypothesis. The study of atomic structure in 
recent years has, however, definitely indicated that this must be 
the case. The existence of the electron, and the fact that it 
makes an orbit about a central charged nucleus, must lead to just 
such an assumption. That the orbits in which the electrons 
move about the nucleus are relatively few in number, governed 
by certain energy and momentum relations, and that the radia- 
tion (7.e., loss of energy) of the electrons in these orbits is zero are 
the fundamental. assumptions of Bohr!® which have led to the 
remarkable understanding of the atom in relation to spectra now 


_ obtaining. Thus an electron moving in a non-radiating (hence 


frictionless) orbit about the nucleus constitutes one of the hypo- 
thetical resistanceless electrical circuits. 

Purely qualitatively, one may regard the effect of the intro- 
duction of such a molecule into the magnetic field in the following 
fashion. The electron moving in the orbit has a certain angular 
velocity, and hence possesses a mechanical moment of momen- 
tum. Consider such a mechanical system oriented in any fashion 
with regard to the field. It can then be regarded as a small 
gyroscope, the vector representing the moment of momentum 
being normal to the plane of the orbit. If, now, a magnetic field 
be produced, it will act on the electron so as to produce a mechan- 
ical force, for the electron in motion constitutes a current which is 
acted on by a magnetic field. Such an electron is pictured in 
Fig. 59, the nucleus being at N, the electron at # moving in its 
orbit. NO marks the vector representing the moment of momen- 
tum. In the particular case in question the force on the electron 
for all components of the motion perpendicular to the field and 
parallel to the plane of the orbit will be in a direction such as to 
exert a torque on the orbit, causing it to tend to rotate about an 
axis AN B normal to the field and in the plane of the orbit. For 
the components of the orbit normal to the plane of the orbit and 
normal to the field, the resultant forces, will act so as to counter- 
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balance each other and will produce no effect. On a rotating 
gyrostatic system the torque exerted on the plane of the orbit 
results in a precessional motion about an axis normal to the 
momentum vector VO and to the axis AN B about which the torque 
exists, that is, the gyrostat will undergo a precessional motion in 
the direction OP. Thus the electronic gyrostat will, as a whole, 
move so that the electron rotates in a plane which has a com- 
ponent normal to the direction of the inducing fieid. But by 
Lenz’s law the sense of this motion must always be such as to 
cause a field to be created in a direction opposed to the change 
in the flux through the circuit, so that, on putting on the field, 
the precession will be such that the magnetic field produced by 


Fra. 59. 


the electron of the orbit in its precessional motion will oppose 
the applied field, that is, the north pole of this precessional 
magnet will point towards the north pole of the inducing field. 
On removing the field, the precession will cease and the induced 
field will disappear. The torque on the electron, and the veloc- 
ity of precession, and hence the strength of the induced or 
diamagnetic field, will be proportional to the inducing field. 
This will hold for all the 7 electrons in the atom or molecules. 

Through analysis which properly does not belong in this text, 
it can be shown that the wecINe : polarizability y is given by an 
expression : 


ee De 
6m,c? es 


where ¢ is the electron, m1 its mass, c the velocity of light, and r; the 
average distance of the ith electron path from the nucleus. Now 


the mass susceptibility x is given by x = * where K is the mag- 


. . ae 


of the electron from the nucleus. A few values of >) Ri 
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netic volume susceptibility and p the density. For these con- 
siderations and those that follow the complicating correction for 
the inner magnetic field may be neglected, since the diamagnetic 
effects are so feeble as to make this unnecessary. But in analogy 
to the electrical case in Sec. 96, one may write P, the polarization 
for unit mass as given by P = pZm, where Z is the number of 
molecules per gram mass, m is the moment induced (which must 
be yH, where y is the molecular polarizability, and H is the 
magnetic field strength). Thus, as 


P= KH = pZm = pZyvH, 
K = pZy and x = Zy. 


= Ze° yi 2 
x ~ 6m4c2 , 


For a gram atom x4, the mass susceptibility, will be 


ye Se > F2 = =2.85 x 10” Ding, 


6m,c2 


Hence 


where A is the atomic weight and AZ = Ny. Now Mis is the 
sum of the squares of the average values of the displacements 
of all electrons from the nucleus, so that dividing Math Dye 202 


the number of the electrons in the atom (the so-called atomic 
number), one has a value for 7”, the square of the average distance 


2 
computed from x, are given in the table below. As is seen, the 
values are, on the whole, close to 10~'* em?, which is the order of 
magnitude of the square of the atomic radii, or, better, of the 
order of magnitude of the orbits of the electrons in the atoms 


raps Tee 
Z Xa Lew 
1 2.7X10-° | 0.95 x 10-1 
2 2.2X10-* | 0.39 x 10-1 
6 6.6X10- | 0.38 x 107% 
17 | 22.0 x 10-8 0.45 x 10-1 
Sora seaeaeye 10-4 <iite 0988: 1072 
53 | 49 x 10-8 0.32 X 10-1 
80 | 36 x10-° | 0.16 x 107% 
83 | 280 x 10-8 1.2 x 107% 
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deduced from the Bohr theory and spectroscopic data. The 
explanation of the effect, by leading to an agreement of 7;? as 
deduced from diamagnetic susceptibilities with the accepted 
values from other data, indicates the correctness of the explana- 
tion of diamagnetic phenomenon. 

Since the diamagnetic property is dependent on the electronic 
behavior on the inside of the atom, independence of tempera- 
ture can be expected. Thus y, and hence x, should be found 
to be independent of temperature. Curie concluded that this 
was true from his experiments. Later experiments of Honda! 
and Owen"’ showed that this was not strictly true. The elements 
P,S, and Se show values of x independent of temperature, while x 
in Bi decreases as temperature increases, suffering a very abrupt 
change at the melting point. Again, it might seem as if the 
intrinsically atomic nature of the diamagnetic effect should lead 
to an additive value of y for different atoms which combine to 
form molecules. Strange to say, this is, in general (with some 
exceptions), found to be true, for further reflection reveals that a 
complex molecule composed of several massive nuclei will not 
undergo the simple rotation as a whole on application of magnetic 
field that one would expect in a single atom. For the following 
elements, then, 


X4 
|S pe Tn Ce ll 2.93 X 1076 
) EY NARA ton ei 6.00 * 1076 
OS Si6 os shane Saleh als AS 4-61 ><10° 
Clic esse ro, Patents Aste aides er are eee . a ne ees 


From this x, can be calculated for H2O = —10.5 X 10-5, 
while the observed value is —12.9 X 10-®. Again ethyl alcohol 
gives x4 as —34.2 X 10-® on computation, and the observed 
value is —30.5 X 10-®. Since the orbits of outer electrons are 
changed by chemical combination, it is surprising that the addi- 
tivity is as good as it seems to be. There are cases, such as in 
oxygen, where the atom in combination has its approximate 
diamagnetic susceptibility, while in some compounds, as in 
Oz, it is paramagnetic. On the other hand, it must be remembered 
that, besides the outermost valency electrons which are few in 
number, the orbits of most of the electrons are little affected by 
combination, so that x, could, on the whole, give a nearly con- 
stant average value in combination. The striking feature of 
this induced magnetism is that it fulfils much the same laws as 
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does the induced dielectric polarization due to displaced electrons. 
The treatment of paramagnetism will show that this, in turn, 
acts analogously to the polarization produced in substances due 
to the existence of permanent dipoles. 

100. Paramagnetic Phenomena in Their Relation to the Kinetic 
Theory.—As was stated in the introduction (Sec. 98), para- and 
ferromagnetism were early explained on the assumption of fixed 
molecular dipoles in the solids whose axes could be oriented by an 
imposed field. ‘The diamagnetic action described in Sec. 99 must 
be present in all molecules, but must be completely masked, 
because of its small value, by the tremendous ferromagnetic 
effects. The term ‘‘paramagnetism” applies properly to all sub- 
stances whose susceptibilities have a positive value, while the 
term ‘‘ferromagnetic” applies to a special type of paramagnetic 
action obtaining in some substances below a critical temperature. 
It is characterized by a very high susceptibility and an enormous 
inner field. 

As far back as 1895 Curie,!® who had been studying the 
magnetic behavior of substances, published a paper in which he 
concluded that for oxygen gas the paramagnetic susceptibility 
x per unit mass was inversely proportional to the absolute temper- 
ature. Similar experiments on palladium and on ferromagnetic 
bodies that had lost their ferromagnetism at high temperatures 
confirmed him in his belief that these were to be explained on the 
basis of some common kinetic hypothesis. In the general phenom- 
ena of magnetism, Curie furthermore saw many analogies to 
the gas laws. In this he was supported by similar views 
expressed as early as 1865-1868 by G. Wiedemann. The latter 
had found that the paramagnetic susceptibilities of solutions of 
different salts had a temperature coefficient of about the same 
value as that of an ideal gas. (He found this to be 0.0036 and 
Plessner later found 0.00355, while the true value for gases at 
this temperature is 0.00325.) This means, of course, the same 
thing that Curie found for oxygen, to wit that 


eed ef 
x 


where C is a constant and 7’ the absolute temperature. Curie’s 
work led Langevin!’ to derive the expression for the temperature 
susceptibility of gases on the basis of the kinetic theory. The 

treatment which he used is identical with the treatment given in 
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Sec. 96 for the electrical polarization produced in a gas by the 
presence of permanent electrical dipoles, for Langevin assumed — 
that the paramagnetic susceptibility was due to the existence of 
small permanent molecular magnets in each gas molecule. These 
were constantly being disoriented in a superposed field by the 
heat motions of the molecules. The only change to be made in 
the treatment for the magnetic case is that now the moment p is 
the value of the moment of the permanent magnetic moment in the 
molecule, the acting field is to be the magnetic field H instead 
of the electric field, and the average moment ™ is the average mag- 
netic moment of the molecule. It follows at once that if, as the 
general distribution law demands the number of molecules 
having moments represented by vectors lying in a small volume 


re >, COS 
element dQ is given by AeX? : dQ, where @ is the angle of 
the dipole with the field, then the average moment for a large num- 
ber of molecules may be written as 


© pH cos 6 
e kT u cos 6dQ 
0 


m= 3 


iyi cos @ 
it ek dQ 
0 


(See Sec. 96 of Part I, Chap. X.) 
The solution of this yields 


m pH KT oS fee 
estar cot = (en) 


KT ren 


where L stands for the Langevin function. Experimentally for 
paramagnetic substances, the fields H are always so weak that 


tes is small compared to unity. Thus the approximation 


given before can be used, namely, 


(2) _ ui way Aa) . 


KT) 3KT. 45\ Ky 3780 
and therefore that, to a good degree of approximation, 
7 = MH, 
V4 


For the sake of simplicity, in what follows it may be assumed 
that the inducing field H is the same as the inner field. This could 
not be done in the case of dielectrics, as, on the whole, the contri- 
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bution of the other molecules to the field was considerable. As 
will be seen later, the magnetic polarization in paramagnetic 
substances is so feeble that the fields differ by less than one part 
inathousand. One may, accordingly, write that as KH = pzm, 


and x = « (see Sec. 99), therefore 


where z is the number of molecules per gram. This is Curie’s 
law deduced from theoretical considerations and it is seen that, in 
fact, x is proportional to - and that the constant C found 
experimentally by Curie has now a meaning in terms of the molec- 
ular magnetic moments, the Loschmidt’s number, and the Boltz- 
SoC in O,,” If this 
value is accepted, then, as K = 1.371 XK 10-'* and Ny = 1.894 


xX 1073, wis given by ; 
n= PXe = 0.856 X 10-?°. 


To check this value against other quantities, if it is assumed that 
the moment is caused by the rotation of an electron in an orbit of 
0.5 X 10-8-cm radius, the angular velocity required to give pu 
above is 4.3 X 10!° radians per second. This is of the order of 
magnitude to be expected on the basis of earlier optical investi- 
gations. The exact relation between paramagnetic behavior 


mann constant. Curie found x = 


and the electron theory has, how- 1.5 5 
; ; 8720 
ever, been insufficiently worked eee Ali 
out theoretically to make areal | _,|.0 
estimate of the paramagnetic x’? 2ee 


moments from other data. 0.5 


The extent to which the Curie- 
Langevin law is obeyed experi- 04 10 = 200:~=S 300 += 400 
mentally may be seen in Figs. 60 Absolute Temperature 


and 61 for gadolinium sulphate Fie. 60. 


and oxygen, where 2 X 10-* is plotted against 7, the absolute 


temperature. These two sets of observations follow the Curie- 
Langevin law quite well, as they are straight lines passing through 
the origin. Others do not obey it so well. 


420 THE KINETIC THEORY OF GASES 


Langevin’s theoretical equation extends to fields, or conditions 
Me 


of field and temperature, such that ee approaches unity. 


KT 
Under these conditions, the curve should approach a saturation 
value, as was shown by the approximation formula to the Lange- 
vin function L(x) for this case, to wit 


_ 5 ui 
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It was found to be impossible to test this for the dielectric case, 


as the fields were too weak. In the magnetic case the test of this — 


law is possible. If uw is 107°, fe will become unity when 


2.0 
1.5 
1 -4 
el atialeaeal 
i eet | | aa 
4 100 ©2200 ©6300 =6400 600 
Absolute Temperature 
Fia. 61. 
- = 1.37 X 104. Such an effect will have to be tested for 


at very low temperatures, as fields of 30,000 gausses are already 
hard to achieve conveniently. Such low temperatures, where the 
law of equipartition has begun to break down, would make it seem 
unlikely that the Langevin equation based on it would be appli- 
cable. Kammerlingh-Onnes in 1914 found that (Gde (SO4)38H20) 
at 1.9 and 4.25° abs. had a magnetization which was not propor- 
tional to the field H applied, while at 20.3° abs. the magnetization 
was strictly proportional to the field. This substance was chosen 
for three reasons: It follows the Curie law down to 20° abs. 
With its eight molecules of water of crystallization it can be 
regarded as a dilute solution. Finally, it has a very high value 
for u (u = 7.2 X 10-*°). The result of later measurements by 
Kammerlingh-Onnes and H. R. Woltjer®° are shown in Fig. 62 
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where = as ordinates are plotted against is as abscisse. If 


IT. 
the Langevin law helds, the points should lie on a curve 
m _ cot BHO KT 
L KT pi 


The figure shows that the points fall closely onto the smooth curve 
calculated by the above formula. The upper points correspond- 


ing to an ” which is 84 per cent of the saturation value, were 


taken at 1.31° abs., in a field of 22,000 gausses. Considering the 
fact that, theoretically, these experiments were made on solids 
where free rotations were restricted, and at temperatures where 
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the assumptions underlying the theory are very doubtful, the 
agreement is surprisingly good. 

101. The Inner Field and Its Application to Ferromagnetism.— 
In the last section it was assumed that the force acting to orient 
the molecular dipoles was H, the impressed field. In Sec. 96, on 
dielectric constants it was seen that the field is not the impressed 
field, but the so-called inner field of the substance, that is, the 
polarization is not proportional to H, the impressed field, but to 
H’, the inner field, where H’ is given by 

HW? =: HPipP, 


Here P is the intensity of magnetization, or what was termed, in 
analogy to the electrical term, the magnetic polarization. is 
B® the proportionality factor (the constant of the inner field) which 
was a pure number and for either a regular molecular lattice or 
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for a perfectly random distribution of molecules took the value 
2 - For oxygen or cases similar to those used in the preceding 
section, P was small. Thus for oxygen at 273° abs. compressed 
to the same density as water, the value of C is = 3.37 X 107? 
from Curie’s observations. This would give P the value 1.23 x 
10-*H. For a value of v = _ this makes H’ = 1.00051H, 
that is, it adds an entirely negligible correction. A similar con- 
sideration for Gd2(SOu.)3 at the lowest temperatures leads to a 
correction of - P =0.195H. This correction is considerable 
and indicates that under some conditions v cannot be neglected at 
low temperatures. While the action shown by Oz holds for many _ 
substances, it does not exclude the possibility of the orientation 
of the molecules by the field being accompanied by other changes 
which could influence v very markedly. With changes in », the 
whole treatment must be changed. ‘Tothisend P. Weiss, to whom 
the following treatment was due originally, left » undetermined 
and carried out the discussion of what the effect of » would be by 
an analysis of the resulting equations. The study of these 
considerations and the applications to experiments will now 
briefly be given. They lead to a definition of ferromagnetism. 


Call H’ = H + »P. 
According to Langevin, it was found that 


m= 1 ie) ook eee 
mn . 
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where x = Be Call P = pzem = pzp :: » where pis the density of 


the substance and z the number of molecules in a gram. 
Thus 
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One accordingly has “ expressed as a function of Jf for a 


ee when x is found. Graphically, this may 
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be represented as in Fig. 63. The expression of ae L(a) is 
M 

plotted as ordinates against x as abscisse. On the same diagram 

the value of ™ is plotted as ordinate against x in terms of the 


equation 


m - KT nee eS 
Bh peu? pve 
For the case where H = 0, there is a straight line AOB passing 
through the origin O. For positive values of H the latter curve 
lies below the H = 0 curve. It is a straight line cutting the 
axis of ordinates at O’ below the origin O. This at once shows 


Fia. 63. 


that two possible cases may occur: For the case where H = 0, 


the straight line for small values of on will cut Z(x) in 


three points, O, B, and A. For large values of ae the 
straight line for H = 0 will cut the curve L(x) only in one point 


O. In the latter case (that is, for a having large values), 


for H = 0 one also has x = 0 and - = 0, that is magnetiza- 


tion can only be called forth by an external field HZ. 

For a field H which is not too great, the point of intersection 
for finite values of H will lie in the neighborhood of the origin, that 
is, one will be far removed from conditions of saturation and one 
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can replace L(x) by its low value of x approximation, to wit L(«) 


= *. This leads at once toa simple solution for the equations 


3 
above, and 
ORES m KT H 
— = 5 and — = z— : 
he ge Bh vpey? vpeu 
These yield at once 
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peak ype” 
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This may be compared with the expression for a negligible » 
m pH 
a ORD 
and one sees at once it differs by the factor _ ae from the © 
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simple case for » = 0. As y is a pure number, the quantity 


y 2 . . 

ae can be looked on as a temperature 9, for it has those dimen- 
2 

sions. Thus one can regard 0 = ae as a critical temperature 


for which ™ becomes theoretically infinitely great. Thus if 


when J = 0, (T — 9) = 0, and = is infinite. The Curie law 


giving the susceptibility per unit mass as x = ° where C = 
2 
ae when the action of the inner field is included, becomes 
ei 
ae a: 
This equation is called the Weiss law after its discoverer Pierre 
Weiss. Since C = = this law may be written as 


eek Sa 
a vp T — 0 
For the case that the temperature 7’ is lower than the critical 


temperature 9, the equations may be simplified by using 0. 
They then read 


a ans 
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“= L(2), 

be 

mi _ Tr wi 
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If is less than unity, the slope of the curve is less than the 


initial slope of the L(x) curve. This means that even for H = 0 
the straight line cuts the L(x) curve in three points. It can be 
demonstrated that the intersection at B is a stable point while 
the one at O is unstable. Thus magnetization at B occurs for 
H = 0, that is, it is a spontaneous magnetization, and the value 
of the average moment produced will be designated by ma. 
Accordingly, 


and 


There is, accordingly, in paramagnetic substances the following 
condition: Above a critical temperature © all substances are 
paramagnetic. Below this they are spontaneously magnetized 
and possess the properties which Weiss identifies with the ferro- 
magnetic state. The critical temperatures for a number of 
substances are given in the table below: 


SUBSTANCE 8 

[emer Rte heh. Meet dciat, tained ais baths oa.clb 758 + 273 
ISS 3 SRR oul bere a errs ne ee eee eee eee 374 + 273 
Oe hy i an COENEN OMELS he Oe ae ae 1137 + 273 
LEGIT AS 2 a Ethene ee eee ee 365 + 273 
INER OT CEILG mencet ae citer Tobie eater cncten te titer ee! cee 585 + 273 
levigen doy nbe stig ene edie tas, a a ee eer 348 + 273 
Min ea Rae Me ee A NORINTON Ceote oo eee we 26 + 273 
IELR PUSS semen i 3) Rite IeAea ap traIeeen. Ao, ons  a 45 + 273 


These values are from actual observations of the disappearance 
of ferromagnetism in these substances. The values as observed 
by various workers are not, however, closely the same, although 
they show general agreement, Weiss explains the fact that a 
piece of iron below 758°C. does not show spontaneous magnetiza- 
tion as being due to the fact that the elementary magnets which 
exist are not oriented in the metal. In a relatively weak field, 
however, orientation takes place, so that their axes are parallel 
and one has the ferromagnetic properties displayed. Saturation 
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in this case is, however, only relative even when the elementary 
magnets are parallel, as the value of the moment obtained is 
determined by the value of the spontaneous magnetization, 
which is a function of 7. The maximum saturation will then 
appear as only partially obtained, even when the elements are 
parallel, as, with fields which can be realized, the assistance 
given to the spontaneous magnetization when H = 0 is not 
enough to raise the value of the magnetization to a higher level. 
Strictly, this cannot occur, and particularly near the Curie 
point (that is, the critical point) the molecular field is sufficiently 
weakened by heat motions so that the ordinary fields used can 
materially change the spontaneous magnetization. This fact 
is supported by the magnetocaloric effects, to which reference 
only may be made. ‘The situation results in a gradual change 
from the paramagnetic to the ferromagnetic state, instead of the — 
abrupt change which would be expected from the Weiss law, 
where x becomes infinite when 7’ = 0. In fact, it is only for 
appreciable values of 7’ — 0 that the linear conditions demanded 
by the Weiss law are fulfilled. How the spontaneous magnetiza- 
tion and the great intensity (and hence the great increase in x) 
can be caused will be seen later. In fact, near 6 the law so 
changes that near the Curie point a moment is found which is 
proportional to H*. Thus at 7’ = 0, susceptibility in the usual 
sense does not exist. This law of a moment proportional to the 
cube root of H forms the transition between the paramagnetic 
and the spontaneously generated field states, and even the latter 
state can be influenced rather easily by the field near this point. 

To visualize the conditions near 7 = 0 the second term must 
be used in the approximation to L(x), that is, 


From this x may be solved for by an equation of the third degree, 
‘i ee H 
@ - i) 31 45. ake 
Here 7 can be found by placing the values of x so obtained in 
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This leads to the evaluation of two limiting cases and one transi- 
tional case. 

If T > 0, the x* term relative to the x term may be neglected as 
long as T — Ois large. Then 
= is (BE Lo 
~ K(T — 0) 
which leads to the original Weiss law. 

If T < 9, while T — 0 is so large that the field H is negligible 


in its action, then 
iM peat 
te rs 1)5 TAB sca? 


The root of importance in this case is 


v= a[i5(1 - 5) 


so that one gets = given by 


Ms _ |5 a 
= = fied 
» > NaC! =p) 


that is, the curve for spontaneous magnetization should approach 
the Curie point with a vertical tangent which is observationally 
found to hold. The equation above is, however, not applicable 
to that region. 
In the transitional case, 7 = 0. The equations become 
ve _ wi, 
45 3Koe 


— (15e\* 
r= (1555) ’ 


whence as a sufficient approximation one has 


x 


so that 


that is, near the Curie point (7.e., the critical temperature 9), 
is proportional to H”. 
The experimental agreement with the Weiss theory may briefly 


be tested for the substances Co, Ni, and Fe. The values of : 


428 THE KINETIC THEORY OF GASES 


are plotted as ordinates against the absolute temperature in Fig. 
64, The theory says that 


Thus the points . must lie on a straight line which, prolonged 


to lower temperatures than 0, must cut the axis of ordinates at 


rink and whose slope is a As is seen, iron shows three lines 


of different slopes. They are labeled, respectively, Fes, Fe,, 
and Fe;. For the critical temperature Weiss finds © = 774 + 
273 = 1047. Upto 774 + 273 the curve is given by 


_ 0.0395 
x TF A047 
From 828 + 273 on to 920 + 273 the curve has the equation 
_ 0.0273 
Sm SETI CE 
From 920 + 273 to 1395 + 273 the equation becomes 
0.072 
ha] laa 
and, finally, from 1395 + 273 on the equation is 
_ _ 9.0045 
T — 1503 


These four equations represent four magnetic temperature states 
of iron called, respectively, a, 8, y, and diron. The change from 
a to #6 iron characterized by the critical temperature (i.c., 


CONTRIBUTIONS OF THE KINETIC THEORY 429 


the Curie point of 774 + 273) has for some time been known to 
be the true Weiss transition. Nevertheless, it is still held by 
some to be due to two different types of iron. X-ray studies have 
shown, without question, that this is not so and that a and @ iron 
have the same crystal structure. The second change which 
occurs at 920 + 273 is marked by a change in x from 210 X 10-8 
to x = 28 X 10-°. It takes a considerable time to change from 
one value to the other. It corresponds with Osmond’s transition 
from 6 to yiron. This is confirmed by X-ray analysis where the 
6 iron is a space-centered cubical lattice, while the y is a face- 
centered cubical lattice. The interesting thing to note is that the 
6 is not 1395 + 273, but is —1340, that is, the y iron has a 0 
which is negative. This means a molecular field which opposes 
the applied field. Such fields are observed in other substances, 
notably in oxygen. The 6 iron transition which occurs at 1395 
+ 273 has again a normal 6 = +1503 instead of 1668. Curie 
believed that it could be considered a continuation of the S-type 
curve. It is interesting to note that the iron in the 6 state has 
actually reverted to a space-centered cubical lattice as shown by 


X-rays. 
For Ni, the curve has no breaks and the equation representing 
the results is x = PR from the Curie point at 357 + 273 to 


900 + 273. The equation holds only roughly in the region up to 
412 + 273, but after this the agreement is almost striking. 
For Co, whose critical temperature is very high, 1131 + 273, 
the results can be summarized by two intersecting straight lines 
eA Y 
 T — 1404 
_ _9.0182 
a LEO, 
holding from 1170 + 273 to 1241 + 273, and from 1241 + 273 to 
1303 + 273. It seems possible that in this transition, as in a to 
6 iron, one is not dealing with two straight lines but with a single 
curved line passing through the critical point. 
. Interesting measurements made in mixtures of liquid oxygen 


and nitrogen show that the t — T curves are straight parallel 


lines whose intercepts with the axis of ordinates vary with the 
composition. This means that the Curie constant C is inde- 
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pendent of density, while 0 is a function of the density. The 0 
for oxygen in this region is negative and is approximately pro- 
portional to the density. 

The question as to the nature of the inner field which causes the 
transition is not yet successfully answered. A suggestion of 
Debye seems to offer a temporary solution, which is, however, 
quite incomplete. 

The value of the inner field v can be computed from the critical 
temperature values. 


sei 

ep 
This leads Weiss to evaluate » = 14,000 for Ni, and 8650 for 
Co. For the dielectric case as well as for the theoretical magnetic 


case of disoriented molecules or molecules in a regular crystal 
lattice, v was = (Sec. 96). These values 10,000 and 4 are 


not to be compared, and one must look further than the spatial 
arrangement of molecules alone for a value of v of the order of 
8000 or more. An interesting explanation is offered by the 
assumption that these substances have electrical dipoles in their 
molecules whose orientation is such that their moments lie parallel 
with the magnetic axes of the magnets. Thus if a magnetic polari- 
zation P,, were to occur, there would be an accompanying electri- 
cal polarization P,. These would be so related in strength that 


Pgs 


where », and uw» are the actual electrical and magnetic moments. 
Hence on each elementary particle one has the outer magnetic 
field and the newly oriented electrical field acting simultaneously. 
The former has the value H if the insignificant contribution 


=P. is neglected. The electrical inner field has a strength 


Z P. if the Lorentz constant of the inner field is used. The 


potential energy of an elementary particle then becomes pro- 
portional to 


nll + wee ae, = nl + FHP py 
that is to say, 
F=H+= eh be! “3 Pm. 
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If 
i ec ip Px, 
as Weiss put it, then 
pate md 
Salem 


This gives values of » of the correct order of magnitude. The 
quantity uw. has the order of magnitude of 10-18, while u,, has 


the value of 10-”°. This » is of the order of 1002, or 10,000, 
which is the value observed. The theory seems in agreement 


with certain deductions concerning the law of force between the 
dipoles. It is also interesting to note that if v is to be proportional 
to yu.” positive values of » must always be expected and. hence 
of 86. But, as is known, oxygen and y iron have a negative ». 
In this connection, it must be remembered that Oz has no per- 
manent electrical dipoles as its P and its Py are nearly the same 
(see Sec. 96). Treating oxygen as an electrical quadrupole 
does not explain the negative v and it makes the susceptibility 
too sensitive to temperature changes. The theory, in spite of 
its unsatisfactory character, leads to further interesting experi- 
mental verification, that is, it would be expected that a constant 
magnetic force would produce a dielectric polarization and a 
constant electrical force a magnetic polarization if this theory 
were correct. A. Perrier?! carried out extensive experiments 
in this direction. A current was passed down a magnetic 
conductor and a magnetization resulting from the electrical field 
was looked for in the direction of the electrical field, that is, the 
current. The results convinced the workers that the electrical 
field causes a magnetization acting in the opposite sense. This 
means that iron atoms must have an electrical moment of pu, = 
9.7 X 10-18. This is considerably higher than the values esti- 
mated for uw. for iron which comes from the dielectric properties 
of insulators. 

102. The Question of Magnetic Orientation.—The theory of 
Langevin that underlies the Curie law depends on the assumption 
that the molecules of the substances, for instance, oxygen, 
orient themselves in the applied field according to statistical laws. 
This assumption is perfectly correct for gases and liquids where 
the molecules are free to turn, and have energy of rotation. 
It is strange, however, that the application of the Langevin 
equation to the case of solids, which leads to the Weiss law, 
should hold for solid paramagnetic bodies, for with these there 
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is no free mobility of the molecules. In fact, the situation in some 
crystals leads to serious difficulties. In a large number of para- 
magnetic crystals the X-ray analysis leads to the undoubted 
conclusion that the crystal lattice is made up of atoms. For the 
a, 8 and 6 iron this is a space-centered cubical lattice made up of 
single atoms. There are, of course, other crystals in which 
actual molecular groups take positions as single units of the 
lattice. How molecules of iron in an atomic crystal lattice can 
rotate it is difficult to see, for the rigidity of the structure pro- 
hibits an interchange of positions or a relative displacement of 
the atoms which could compose any group. ‘This necessitates 
the assumption that it is the atoms themselves in such a crystal 
that rotate in a magnetic field. This is possible, but a very 
serious difficulty is at once encountered. ‘The Langevin equation 
presupposes rotations in statistical temperature equilibrium. 
Now, as the chapter on Specific Heats will show, such an assump- 
tion is contrary to facts, for atoms do not rotate due to heat 
motions, as the inert gases and mercury vapor have atomic heats 
showing only three degrees of freedom and molecular heats of 
solids roughly follow the Du Long and Petit law where no rotations 
are included. 

In spite of this difficulty, the explanation has been adhered to, 
with the modification of the theory, to include the quantum 
theoretical deviations of the energies of rotations of the mole- 
cules. Oosterhuis?? carried this out by replacing the KT of 


the Langevin theory in x = (which comes from the 


Zu 
3KT 
law of equipartition through giving to each degree of freedom the 
energy 14KT) by the law that follows from the quantum theory. 
He based his considerations on the work of Einstein and Stern,”* 
who developed a quantum law of partition of energy which gave 
to the atoms an energy at the absolute 0. The choice of this 
was made because the low-temperature measurements of suscepti- 
bility seemed to show a lower rate of increase than the pure Curie 
law demanded, thus indicating that at absolute zero there was 
still an energy of rotation. The energy u of a resonator with a 


zero point energy - is given by quantum theory as 


hv hy 
= ae aoe ae 
ekT 
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(compare with Sec. 94). The energy »v is to be identified with 

the energy of rotation of angular velocity w, so that v = oa 
Tv 

With this, the energy of a molecule with moment of inertia J 

is given by 

UN Omelivre 

From this » may be eliminated and then the susceptibility as 

developed by Langevin for the case of the Curie law would be 

found by replacing the KT in that expression by wu, thus 


a aH 
Ra TF 
If this is done, development in series for relatively high values of 
T gives 
oc hat es gee pecan ee . 
a 12\ 2rJ KT y 
As a first approximation, this yields 
Zu 1 
xX = 
3K h? 
P+ c4a°TK 


—hf? : : 
4n?KI 6, one has at once the Weiss law with 
a negative 0 which is oftenfound. The measured value of 6 when 


If one calls 


‘ —h? 
applied to 0 = 42K further leads to proper values of J 


for molecules. Thus for anhydrous MnSO,, J comes out 0.87 
104°, for MnSO,-4H.20 it was 11 X 10~*° and for Pt about 0.048 
x 10-*°. The increase in the values of J for manganese by the 
introduction of water of crystallization which increases the 
moment of inertia also seems a further support. The theory has 
been further extended by Keesom for ferromagnetic bodies. 
Nevertheless, as Debye points out, the atomic nature of crystal 
lattices seems definitely to negative this whole notion of orienta- 
tion of molecules. 

It is thus essential that a theory be devised which does not 
demand the free rotation. In this direction both Weiss” and later 
Lenz”> made use of an idea which reduces the rotations in the field 
to very smallones. In this theory the moments of the elementary 
magnets are oriented in either one direction or 180 deg. from this, 
and the probabilities of other orientations are distinctly less, for 


434 THE KINETIC THEORY OF GASES 


they depend on the presence of a potential energy. From this it 
follows that the Langevin function L(x) = cot x — : must be 


replaced by another function Le(x) = tan x. This does not 
solve the problem, as the free rotation is not eliminated but 
merely reduced. Ehrenfest again altered the Lenz equation with 
perhaps a slightly more permissible assumption. The results 
are, however, not satisfying, and serve with Lenz’s as merely 
indicating a way in which to attack the problem. The conclusion 
to be drawn from this discussion is that, while the Langevin 
explanation does apply to solutions and gases, it 7s not theoretically 
applicable to crystals, even though by its aid the apparently 
correct Weiss equation for crystals and solid substances is derived. 

103. The Weiss Magneton and the Bohr Magneton.—The 
Curie constant C in magnetic phenomena has, through the Lange- © 
vin equation, the value C = ae From this it is possible to 
evaluate wu, the magnetic moment of the molecule. Now C, and 
thus », may be evaluated from measurements on the suscepti- 

C 
rT-—9 
for solids. According to Weiss, » may also be found by measur- 
ing the polarization P, of the saturation magnetization at absolute 
zero, where Py = powz. From these values for a large number 
of substances, one obtains M, the moment of a gram-atom. Such 
values are given for some substances in the table below. 


bilities of solutions or gases, and from the Weiss law x = 


MwC.G.s 
SuBsTANCE ; UNITs 
Nivcil sce voeceue ces cbucevaseten e+ oy oe 3,381 
Cons A SE eee eee 9,650 
Fes egos 25% ows eeeened ae zee 12,410 
Magnetite: «sais acd avecteiare 050 wie ore inetd errs err 7,417 


Using these values, Weiss computes the least common divisor 
and obtains a value of M of about 1126. This he assumes is the 
value of the elementary magnetic moment of an atom or magneton. 
Thus, Ni has three, Co about nine, Fe eleven, and magnetite 
about seven magnetons. In general, he believes this holds for 
all substances. 

The Bohr theory of spectral lines, however, leads to another 
value. According to this theory, the moment of momentum of 


an electron in the atom is a whole multiple of the quantity we 
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where h is the Planck constant of quantum action. Now the laws 
of dynamics give a relation between the moment of momentum 
z of the electron and the magnetic moment of the molecule of 
the form 
jie Oe 

ae Smee 
where e is the electron, m its mass, ¢ the velocity of light, and u 
the magnetic moment. Thus for a gram-atom of substance the 
magnetic moment M’ of the magneton is 


hae See” nn 03. 
4a mc 
that is, about five times the value found by Weiss. 

The relation of the two magnetons was calculated by W. 
Pauli, Jr.2°, who made use of the action of the magnetic field on 
the Zeeman effect in altering the moment of momentum of the 
electron. Hefurther assumed that, besides the quantum changes 
that occur, for instance, for an atom like hydrogen in a magnetic 
field, the probability of the appearance of each quantum change is 


U 
governed by the Boltzmann probability factor e *7, where u 
= —uH cos 0, uw being the moment, H the field strength, and @ 
the angle. The considerations lead to the relation between mw, 
the Weiss magneton, and mz, the Bohr magneton, embodied in 
the equation below: 


rs) = are 9} 


Mes 


Here p is the number of Weiss magnetons and is obtained from C 
p? 2M? 


3K. 
ton. Cos 6; is the average value of the cosine of the angle, mz 
is the Bohr magneton, and n is the quantum number of the orbit 


: my _ 1126 
considered. If fat BEOS 


» C being the Curie constant and m, the Weiss magne- 


» one has 


pi 4067 Jo of n(n ip. 3): 


If n = 1, 2, etc. the values of p are: 


Einiete Mikbele 4) > (6's ele cc 866 ees RR ae Pale aie 6 


NS arc Fsdeksixles re wis Sot ons Sv ns , 13.6 | 18.6 | 23.6 | 28.5 
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For NO and Os, Pauli compares the observed values 9.18 and 
14.13 with the computed value of p for the first two values of n. 
These differences are, according to Weiss, greater than those to 
be ascribed to experimental error, so that the Pauli theory is not 
successfully established. The theory of Pauli was later extended 
by Sommerfeld.2” The values he obtains are not materially 
different from those of Pauli, so that the discrepancies are still 
outstanding. 

The reality of the Bohr magneton has been definitely proved 
by the recent experiments of Stern and Gerlach,?* who have 
shown the quantization of the orientation of the magnetic 
moments of silver atoms. The arrangement is simple. An 


atomic stream of silver atoms from a slit S in an oven O (Fig. 65) 
passed through the strongly divergent field of a magnet pole N in 
a high vacuum. They then fell on a plate of glassP. Now 
monatomic silver atoms have one electron (the valence electron) 
in a single quantum orbit. From the quantum theory this should 
lead to the possibility of only two orientations of the Ag atom in 
the field. Its axis must be in the direction of the field with either 
the north pole towards the south pole of the field or 180 deg. from 
this, with the south pole towards the south pole of the magnet. 
It is well known that in a divergent field a magnet of magnetic 
moment m, will experience a force urging it to or from the magnet 
pole depending on whether its north pole is towards or away from 
the south pole of the magnet. Thus the beam of silver atoms 
which gives a single line image in the absence of the field should 
be split into two distinct lines separated by an amount depending 
on the field, when the field is applied. This is just what was 
observed. Thus the quantization of the magnetic moments of 
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atomic magnets in a magnetic field has, consequently, been defi- 
nitely proved by a direct and unmistakable experiment. The 
value of the moment m, was calculated from the field strength, 
the velocity of the atoms, and the length of the path and the 
width of separation of the lines observed. The value found agreed 
within the experimental error with the value of the Bohr magne- 
ton. The assumption of the nearly instantaneous orientation of 
the magnet in the field which follows from this is, however, as yet 
unexplained. The measurements have been extended to other 
elements since then by Stern.2® They constitute unquestioned 
proof of the atomic nature of the magnetic moments, of the reality 
of the Bohr magneton, and of the quantization of the magnetic 
moments in a field. 
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a. Dresyn, P.: Marx’s “Handbuch der Radiologie,” vol. 6, p. 597 ff., 1925. 
This is the most complete and recent summary of the subject. The 
material for this chapter largely came from this book. The original 
article, however, contains far more material than this chapter has space 
for, and the reader is referred to that source for more complete 
information. 


CHAPTER XI 


APPLICATION OF THE KINETIC THEORY TO THE CON- 
DUCTION OF ELECTRICITY IN GASES 


104. Introduction..—Probably one of the most spectacular 
applications of the kinetic theory has been in the field dealing 
with the conduction of electricity in gases. In fact, rather than 
this field being merely an application of the theory, it has done a 
great deal to assist in establishing it. With the discovery of 
X-rays, the problem attacked by Coulomb and many others 
unsuccessfully—of how the air conducted electricity—became 
open to quantitative investigation. This resulted from the con- 
siderable conductivity given the air and other gases by the X-rays 
and the later discovered radiations from radioactive substances. 
The intense interest excited by these rays led to rapid experi- 
mental advances, so that in a few years the following facts were 
established. The conductivity produced in gases by the agencies 
above consists in tearing loose from the neutral gas molecules 
negative electrons, leaving the residual molecule positively 
charged, or by liberating from a solid or liquid surface near the 
gas positively or negatively charged bodies. The positively 
charged bodies of molecular dimensions liberated by heat or radio- 
active disintegration are probably atoms that have lost an elec- 
tron. The negative particles usually liberated by the action of 
heat, light, or a bombardment of the surface with electrical par- 
ticles are the electrons. In most gases, the electrons when liber- 
ated, after some time (the time being a constant of the gas present 
and depending on the energy of the electron), will attach itself 
to a neutral molecule. It seems at present likely that both the 
positive molecule, after losing its electron, and the electron, after 
attaching to a neutral molecule, attract around themselves fur- 
ther molecules in view of the intense electrical fields present. 
These charged molecular groups in dry gases were early discov- 
ered to be the carriers of electricity in gases under ordinary con- 
ditions. They are called in analogy to the carriers of electricity 


in solutions the gaseous ions. The ions may be described and 
; 439 ; 
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studied largely by the velocities with which they move in an elec- 
tric field. The motion of an ion in a gas under ordinary 
conditions in an electric field is a uniform velocity of drift. The 
velocity is proportional to the field strength X over a large range 
of field strengths (from a few tenths of a volt to 20,000 volts per 
cm) for a constant pressure. The velocity in cm/sec. in a field of 
1 volt/cm is, therefore, a constant and is called the mobility. 
Besides the so-called normal ions, electricity is carried by two 
other sorts of carriers, electrons and large ions. The electron has 
a velocity which is not directly proportional to the field and which 
is thousands of times greater than that of the usual ions.”* It 
can only be measured under particular conditions. The large 
ions are charged material particles—dust particles carrying 
charges. They are characterized by low velocities about one . 
one-hundredth that of the normal gaseous ions. In spite of the 
claims of certain workers to have observed other classes of ions, 
the experiments do not warrant the acceptance of such conclu- 
sions.*>%22 Jn fact, it seems safe to assert that the ions in dry 
gases under ordinary conditions consist of a single class of carriers 
of a unique velocity.’?. These velocities vary from gas to gas and 
differ slightly for positive and negative ions in the same gas. The 
values have been determined by many different means and these 
agree fairly well in placing them in a range between about 7 
cm/sec. per volt/cm (in Hz gas where the velocity is greatest) to 
about 0.2 cm/sec. per volt/em (in vapors like ethyl ether where the 
velocities are lowest). The mobility of the ion for a given gas is 
inversely proportional to the density of the gas from nearly 100 
atmospheres down to a few millimeters of gas pressure. This did 
not seem to hold for negative ions in certain gases below 100 mm, 
but Wellisch® and Loeb® have shown that this is due to the com- 
plicating presence of free electrons and that the mobility of ions 
is even here inversely proportional to the pressure. The mobility 
reduced to constant gas density is known as the mobility constant. 
This constant appears to be almost independent of temperature 
except at the lowest temperatures studied, a decrease in the con- 
stant of 10 per cent being observed at liquid-air temperatures. * 
In general, the positive ion is slower than the negative 
ion, although in gases like HCl the reverse is true.41 Newly gen- 


*The experimental results are somewhat contradictory on this point. 
But the more recent careful experiments of Erikson! seem to indicate the 
correctness of the present statement. 
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erated positive ions, however, have a mobility equal to the 
negative ion in gases where the final positive ion is slower. The 
ions in most cases studied carry a single electrical charge and the 
Faraday constant for gas ions is closely that observed for univa- 
lent ions in electrolysis.!2. Ions of ThD recoil atoms possibly 
carry a double positive charge for some time after formation. 1° 
Usually, ions generated with a multiple charge lose all but one 
charge in the millions of molecular impacts they make in going a 
cm in the gas.1!** 

The mobility of the ion may be derived from the kinetic theory. 
In fact, an elementary deduction of this was given in Sec. 22 of 
Chap. III. The more rigorous derivations of this quantity on 
the kinetic theory, including certain complications introduced by 
the forces exerted by the charges on the ions, will form one of the 
portions of this chapter. 

Closely allied to mobility and related to it by a simple relation, 
is the coefficient of diffusion of the ions, that is, ions of one sign in 
a gas exert a partial pressure. If the forces due to the charges be 
ignored (as they may be when ions are present in low concentra- 
tions), they will then diffuse through the gas as a result of the 
partial pressure. As in molecular diffusion, the number diffusing 
per second JN, across unit area normal to the concentration 
gradient a is given by N; = pe, where D is the constant 
of diffusion governed by the kinetic theory. In ions, the equation 
for gas molecules is complicated by the attractive forces on the 
ions. The relation between diffusion and mobility and the value 
of the coefficient of diffusion D merits being deduced from the 
kinetic theory. 

Again, if ions are generated in a gas the positive and negative 
ions are present initially in equal numbers. If the charge in the 
gas is measured at once after the ionizing agent is cut off, a cer- 
tain number present is obtained. If the number at varying time 
intervals after the ionization has ceased is measured the number 
found decreases as the time increases. Experiment shows that, 
roughly at least, the equation representing this is 


* Recently, Erikson has experimental evidence that the ion of one atom will 
shift its charge to the other, that is, a positive oxygen ion will forma positive 
acetylene ion in acetylene, the oxygen taking an electron from acetylene and 
losing its charge, making a neutral oxygen atom and a positive acetylene 
ion. 
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Here -% is the rate of disappearance of ions, n is the number 


per unit volume present at any instant, and a@ is a constant 
characteristic of each gas, called the coefficient of recombination. 
The name of the constant indicates the nature of the cause of 
disappearance of the ions. Due to their mutually opposite 
charges or to diffusion, the positive and negative ions come within 
a close distance of each other. Thus in time they reunite in 
pairs and the ionization disappears. This process is called the 
recombination of the ions. The evaluation of the constant a 
in terms of the kinetic theory will be one of the tasks of this 
chapter. 

The velocity of an electron in unit electrical field, as was said 

before, is not a constant, that is, the electron has, properly 
speaking, no mobility. It is convenient, however, to evaluate 
the velocity of the electron in the field as if it had a mobility 
and to study the deviations from this in terms of a kinetic- 
theory interpretation. The theory was first suggested by 
Townsend!® and was later amplified by Loeb.? The final suc- 
cessful solution of the problem from a theoretical point of view 
was due to Compton.* It will be given in a separate section. 
_ As was stated in the discussion of ionization, the electron 
liberated by the ionizing process eventually attaches to gas 
molecules in some gases to make ions.'*1718 <A study of ion 
formation indicates that this so-called electron affinity of gas 
molecules can be characterized by a quantity n, the average 
“number of impacts to cause attachments. The nature of n 
described above indicates that it was derived by a kinetic- 
theory analysis. This will constitute another section of the 
chapter. 

Finally, another phenomenon merits a brief treatment. If 
electrons be liberated from a plate in a rarefied gas, the current 
which they carry from this plate to one parallel to it but a finite 
distance away is a function of the voltage. As the voltage 
increases from zero, the current increases at first in a nearly 
linear fashion. It gradually, however, departs from linearity, 
the increase as the voltage increases becoming less. Eventually, 
it reaches a constant value or saturation for a potential of from 
10 to a few hundred volts depending on the pressure. On still 
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further increasing the voltage, the current remains essentially 
constant. This constancy is ascribed to the fact that all elec- 
trons which leave the plate eventually reach the other plate. 
At still higher fields the current again begins to increase and 
eventually increases exponentially, rapidly going to infinity. 
The explanation given is that in this region the electrons move 
so fast that they are able to remove the electrons from the gas 
molecules which they strike. Thus each electron may make 
a new pairs of ions per em path and the current increases with 
distance in the gas according to a law 7 = 7,e%*, where a is the 
number of new ions formed per cm of path, x the path, and 7, the 
initial current. Now a is a function of the pressure and field 
strength. It depends on the ability of the electron to pick up 
energy from the field and the probability of its ionizing once it 
has thisenergy. An expression for a was deduced by Townsend. !® 
In view of the recently acquired knowledge of electron kinetics 
in a gas, this theory must be revised, and the kinetic-theory 
analysis of it furnishes an excellent means of attack. 

Thus the application of the kinetic theory to the field of gase- 
ous ions presents many new and interesting investigations, and 
it is the purpose of this chapter to set forth the salient features 
of some of them as briefly and clearly as possible. 

105. The Kinetic-theory Analysis of Gaseous-ion Mobilities, 
Assuming Ions that Are Charged Clusters of Molecules Exerting 
No Forces on the Gas Molecules Due to Their Charge.—The 
elementary treatment of gas ion mobilities was given in See. 22. 
The treatment to be given here is on the strict classical kinetic 
theory. It was due initially to Langevin,*® but the treatment 
here given is a modification of it given by H. F. Mayer?! in 
a critique of the Langevin theory. 

The assumptions underlying this derivation are that the ion 
is a group of molecules of total mass m which moves in an electri- 
cal field due to its charge e. In moving through the field, it is 
hampered by collisions with gas molecules of mass M, to which 
by elastic impacts it is continually losing the momentum it 
has gained in the direction of the field. It exerts no attractive 
forces on the molecules and both ions and molecules are, for 
simplicity, assumed spherical. The velocity gained from the 
field between impacts is further supposed small compared to the 
thermal velocities of agitation. 
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Such assumptions lead one to the study of the interchanges of 
momentum in impact. Assume a molecule M at rest and let 
an ion of mass m move relatively to M with a velocity u. Assume 
that the point of impact be A (Fig. 66). The velocity may be 
resolved into two directions perpendicular and parallel to the 
surface of M at the point of impact. The tangential component 
is usin ¢, where ¢ is the angle between the normal to the surface 
at A and the direction of motion. The normal component is 
u cos ¢. The latter component is altered by the impact, while 


Fia. 66. 


the former is not. To this impact the laws of conservation of 
momentum and energy may be applied. These are 


mu cos ¢ = mu; + MV 


1 2 1 2 
oes cL gMV ) 


where w; is the velocity of m after impact and V is the velocity 
of M after impact, the initial Meigs: of M having been 0. 


1 Dae 
gim(u cos ¢)? = 


Solving for wi, one obtains uw; = ake mee: cos ¢. After impact, 


therefore, the velocity of m is composed of the two components 
woe eee cos ¢. These give a result- 
ant velocity wu’ of m along the initial direction of motion, that is, 
the body m persists in its motion in the direction of its motion 
before impact with a velocity u’. This velocity is given by 
adding 


at right angles, u sin ¢ and 


_— 
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(u sin ¢) sin ¢ + (ae cos 6) cos ¢, 
with the result that 


ab ix usin @+ a x “ cos? 6). 
The average persistence is found by taking the average of w’ 
for all values of ¢. This is done by multiplying by the chance of 
an angle ¢, between ¢ and ¢ + d@, which is 2 sin ¢ cos ¢d¢, and 
Tv 


2 


integrating ¢ from 0 to Hence, 


Tv 


2 = 
i == Qu if (sin* @¢+ te cos? 6) sin ¢ cos ¢d¢. 
0 


= 
I 


+ M 
“= a = pu, 
m+ M 
where 
ae m 
Mn+ 


If the molecule M was not at rest but had components of motion 
U, V, and W, while the ion m had components uw, v, w, the u and 
u’ used before would be replaced by the relative velocities u — 
mu + MU 

m+M - 
Similar relations hold for v’ and w’, the velocities along the v- 
and w-axes afterimpact. The average loss of velocity in impact is, 
therefore, 


Uand wu’ — U. These lead at once toa value of a’ = 


wow =u U). 
For simplicity, assume that all of the N gas molecules in unit 
volume have the velocity components U, V, W, while the gas ion 
moves through the gas with the uniform velocity components 
u, v, w. The number of impacts per second suffered by the ion is 
then given by the mean collision frequency, which is given by 
ms’Nc. Here s = r+ R, the sum of the radii of ion and mole- 
cules, and c is the relative velocity of the ion and the molecules. 
This is given by 

O= VU UP +i — Vi + wo — W)*. 
The loss of velocity of the ion m per second with the number of 
collisions per second given above is 

(u — w’)Ns*re. 
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Now the velocity components of the molecules are not all equal 
and the components of the ion change at each impact. If df be 
the chance that the ionic velocities ie between u and u + du, v 
and v + dv, and w and w + dw, and if dF be the chance that the 
molecular velocities U, V, and W lie between U and U + dU, 
V and V+ dV, and W and W + dW, then the mean loss of 
the velocity of the ion per second in its path through the gas is 


given by 
[fo — uw’) rs*NedfdF. 


The ion, on the other hand, is gaining a velocity each second 
along the u-axis from the force exerted by the field on its charge. 


Call this increase in velocity per second b = = that is, b is the. 


acceleration of the ion, K is the force, and m the mass of the ion. 
At equilibrium the ion is moving with a uniform velocity of drift, 
and hence the average discontinuous decelerations due to impacts 
must equal the continuous acceleration due to the field. Thus 


mb = K = mf fou — u')Nrs?*cdfdF, 


or 


Sk EA, 
roams {| i (u — U)Nws*edfdF. 


If the gas, as a whole, is at rest, that is, if mass motion is absent, 
df and dF can be replaced by their equivalents in the Maxwell 
distribution law. This law expressed, using the Boltzmann 
constant h (see Sec. 43), gives for df and dF the values, 


hon 3g —hm[(u—w)*+0?+ wv] 
df = () e dudvdw 
where w is the average velocity of drift of the ion in the wu direction. 
3g —hM(U2+V2+ W2) 
af = (MM) e dUdVdW. 
Since w is very small compared to wu (some tens of em per second 
compared to 4 X 104 cm per second or more), the higher powers 


of . can be neglected, and so 


#8 —hm(u?+v2+v 2) 
df-= a é (1+2hmuw)dudvdw, - 


—— 
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Putting these quantities into the expression for K, on integration, 
_ 4a a he wan 
So ae hr m+ M 
The integrations above are more easily accomplished if the new 
variables below are used. 


M m 
BT ay ® Cia eo aay © 
M m 
ee cam ae” ipiian rica 
M m 
ee in + Wale 


dudvdwd UdVdW = dxdydzdXdYdZ. 
From the equation after integration one has at once that the 
velocity of the ion w is 
3 K |hrm+M 
4rs®2NV4 mM 
This is a general equation and makes it possible to obtain either 
the mobility or the diffusion coefficient. If the K above desig- 
nates the force on an ion Xe, where X is the field strength and e 
is the charge, w is the velocity of the ion in the field. If K is the 
force on the ion due to the partial pressure of the ions, w is the 
velocity of diffusion of the ions. . 

To reduce the expression for the mobility of the ion to a handier 
form, K may be replaced by eX, and it should be RRSP STE 


o= 


that the square of the average speed é is equal to ——- pa a for the 


molecules. Thus 


eX pee ae M 
atk ws?N €M 


If one had used (é’)? = _— for the zons, one would have 
ee 
4 rs?N ¢’m 


’ € and é’ may be replaced by Cand C’ for the molecules and ions, 
that is, by the chap roots : ihe mean square speeds, by remem- 


ie = 1085 a (see Sec. 35). Again, 


oOo => 


may 


| 1 
bering that é Vs 
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be called the mean free path of the ion in the gas. This is not 


: 1 
strictly true, as may be seen from Secs. 17 and 37. 2h’ however, 
may be replaced by the symbol X and, for short, designated as 
the mean free path. The equations above become, on making 


these changes, 


t. Xero |jm+M 
w = 0.815 MG J va 
and 
«! Xen |m+ M 
w = 0.815 “F, +. 
Since oa = k, the mobility of the ion, 


ss er |m+M 

z= 0815 ,6%,/ a 
2) er |Im+M 

z= 081522 M 


Mayer, in the article where this derivation is given, deduces the 
expression of Lenard from the reasoning applied here. The 
only essential difference, according to Mayer, is the fact that 
Lenard takes into account the possibility of the velocity in the 
direction of the field between impacts, due to the field becoming 
appreciable relative to the velocity of agitation. In general, this 
correction is not necessary. Its introduction complicates the 
derivation and makes discussion of a more involved equation 
tedious. As neither of these theories is entirely correct, the small 
difference is of no importance. In any case, the only essential 
change is one in the mass factor. Both forms of the equation 
deduced above are useful. They give the mobility of the ion terms 
of the charge and free path of the ion divided by the mass and root 
mean square of the velocity of the gas molecules in one case, and 
divided by the mass and root mean square velocity of the ion in 
the other case. The first equation is best in discussing the value 
of the mobility of the ion, as C and M are known, and the factor 
for the mass of the ion changes k but little. The second equation 
makes it possible to carry the equation over to a carrier like the 
electron for further discussion, for all that is needed is to introduce 
the values for \, C’, and m for an electron into the equation. 

To deduce the expression for the coefficient of diffusion of ions, 
the force K must be determined in terms of.the diffusion coeffi- 
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cient. The expression for the number of ions n diffusing across 
1 cm? of area per second is given by 


dn’ 
n= Dan , 


: ; dn’ . Se ee 
where n’ is the number of ions per cm', qu 38 the gradient in 


the wu direction, 7.e., the direction of diffusion, and D is the coeffi- 
cient of diffusion. Call w the velocity of diffusion along vu. Then 
n=wn', or ee 
: n’ du 
sure, as gas molecules do, one may write that p = an’, where a 


is a constant, and dp = adn’. Thus cP = ov The only 


If the ions exert a partial pres: 


doubt about this approximation is that the charges of the ions 
exert a force of repulsion on each other. For gaseous ionization 
experiments, charge densities of more than 10° ions per cm® are 
rare. This separates the ions, on the average, by distances of the 
order 5 X 10-* em from each other. The forces of repulsion at this 
distance, even on an inverse-square law, are small and may be 


, 
neglected in some cases. Replacing aid by its equivalent, 


one has the velocity of diffusidn given by 


_ Ddp. 
 p du 


(2) 


Now the force acting on the ions is the pressure times the area. 
Since the number of ions n diffusing was taken per unit area the 


force on a cm? of ions due to the pressure gradient oe is 
qP y 1 om X 1 em, 
du 


that is, the force on 1 cm® of ions is ae. The force on one ion 


will be 


I op ie 
n’ du make) 
Placing this into the expression for w, 
pw 


_3nD |hrm+M 
 AreNWV4 mM 


(69) d 
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calling a =}, and inserting M and C for molecules for hf, 


s?N 
my nN. m + M- 
D = 0.815 MG a 
Since oy = yrn(C!2) =iM C? if ions exert a gas pressure, 
Di= 0815 28 | 
3 m 
For m = M, 
1.41 


D = 0.815 ae AC = 0.384ne- 
The equation for the diffusion of molecules where the masses | 
were the same as the masses of the molecules diffused into was 
found on simple kinetic theory to be D = HL. Since L = 
1 
——-—» } = L\/2 and the above equation becomes D = 
/ 2ro2N :. 


0.217\C, which is roughly the same as the one for ions. If the 
expression for the mobility of the ion from’ this equation be 
divided by the expression for D, 

0.815 +5 . ne + i 
= : - —— then 


0.815 ©r Pe Res! 
= m 
k 3e 


D =~ Mc Multiplying top and bottom of the right-hand side 


k 


of the equation by N, the number of molecules per em,* then 


Kk 4 ANG wea 

D” ¥NMC? P 
that is, the mobility k divided by the diffusion coefficient D is 
the Faraday constant divided by 22,400 and the pressure P 
corresponding to V. If the value of e for gaseous ions is the same 


’ 


as for electrolytic ions the quantity au should give the Faraday 


constant for monavalent ions divided by 22,400. This is, in 
fact, the case. Experiment gives k = 1.8 em/see per volt/cm 
for negative ions in air, that is, 540 em/sec. per E.S.U/em, while 


—— 
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it gives D for negative ions in air as D = 0.043/cm? X sec., when 
p = 1 X 10° dynes/cm?. 

k — 540 X 108 
De e043 
Now N is 2.71 X 101°, and e is 4.77 X 10-19 E.S.U.; whence Ne 
is 1.29 X 10'° E.8.U. This agreement is well within the accu- 
racy of the measurements of D. It is therefore possible to assume 
that ions exert a partial pressure like a gas, to assert that they 
carry the same charge as univalent ions, and to calculate D from 
k, which can be readily measured by D = 0.0236k, when k is in 
em/sec. per volt/cm. 

106. Test of the Simple Ion Theory and Further Formulation 
of the Mobility Problem.—One more point in connection with dif- 
fusion of ions leads to atest of this theory. If the diffusion coeffi- 
cient of ions in CO, is compared with the coefficient of molecules of 
N20 into COs, a nearly equivalent case, it is found that D for 
these ions is 0.023, while for CO, molecules it is 0.15 to 0.1. Thus 
the ions diffuse about one-sixth as fast as the uncharged molecules 
diffuse. 

This must mean that \ for the ions is not the same as for 
uncharged gas molecules. A discrepancy in a similar direction 
is brought out if & is computed for ions in air from the equation 


‘ae eX. jn + M 

k = 0.815 UC a 
For this purpose assume M = m, that is, that the ion has 
molecular dimensions. The X here used is 1/2 times the L from 


Thus = 1.25 X 10° E.S.U. 


kinetic theory for air molecules and, as the mt ae is \/2 for 


. the case where M = m, k = 1.63 ae Putting in the accepted 


kinetic-theory values for L, M, C, and e a computed mobility for 
ions of 11.7 cm/sec. per volt/cm is obtained for air ions. The 
observed value for air is 1.8 cm/sec. per volt/em for negative 
ions and 1.4 cm/sec. per volt/em. for positive ions. It is 
probable that these observed values will have to be increased 
by a factor of 1.21, owing to a consistent error in mobility 
measurements.”*7 In any case the mobility is nearly one-fifth 
that computed. 

This can mean that the value of \ assumed, together with the 
other constants, is not that for charged molecules which do not 
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exert any forces on neutral molecules in virtue of their charge as 
they move through the gas. The action of the charge of the ion 
on neutral molecules may be explained in two ways. The charge 
on the ion may attract neutral molecules in virtue of its field (that 
is, it may induce a charge on an uncharged molecule) or it may 
act on electrical dipoles already present in the molecules (see 
Chap. X, Sec. 96). In doing so it will undergo exchanges of 
energy and momentum with these molecules, without impact. 
It may also suffer a decreased mean free path, as, owing to the 
attractive forces, an impact that was not predestined to occur had 
there been no forces will take place. This type of action can be 
explained as causing an apparent increase in s, the sum of the 
radii of ion and molecule due to the attractive forces. Thus, as 
s increases, \, the free path, will decrease. Such a theory is . 
known as the small-ion theory and was independently developed 
by Wellisch?‘ and Sutherland” in 1909. The earliest explanation 
of the small mobility offered was the alternative to the 
view above, namely, that the charge on the ion was so intense that 
the neutral molecules were bound to the molecule with the charge 
and that this binding went on until the force field around the ion 
was practically ineffective beyond the ion. Sueh an ion is called 
the cluster ion. The number of molecules in the cluster has been 
estimated at from 6 to 30 molecules by various workers on differ- 
ent theories. The cluster formation would then change the fac- 


tor ee used above, and the increase in s? due to the cluster 


would make a corresponding decrease in X. 

The two points of view have been the cause of controversy for 
many years. In fact, experimental evidence of a definite nature 
was lacking until the recent experiments of Erikson and of 
Loeb.**'! These definitely indicate the formations of clusters © 
of a more or less labile type in certain gases. The cluster type of 
action is not alone able to account for all the phenomena 
observed. It is probable from the nature of the forces acting 
that the small ion type of activity also occurs and the correct 
theory of mobilities must include both types of action. The 
question really hinges on the law of force between ions and neutral 
molecules. Were the forces weak but active over a long range, 
the result would be the small ion. Were they large and did they 
fall off rapidly with the distance, the result would be a cluster 
ion, The beautiful work of Debye (Chap. X)* on the dielectric 


— 
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constants and on the forces on ions in solutions has in recent years 
led to some justification of the view that the action of the field 
of the ion on a neutral molecule could, to a large extent, be con- 
sidered as the attraction of a point charge on the induced or ori- 
ented dipole of a dielectric body in its neighborhood, that is, it 
is possible to compute the forces between an ion and a molecule, 
assuming that the molecule is a dielectric at a distance r from the 
ion, whose dielectric constant in bulk is a measure of its polar- 
ization. Since the attraction of a point charge on a dipole varies 


as 4 and the field producing the dielectric displacement varies 
as a the force between ion and the molecular dipole produced 


by the field would vary as es This would hold whether the 


polarization of the molecule were due to a dielectric displacement 
or the orientation of a permanently dipolar molecule in the field of 
the ion. Both effects would be proportional to the ionic field at 


a distance r (ie, both would vary as ch 


In fact, later evidence from the values of the mobility com- 
puted, making use of this law, will show that, except for errors of 
the order of magnitude of the differences in mobilities between the 
positive and negative ions, this law of attraction suffices. It 
does not suffice when the molecules and ions are within a molec- 
ular radius or two of each other, as the difference between posi- 
tive and negative mobilities which cannot be explained in this 
manner shows. ‘The reason for this is adequately discussed in a 
paper by Loeb.”® 

As constant use will be made of this law of force, it will be 
deduced at this point. The field / at any point between two 
plates with a density of electrification of opposite signs ¢ is given 
by F = 4rc. Ifa dielectric whose constant is D is placed between 
them, the field F’ is now + =F’. This apparent loss of inten- 
sity is due to the absorption of the lines of force by charges in the 
dielectric, that is, it is due to a charge induced in the medium by 
the field and is proportional to it. Symbolically, this is 
designated by the relation 


F — F = Aro’, 


454 THE KINETIC THEORY OF GASES 


where a’ is the surface density equivalent to the charge produced. 
on the material. From this it follows that 
/ , 

FoF py oY, 

or 
ah hip DET 

4a 
For a gas between the two plates o’, the charge density multi- 
plied by the area of the plates and mutliplied by the distance 
between them, or o’ times the volume between the plates, gives 
the equivalent electrical moment of all the charges in the gas. 
This divided by the volume of the gas between the plates then 
gives M, the electrical moments of the gas molecules between the . 
plates per unit volume, that is, oc’ = M, the moment of the polar- 
(D — 1)F’ 
5 an 


ized gas per unit volume. Hence one has M = 


Now the electrical moment of one molecule is hp = uh where 


Nis the Loschmidt’snumber. Thus the moment of a molecule can 
be set as 

_@M-vF 

epee 


Since in this case F’, the acting field, is produced by a charged 
molecule (an ion), the field can be regarded (except at very small 
distances) as due to a charge located at a single point. F’ is then 


given by 5 where e is the charge and r the distance from the 


ion... Thus: p= ae “ It is well known that for a dipole 
of moment yu the force with which it is acted on by a point charge 


Que 


r cm distant is given by f = oe Thus the force between ion 


and molecule is given by the expression 


The potential energy of the ion at a distance r from the molecule 
due to the field is given by 


_[°@=ne 


(D = J) _ oi 
3 2rN r?® 


W SrN rt 


a 
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The potential is negative, which means that the work which the 
molecule can do in being moved to infinity is negative. 

From this law of force it is possible to estimate the size of the 
ion cluster, for, in order to be stable, the cluster must have a 
sufficient radius so that r, the distance between the center of the 
ion and center of the molecule (assuming the law to hold at such 
distances), is small enough so that the potential energy of the 
ion and molecule is equal to the average energy of thermal agita- 
tion. If the kinetic energy of agitation is greater than the 
potential energy, on the average, the molecule will not describe 
a closed orbit about the ion, and thus it will not be captured 
and bound. Hence, for a cluster ion, the radius r, must be such 


that » the potential over the kinetic energy, is greater 


Ww 
KE 
(D — 1)e? 


than unity. Now W TSG ae 
eee ACD 1 ee) (D1 )e* 
KE 4xNMC?r 12xpr.4 
since p = 144NMC?._ D for air is 1.0006, p = 1 X 10° dynes/cm?, 
and e = 4.8 X 10-1. If r. be taken as r, = 3.3.x 10-8, which 
is the value of the molecular diameter in air and corresponds to 
an ion composed of a layer of molecules one molecule deep about 


eee SMC’, thus 


the central charged molecule, one obtains pil = 3.1. ‘Thus a 


monomolecular layer cluster could be stable. Were the nucleus 
and molecules spheres of the same size, the maximum number 
of molecules in a stable cluster would be 12. A cluster of more 
than 12 molecules would require another layer, for 12 molecules 
is all that can be placed around a sphere of the same size. A 
larger cluster would perhaps be a little less than double r, for the 
next layer of molecules, and r* would be 16 times as great. This 
would give ue = 0.19, and the outer layer would not be 
stable. It is very unlikely that the ion cluster numbers more 
than 12 molecules and evidence seems to point to possibly as 
few as one or two more or less permanent companions to the 
charged molecule. In a recent paper Hassé*° explains the differ- 
ence between the mobilities of positive and negative ions on 
such a view. The negative ion has a layer of molecules about 
an electron, the positive ion a single layer of molecules about a 
charged molecule. 
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107. Deduction of an Expression for the Shortening of the 
Mean Free Path Due to Attractive Forces—a Typical Small-ion 
Theory.—With the adoption of the law of force as probably 
obtaining in order of magnitude, it becomes possible to compute 
the force of attraction and consequently the apparent decrease 
of the mean free path of the ions due to such a law. In general, 
a method devised by Wellisch* will be used. Certain errors 
were inherent in the original deduction and they will, accord- 
ingly, be corrected for in this text. Certain objections to 
Wellisch’s theory as a small-ion theory may also be urged. 
However, the equation as deduced is able to give the mobilities 
of the correct order of magnitude without any arbitrary assump- 
tions as to size of cluster, and is thus an improvement on previous 
theories. It is also being included as it makes it possible to see . 
how ionic or intermolecular forces can influence the mean free 
path.* The more complete and correct mobility equation 
derivations are entirely too involved to reveal the method of 
attack clearly, and thus will not be derived, although their 
conclusions will be discussed. 

Wellisch starts out with the mobility equation in its elementary 


form k = £*, and proceeds, after assigning \ the value for the 
1 


mean free path of an ion of mass m in a,gas of molecules of mass 
M, to find how the forces of attraction influence the mean free 
path. In the present deduction the equation of Langevin, 


— er m+M 
‘= 08158%.,] = ’ 


will be used as a basis, and the effect on d of the forces of attrac- 
tion between ion and molecule will be calculated as Wellisch 
calculated them. The law of force between ion and molecule 


is F = ors? 28 deduced above, where r is the distance 


between the ionand the molecule. This gives the potential energy 


D — Le? : : Mh, 
atr, W, = tees Consider, for simplicity, that the molecule 


is at rest and that the ion approaches it with the total relative 
velocity. Call U the velocity of the ion at infinity and u the 
velocity at the point of closest approach. The ion will come 


*This deduction parallels that of Sutherland Sec. (62) and without the 
complicated mathematics arrives at a similar result. 


- 


_—— 
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from infinity, increasing its velocity as it approaches, describe 
an orbit about the fixed molecule and depart, as it is not captured. 
Where the ion and the molecule separate after the distance of 
closest approach, the orbit is an hyperbola, the initial velocity 
U being directed along the asymptote (see Fig. 67). The law 
of conservation of energy says that in such an encounter 


smu? — U?) = W", 


where W’ is the relative potential energy of the ion and the mole- 
cule. W’ is related to the potential W, the actual potential energy 


Fia. 67. 


of the ion given above, by asimple relation. Call M the mass of 
the molecule and C its velocity, while C; is the velocity of the ion 
of mass m. Then 


a mC 2 
WwW, = 7” 
while 
i mC ;2 MC? 
Ages 2 + 2 
However, mC, = MC, 
or C =F Ci. 
fired mC {2 m 
Thus, W' = 9 (1 15 7) 
_™m au M W.. 
Accordingly, 
1 2 772) — ™ + M 
xn(u U?) M W. 
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The law of conservation of moment of momentum furthermore 
requires that ru = bU, for b is the radius of rotation about M 
when the velocity is U, and r is that when the velocity is wu. 


Thus 
pil (2) 
U 
and, as uw = gio. + U?, 
mM 


2W, a 
ae 4 ae et . 
m+M 


Now the condition for a collision is that s, the sum of radii of 
ion and molecule, should be equal to or greater than r. Thus 
for a collision, s* must be such that 


that is, for impact, the square of perpendicular from the molecule 
on the initial direction of motion of the ion must be equal to or 
less than the original sum of radii of ion and molecule multiplied 
by the factor 


142) he or 
mM ie mM 172 
M+m M+m 


Thus, with no forces acting, collision occurred when } S s. 
With forces, b? can be equal to or less than s? multiplied by a factor 


greater than unity by the ratio RRL to be defined later. 
‘ 1 mM vy? 


2M +m 
Thus the sy, when forces of the form above act, is related to 
the s when no forces act by the equation 


23°W, 
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Now 
pn? = smcr(1 + He) 
gd (lid a 
madre”) 
_MU? He _ mC _ MC? 
ESL DR ae ee 
MC? . eee wrhet 
where is the kinetic energy of agitation of the gas molecules. 


2 


Thus s/? = “(1 + a The s? in Langevin’s \is, accordingly, 


to be replaced when forces act by s,”, so that Langevin’s equation 
becomes, for this case, 


k = 0.815%, Sy oa 
(1+ ae 


MC? 
the value of k thus being merely divided by the quantity (1 + 
AD This is unity plus the ratio of the potential energy of 


ion and molecule at impact to the kinetic energy of thermal 
agitation. Substituting for W,, this becomes 


M +m 
r m 
k = 0.8152 
SOUT Oe 
4rNMC?2s! 


Now it was found that the ratio of potential to kinetic energies 
for a molecular ion in contact with a molecule (7.e., for a small 
ion at impact) was 3.1. Thus, the Wellisch factor reduces k 

ey 
4 
2.7 cm/sec. per volt/cm. This value is in fairly good agreement 
in order of magnitude with the observed value. The criticisms 


from the value 11.7 calculated for a forceless ion to 


2W: 

MC? as 
calculated above to a small-ion theory, for the value of this 
factor, as shown before, suggests a cluster formation. Another 
minor weakness of this theory is that it neglects the loss of 
momentum of the ion gained in the field in cases where its path 
is curved, and it thus exchanges momentum with the molecule, 


of this theory lie in the application of the factor 
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but does not actually collide. The amount of error introduced 
by this neglect is of the order of 10 per cent, as a rigorous calcula- 
tion by J. J. Thomson shows (see Sec. 108). The change in k 
by such a correction would be less than 10 per cent and the k 
above would become 2.4 cm/sec. per volt/em. The theory is 
interesting, however, in that it shows that the forces will, with 
an elastic-impact theory, yield a value of the mobility which is 
in fair agreement with experiment. It is to be noted in passing 
that the mobility is a function of the charge e of the ion in both 
this and the Langevin equation. It is, however, less so than. 
appears on the surface, for if the ion cluster depends on the value 
of e, or if the attractive forces do, they will bring in e to increase 
s*, and thus introduce a factor dependent on e in the denominator. 

108. The Mobility Deduced from the Rate of Energy Loss of | 
the Ion to the Molecules of the Gas—Theory of J. J. Thomson.**— 
In 1924, the writer? utilized a somewhat more accurate 
deduction of J. J. Thomson” for the change in \ produced by 
the charge. This placed in the Langevin equation showed some 
properties of such interest that it merits a short discussion. 
J. J. Thomson starts with the assumption of an inverse fifth- 
power law of force and applies the equations of dynamics in a 
more rigorous fashion than does Wellisch.*4 

If two bodies of masses M, and M, collide or exchange momen- 
tum in an encounter, the kinetic energy transferred from one 
to the other is given by 


4M ,M, , 

(Mf, + My)? sin? @. 
Here. 26 is the angle through which their relative velocity is 
turned, and 27 is the momentum of the system multiplied by 
the relative velocity and the cosine of the angle between the 
velocities. If either is at rest, 27 = MV? for the moving parti- 
cle. It is merely necessary for the later development to deter- 
mine the rate of loss of energy of the ion to the molecules it 
encounters in virtue of its attractive forces. To do this, it is 
essential to derive the value of the energy transfer gained from 
the field to neutral molecules in going through a em of gas. To 
evaluate this, @ must first be calculated for an encounter on 

the inverse fifth-power law assumed. Let 
GD tied 


F QnNr5 or 


a 
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Then assuming the ion fixed and the molecule describing an orbit 
around it, the differential equation of motion for a central force 
varying inversely as the fifth power of the distance as given by 
classical dynamics’? is 

du Au’ 

dee ~ mh? 


In this equation 26 is the angle through which the relative 
velocity is turned, u = = m is the mass of the particle, and h? 


= V*p?._ V is the initial velocity of the molecule relative to the 
ion, and p is the perpendicular distance from the ion onto the 
initial velocity of the molecule. In the case in question two 
bodies of masses M,; and M, are being dealt with and m, the mass 


M,M 
of a single particle, must be replaced by the factor MM, ot from 
the laws of dynamics. Bearing these facts in mind, the equation 


above yields, on multiplying by at and integration, 
du , Aut 3 
mh? (; q AF +u lias - + mV?2. 


(3) Sekine cog 


whence 


mh? 


At the apse sl 0. Thus the apsidal distances are the roots 


do 
of the equation above when _ = 0, that is, they are the 


roots of 
20 2 
mi ginV*p* 2 si 
A 
are _ 8mV? 
oo 2mV 2p? A? A 
D Ay ao 2 
Thus to have real roots, 
2A 
(Sia pats gt 
P= mV? 


For values of p less than this there will be no apsidal distances 
and the bodies will collide. It is here that J. J. Thomson makes 
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an assumption that is perhaps to be questioned. He assumes. 
that on such impacts the collisions are like direct collisions for 
elastic particles, and that in such impacts the velocities will be 
reversed and the bodies will retrace their paths. Thus with the 
relative velocities unaltered in magnitude and reversed in direc- 
tion, 26 will be z, and sin @ will be unity that is, for a perpendicu- 
lar distance from the ion onto the initial path of the molecule less 
than ax an apse cannot exist, or rather is imaginary. - 
What the existence of no apsidal distances means is that, instead 
of the molecule circling about the ion in an orbit for values of p 
less than this critical value, the molecule will fall into the ion. 
Thomson assumes that on such an impact the motion will be 
largely along the line of centers. Were this true, his assumption » 
would be fulfilled and the bodies would reverse their velocities. 
This condition of central impact would hold if the ion and the 
molecule were merely points compared to the critical value of p. 
If, however, the sum of radii of ion and molecules s were an appre- 
ciable fraction of p, then the impacts would take place between 
spherical surfaces before the molecular center had a chance to 
complete enough of its path to make the direction of motion 
correspond to line of centers. Under these conditions the impacts 
would be far from central and the exchange of momentum would 
differ radically. Now calculation will show, using values of A, 
m, and V? for ions in air, that p is of the order of two to four 
times s for two molecules. Thus, in general, Thomson’s assump- 
tion is not correct. This is especially serious in view of the fact 
that the greater values of p inside of this limit are more frequent 
than the smaller ones. In a very much more rigorous and 
complete derivation from a different point of view, Langevin 
studies the case of collisions between spherical molecules when it 
is less. The result of this study leads him to an average value 
for the energy exchange in such impacts. 

Accepting Thomson’s assumption as correct for the present, 
one proceeds as follows. If 6 be the value of wu at an apse, 


Abi mV? 
2 pan EAS 
2mh?2 aia mh? 0 
or 
Abt 1 
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whence, 
du\? A 
Bearer eer 
A 2mp?V2 
iF 2mV 2p? oar) ares 2 mabe “| 


A 2mV? Z 
afte 09 (280 4) 


This equation is now to be solved for wu as a function of 6. To 
integrate it, put uw = bsin VW. This gives 


Nie AD? 1— sin? Vv\ 2mV* _ b2 sin? W 
do} ~~ 2mb%p?V2\ cos? v Kb? 


do = (2mV*\* dy ze 
A A Rie ROP ee 
Ap — 6? sin? v 


and 


Putting k? = ae =—;>,’ the equation may be reduced to the form 
2mV2 
dy 


= Ds Gea ae a ee 
See ee Cel is an) 4 


Fig. 68. 


From Fig. 68, it is seen that the angle 2¢ through which the 
relative velocity is turned is 


foru = bsin V is equal tob whenV = 


ro] 
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Thus 26 is given by 


2 ; dv 
20 ar 2[' (1 +) sin? wy 
= 7 — 21 + k?)4F(k). 
Thus sin @ = sin eB — (1+ mse) | 


= cos (1 + k?)4F(k). 


The expression for the transfer of kinetic energy given at the 
beginning of the discussion is then 


4M,M, 
(M1 + M,)? 

4M,\M; 
~ (Mi + M2) 


Thus the energy transfer at any impact is found as a function of 
m, p, and V for the system. With this loss per impact, the aver- 
age energy loss per cm of path of an ion in the gas may at once 
be calculated. For N molecules per cm’ in the gas an ion will 
encounter 27N pdp ions per cm path at a distance between p and 
p +dp. The energy loss Hi per cm path in the gas for apsidal 
impacts is therefore 


B= gp aT i} cos? { (1 + k*) “F(k)}2nNpdp. 


To this integral must be added the energy loss for all the non- 
apsidal impacts included in the interval from 0 to p = b = 
: oe The second term, which is the one for Zi, must be 


TE = T sin? @ 


T cos? (1 + k?)*F(k). 


integrated from 
4/ 2A 
mV? 
to infinity. To evaluate these integrals, a few transformations 
must be made to get p in terms of k. From what has gone before, 


Abt 
= 2 = 
P amy? ? and’ = oe 
A 
Thus p eg Oral 


kb NQm a 
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and 2rpdp = -(1 _ 2 ) 9 yah. Thus for the apsidal energy 


changes (7.e., non-impact transfers), the energy loss EH is 


4M.M, , 
a. = (i, i et *(gave) elt ee oss ert 
k2)4F (k) }dk, 


for, while p goes from jes to infinity, k goes from 0 to 1. 


This follows since 


79, Py es ten Oe : 
Shae ae pies 
aos ee a ane can 


2 2 

MED = 2and k = 1, andif p = 2, a/¢ — o and k = 0. 
4M iM. A % 

Thus E, = 0.2 ap, Fmt sav) | 


For the impacts from p = 0 to p = 4 % foe reversal of direction 


takes place, 20 = 7, and sin@ = 1. This gives H2, the impact 
loss, as 
= 4M ,.M, 2A 
Ma it yiNe(ovs) 
on integration. The total loss of energy per cm path is EH, = Ey 
+ Es, and this is 


4M,M, 24 \¥ 
E, = Lage MN pare ) 


It may be pointed out here that the 0.1 factor in the energy loss 
due to apsidal exchanges is the fraction neglected by Wellisch and 
makes a correction of 10 per cent in his theory necessary. The 
above expression for H, is the energy loss for a charged ion. Had 
the ion been uncharged and the impacts been between spheres, 

the energy loss would have been different. It can be computed 
as follows: Let s be the sum of the radii of ion and molecule, and 

| _p the perpendicular distance of the ion on the direction of motion 
of the molecule. In Fig. 69, since 


20 = 7 — 2a 
Tv 
cee ao 
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Hence, B= @. 


37 = 
>] 


Therefore, sin @ = 


ae 


and 


The energy loss would, then, have been Ez. 


4M,M ae 
rot any |, sin? 0N2rpdp 


. 4M Se 
ret yet) 


Ey 


The ratio of energy loss per cm with the ions which attract mole- 
cules and the forceless ions which collide elastically would be 


Ex 1 


page 2A \*% 
2.2( 7s pat 
In the derivation of the Langevin equation for elastic impacts, 


the equation set up for the case of equilibrium of the ion in 
the field (7.e., a steady velocity of drift) equated the force due 


to the electric field to the rate of loss of momentum in impacts 


of the elastic solid type in the form, 


> mM ~ : 
k= i (u — U)NastedfaF, 


which on integration yielded 


_ 4a ei mM 
K = rN, [A 


at 
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Now this loss of energy was that computed under EH; above. 
Assuming losses such as J. J. Thomson does, the rate of loss of 
energy is increased in the ratio 


1p 1 
Ez 2A \% 
2.2(;, a) 


that is, the mobility equation of Langevin assuming forces, and 
assuming that these can be taken into account after the integra- 
tions above have been performed, leads to the transformed expres- 
sion for K: 
Aw mM 2A \4 
ie cae 2 m+ M 2.2( 24) ; 
for the quantity Hz must be replaced by EH, and FE, = Hz 2.2 
2A \% 
mV 284 
produced by the field, the equation after reduction to terms of k, 
the mobility (see Sec. 105), becomes 


Solving for w and transforming K for the force 


k = 0.81557 G Fe WE eae 
2.2 mV2s4 
(D—1e MM, 


Now A = » and V is the relative veloc- 


eee Mf, 


ity of ion and molecule. 
ee a een 
2M,+mM,~ 394% 


the energy of thermal agitation of the molecules. Hence k, the 


mobility, is 
Cee: +m 
0.815e X 


Thus 


ee ay C5 of — bey 
*\ ans! MC 
aS rs-n 
0.815)/" + m 


ip 9 {mM (D — ay 


\ T 
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Now n =2N , where N is the number of molecules per cm’ 
Po 

at N.7.P., p. is the density at N.7.P., and p is the density cor- 

responding to n. Also D — 1 varies with p; so that ~ (D—1). 


= (D — 1), where (D — 1), is.D — 1 at a density p,. Further, 
one can write M = Mn, where M, is the molecular weight, and 
u the mass of an atom of hydrogen. Thus k is given by 
ae 0.815 3 Are +m 
~ 2.2(Nu)” m ‘ 
“VD = 1eMe 


The constant term takes the value 0.104 and k is thus 


0.104, as ie 
ii vee : ‘ 


% L/D = 1)oMe 


This is the equation deduced by Loeb,?° from Thomson’s equation 
of the energy loss. Its interest lies in that it gives k without any 
arbitrary assumptions as to cluster size, except for the influence 


of the mass factor (os a 


1.4 to 1 for the change from a small ion to an infinitely heavy 
cluster. The values given by it are of the correct order of 
magnitude and vary from substance to substance in fair accord 
with observation. A similar equation follows as a special case 
of the most complete mobility equation deduced, that of Lange- 
vin*! for the case of only force field impacts with no impacts 
of the solid elastic type. The constant of the special case of 
Langevin’s general equation, however, is different and the 
equation reads 


The latter changes only from 


0.2354] ih 
m 
k= : 


EVD — 1) Ae 


The mobility outside of the mass factor is independent of e, 
it is independent of the assumed value of s, of \, and of @, or the 
i! 
V(D — 1). 


temperature. It varies, however, as Pe, and as the 
p 
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1 : : 
and ———- Experimentally, the nearly complete independence 


VM. 
of temperature and of field strength had always surprised 
observers. ‘The independence of the charge cannot be verified 
at present, although, if the explanation of some abnormally high 
mobilities of newly formed ThD ions by Erikson"? as being due to 
double charges is correct, the theory fails. The variation of k 


as is one of the well-established facts about ionic mobilities. 


The variation of k as . —— that is, inversely as the 


A/(D = TM 
square root of the dielectric constant less unity multiplied 
by the molecular weight, is, in rough agreement with an old rule 
about ionic mobilities. Kaufmann’! stated that k varied as 


ar for the ‘‘permanent”’ gases, that is, for gases of about 
the same and rather low values of D — 1. Loeb,*? in 1917, 
showed that it held more generally in the form that k was pro- 


1 ear 1 : 
ortional to ——— multiplied by ——-—— - The fair agree- 
% onan seat NCD 1), ‘ 
ment of k computed from the new relation k proportional to 
ss with experimental values is a sufficient test of 
(D io A 1).M. 


the new theory. It, however, runs against a serious difficulty 
brought to bear against all mobility equations. k should vary 


as 4 pe: Now experiments made on ThD”*® ions in air 


and in H2 show that these ions have the same k as ions of Hz 
in H. gas. Later experiments of Tyndall and Grindley**® show 
that this holds for analogous cases within 1 per cent. This 
means that, while the ion theories demand a variation of at least 
a few per cent (about 12 per cent), with the mass of the nucleus 
of the ion, experiment shows less than 1 per cent variation. 
The difficulty is particularly severe for the above theory for the 
following reason: Erikson** finds that newly formed positive 
ions change from the value of the negative mobility which they 
initially possess to the lower value characteristic of positive 
ions in several hundredths of a second. The only explanation 
this theory could give of Erikson’s results would be by the aid of 
the mass factor above. Other theories permit a change in s 
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due to clustering to account for the change. This theory assumes 
that the ionic mobility is insensitive to any change in s. Thus 
one is forced to mistrust somewhat the striking success of the 
equation. The failure is doubtless due to the inaccuracy of 
Thomson’s assumptions as to path reversal at non-apsidal 
impacts. The equation has served one more useful purpose: 
It showed that with the absence of elastic solid impacts, except 
for the small mass factor, the mobility was not affected by the 
existence of the cluster. It therefore showed that, if the assump- 
tions were correct, measurements of mobilities in pure gases should 
be “ignorant” of whether the ion was a cluster or not, thus 
showing a possible way out of the decade-long discussion of 
cluster-ion versus small-ion theories. 

A further comment might be made on the independence indi- - 
cated by theory and the still greater independence of the ionic 
mobilities of the mass factor. This, on the kinetic theory, 
receives a partial explanation, for, while a greater inertia slows 
up an ion, its increased persistence of the velocity gained in 
the field makes the mobility nearly independent of the mass. 
This can be seen from the Langevin deduction where the persist- 
ws x ihe complete 


ence was introduced giving the factor - 


independence observed is not, however, explained by this. 

' The theory outlined above, while apparently satisfactory, as 
has been stated, runs against certain difficulties. These are the 
following: (1) If Erikson’s conclusion about the nature of the 
very fast newly formed ThD ion is correct, the mobility is not 
independent of the charge. (2) If Tyndall and Grindley’s** 
measurements are correct, which seems to be the case, the mass 


factor . ps ne may not be called on to explain the Erikson*4 


ageing effect. Thus this must be explained as Erikson does 
on the change in the value of s due to the formation of a cluster 
ion. Erikson interprets his results by assuming that the negative 
ion is a single molecule while the positive ion changes from an 
initial single molecule to a bimolecular ion on ageing. Thus the 
radius of the ion must enterin. These two conditions are met if 
the elastic solid type of impacts be assumed to take place even 
to a limited extent. The result obtained theoretically was due 
to the neglect of elastic solid type of impacts in the assumption of 
Thomson that all non-apsidal impacts result in the reversal of 
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velocities (7.e., are central). That this is incorrect may be shown 

by calculation of the value of p from the law of force. The value 

of p for non-apsidal distances for molecules of the gases is not 
more than two to four times the value of the molecular radius. 

Thus, for He, He, Nz, and HCl, =: is, respectively, 3.65 < 10-8, 

5.02 X 10-8, 6.12 * 10-8, and 9.2 X 10-§ cm. For these same 

gases s is 2.18 X 10-5,.2.47 <-10-§, 3.5 X 10-8, and 2.0 X 10-8 

cm for a monomolecular ion and a molecule in contact. Accord- 

ingly, it is not surprising that the theory fails, for the impact 
occurs before the direction of motion of the molecule can come 
along the line of centers were it to do so ultimately. 

109. The More Complete Equations and the Nature of the Ion. 
Another set of data" have come to light recently which show 
without question that clustering of a labile sort must occur in 
certain gases. The mobilities of ions in mixtures of gases should 
be given as a function of the percentage composition of the 
mixture by the simple relation 
iets 100K 4,Kp, : 

* ~~ (100 — c)Kg + cK, 

Here K, is the mobility in the mixture of ¢ per cent of gas B, 
and K, and Kz are the mobilities in the pure gases. This was 
found in 1908 by Blanc*> to be true for mixtures of the gases 
CO:, air, and Hy. It had been observed by Wellisch and others 
that in certain other gases the mobility was lowered abnormally 
by the presence of certain vapors (e.g., water vapor), while in 
others this was not so.*? No quantitative data were, however, 
taken to back up this claim and the matter rested there. In an 
endeavor to settle the question of the nature of gaseous ions, 
Loeb* and Ashley in 1924 measured mobilities of ions in mixtures 
of NH; and air. It was expected that in a gas of such a high 
dielectric constant as NH;, if clustering took place, the introduc- 
tion of small traces of NH; would reduce the mobility abnormally 
due to the preferential attachment of the active NH; molecules 
tothe ion. The result of these measurements was not as definite 
as expected. The mobility in the mixture was found to be given 
by a law of the form 


ots IGE : 
(100 — c)K2p + cK,’ 
100 


where c is the percentage of gas B in the mixture, and Ky, 
and K, are the mobilities in the pure gases A and B. The 


c 
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significance of this was pointed out by Debye in a conver- 
sation. It indicates that the density of the NH; molecules in 
the neighborhood of the ion is greater than in the rest of the gas. 
Such an increased density can be considered as a sort of a statisti- 
cal cluster. An extension of the measurements to HCl gas and 
air mixtures, however, yielded a still more striking confirmation 
of this assumption. While the mobilities obeyed the former law 
fairly well at high concentrations of HCl the mobility in HCl 
dropped by more than 20 per cent on the addition of a milli- 
meter or two partial pressure of HCl. In fact, the observed 
mobilities were lower than those computed on the formula 
above until the percentage of HCl present was 20 per cent. 
This indicates very definitely a preferential clustering of HCl 
molecules about the ion. On the law of force between ions and ~ 
molecules assumed above, the change in composition of the 
gas at various distances from the ion can be easily computed 
on the kinetic theory. This was done for HCl by Condon. 
Assume the gas made up of two kinds of molecules A and B. The 
density of the two kinds V4 and N; is given in a field of force by 
the Boltzmann form of the distribution law. This says that 


EA EB * 
Ni= Nae *7, and Np = Nze *7. Here k is the Boltzmann 
constant and 7 the absolute temperature, and H, and Hz are 
the potential energies of the molecules at the place where their 
concentrations N, and Nz are sought. N44. and Ng are the 
densities at a point so far from the force center that the composi- 
tion is pe of the average mixture. If the forces are given by 


and ze the potential energies at a distance rare Hy, = — + 
and EH, = — ne Thus one may write 
Na Nas (S452), 
Ne ieee 
Oe 
Also K, and Ky are given by Ky, = eo and Kz = 


Dz — je? macs 
—— where the significance of the symbols is that given 


in the earlier part of the chapter. Taking Dz — 1 for air as 
0.00059, and the value for D, — 1 for HCl at room temperature 
given by Zahn*’ as 0.0041, the ratios of the numbers of molecules 


* This equation is discussed in the latter part of Sec. 36. 
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of HCl and air in any initial mixture of HCl and air at a distance r 
from the ion can be found from the relation 


: Na 

N (Da — DB) 2.83 * 10729 
=e 4tkT =e file 

Nao , 

Noo 


if N. = 2.7 X 10", T is the absolute temperature, and k is the 
Boltzmann constant. This yields the values given below for 


Va 
Nz 
N a0 
Neo 
N4 
Np 
Nao 
r IN CM NBo 
Peri oN nee oe Race ce ets: Rhee « « con Bis rae Stes 1p mo 
CR ak Oe Pes tae. eceicah EL, 2 > che che aioee ss si 545 
Poem) Ook Meee ene ciate Wehe ve, vty aiep Geld o, cis a BR 13.5 
OL ag’ Cee rn ae arn tr cashel serait s a's OS vate 3.4 
See) ae (coe Pree cece veb orcas eas ices SuAeaS les 2.34 
EA Me ME Se eR 5c Shoes where late, Quaett Siattee Sues 1.48 
DeLonge aes crsia estpcck 8 ER Ss GS AA 8a 8 LEA, 
LSPS CAV SUS, SR Oe ae ee ee 1.08 
EL SECC) ORR eee rrr: srl Niys topag Fos ences save 1.000016 
eee | ahem tl ale Reece 5 ahaa «fe spares el eos 1.00000000 


It is thus seen that the molecules that find themselves at the 
surface of a cluster ion of 4.6 * 10-*-cm radius are HCl molecules 
in the ratio of 545 to 1 if the mixture contains 50 per cent HCl 
gas and air. In a mixture of 0.2 per cent HCl and 99.8 per cent 
air such a cluster would, on the average, consist of one HCl 
molecule to one air molecule. At greater distances from the ion 
the changes in concentration would be less striking and at the 
distance of one mean free path or at or 10-5 cm, in a 50 per cent 
HCl air mixture, there would be virtually no change in the con- 
centration of the molecules due to the ion. In a homogeneous 
gas the mobilities of the ions on Thomson’s theory are chiefly 
influenced by those molecules which come close enough to the 
jon to have their motion appreciably altered by its field of force. 
In a mixture, the molecules of higher dielectric constant (that is, 
those of greater activity on the ion), are, as seen above, present 
in far greater numbers in the immediate neighborhood of the ion 
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than in the rest of the gas. Thus they are disproportionately 
active in altering the mobility of the ion in the gas. The effect 
of the increased concentration of the active molecules in the 
neighborhood of the ion is not included in the mobility equation 
deduced above, for here the constitution of the gas was supposed 
to be uniform. The conclusion from the foregoing discussion 
is that a statistical clustering effect certainly takes place. To 
what extent the clustering is permanent, that is, to what extent 
the molecules stay permanently attached to the ion, the equation 
does not say. These indications make it seem wise to include in a 
proper ion theory the effect of the size of the ion, and to assume 
elastic solid impacts of a non-central type as a source of some of 
the energy loss experienced by the ion in the field. 

Perhaps two attempts in this direction are worthy of note. The 
one was due to Sutherland,» who used a type analysis which was 
characteristic of his treatment of the variation of the coefficient 
of viscosity with temperature (see Sec. 62). The analysis for 
which there is no place here led him to an expression for the 
change of the ionic mobility with temperature. This reads 


14 


72 


k= re where A and ¢ are constants, and T is the absolute 
La T 

temperature. The equation was in agreement with Phillips’®® 
results made at constant pressure. These results are, however, 
in disagreement with those of Kovarick*® at constant pressure 
and with those of Erikson’? at constant density, so that the agree- 
ment may be meaningless. From the constants A and ¢ put in 
his full mobility equation and assuming a small molecular ion, 
Sutherland computed mobilities about 9.6 times as great as 
those observed. This makes his equation rather arbitrary, as 
it requires an assumed added electrical friction of 8.6 times the 
kinetic friction to make the results agree. 

The second theory mentioned, which is doubtless the most 
satisfactory theory possible to deduce with the present knowledge 
of the law of force between ion and molecule, is due to Langevin.*! 
In this theory Langevin deduces the mobility of a spherical ion 
of variable radius, suffering elastic solid impacts with molecules 
considered spherical, at the same time exerting forces on them 
which vary as the inverse fifth power of the distance. The 
analysis is as rigorous from the kinetic-theory point of view as is 
possible with the methods available. It is too long to reproduce 
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in this text and the reader must obtain it from the original article. 
It leads to an expression for the mobility of the ion of the form 


We +m 
ae 3 m 


OY 2VD= DM, 


Here the second member of the equation is the familiar one given 
by Loeb (Sec. 108), in which the mobility depends on the dielec- 
tric constant D, and the molecular weight M, only. The quantity 
Y is, however, a complex function of u given by 


da, 3AM C2 
0.6 
0.5 /\ 
3 04 
eve cs Vee 
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’ This may be evaluated in terms of the graph of Fig. 70, where 


z is plotted as abscisse against Y as ordinates. When u has 
rv} 


very large values and : approaches 0, it is seen that i as ¥ takes 


on a value 0.505, that is, when s becomes small, (D — 1), large, or 
the temperature MC? is low, the equation takes on a form in 
which the Thomson equation assumed by Loeb gives the correct 
results. In general, this is not true and » has moderate values. 
Thus the special case is modified to take account of the elastic 
solid impacts. It is perhaps the best equation which there is for 
ionic mobilities (see Hassé*?). It does contain an arbitrary 
factor s depending on the ionic radius. The influence of this is, 
however, not supreme. It is seen that u here, and hence k, also 
depend on the charge e. 

In order to compare the ice of k derived from these various 
equations, a table computed by A. M. Cravath is given below. 
The mobilities in certain gases are recorded as observed experi- 
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mentally. Then follow the values of k computed on two assump- 
tions, making the two parts of the table. The first set of values 
are computed assuming that the ion is a single molecule, the 
second, that the ion is a cluster of 12 molecules about a central 
charged molecule. The number 12 was chosen, as it is the 
greatest number of spheres that can be packed about a single 
sphere of equal radius. As can be seen from the foregoing, the 
latter is perhaps an overestimate of the size of the ion, while the 
former is an underestimate, at least for the positive ions. To 
show the effect of the mass factor, the mobility of a charged H: 
molecule in a heavier gas is computed on these theories. As is 
seen, all of them demand a higher mobility of the Hz ion than for 
the ions of the given gas in the gas. Experimentally, this is not 
observed to be the case, and it argues strongly for a clustering. 


Part 1.—Smatut Mo.uecunar Ion 


Observed k Loeb Complete 
Langevin Langevin 
; Corrected! forces 
elastic 3 forces and 
: Wellisch alone : 
Gas Sah ettone impacts apting elastic 
impacts 
ALD S nBnarheeel Lee 1.8 9.85 2.08 1,12 SEs 
Ee 6.02 | 7.68 67.5 9.90 6.21 Lies 
1a CE) eo earn, es 0.65 | 0.56 4.47 0.58 ~ 0.382 1.08 
thers 0.19 | 0.22 Pages | 0.294 0.208 0.565 
He ionsinair...| 1.4 1.8 35.9 4.82 3.09 8.70 
Part 2.—CuiusteR or 12 MoLecuLes 
Observed : Loeb Complete 
Langevin Langevin 
: Corrected! forces 
= elastic é forces and 
5 Wellisch alone : 
Gas ee impacts ating elastic 
impacts 
Aire. 20 Se 1.4 1.8 1.80 1.46 0.822 1.63 
1c Rene ata 6.02 | 7.685) 1223 9.08 4.60 10.23 
EG) crank 0.65 | 0.56 0.817 0.582 0.280 0.657 
SUGHOret er Ane ee 0.19 | 0.22 0.468 0.318 O.15s 0.363 


Although the mobility equation of Langevin seems to fit the 
conditions observed fairly well, there are two things that no ion 
theory can do. In the first place, the theories are all incapable 
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quantitatively of accounting for the independence of mobility 
and mass of the nucleus to within‘l per cent as observed by 
Tyndall and Grindley.** They are, furthermore, incapable of 
distinguishing quantitatively between the mobilities of positive 
and negative ions.* This lies in the assumption of the force 
(D — 1),e? 

2rNo ) 
being independent of the sign of the charge. In bulk, where the 
dielectric displacements are measured in uniform fields of force, 
the molecules behave equally to positive and negative poles. On 
the other hand, in the field of force of an ion the field acting on a 
molecule within a distance s from the center of a charged mole- 
cule is not uniform. Thus, the side of the molecule nearer the ion 
is in a far stronger field of force than that away. Also, other con- 
siderations must enter in. The molecule is predominantly 
electrically negative at its surface, for the electrons describe orbits 
over the surfaces of the molecules, while the positive charges are 
near the center. When ion and molecule are close together, the 
force of the charge of the ion is more intense on the surface of the 
molecule (which is nearer) than on its center. If the ion is nega- 
tive, the greater force on the molecule is the negative repulsion of 
the surface electrons of the molecule, while if the ion is positive, 
the greater force is the attraction of the ion on the negative sur- 
face of the molecule. While these differences may not be large, 
they would easily give a sufficient difference in attraction to 
account for the difference in k. At a relatively small distance 
between ion and molecule as one recedes from the ion, these differ- 
ences would practically vanish. Thus, while & for the ions is 
decreased, in the main, by the same large amount due to dielectric 
attractions depending on (D — 1)., on close approach there is a 
difference in the force which causes the molecules to be attracted 
slightly more to the positive ion than to the negative ion. 
Hence, in general, it would be expected that the positive ion has a 
lower k than the negative ion. This is the case. 

For gases with higher D and for gases with large molecules, 
the positive and negative mobilities are more nearly the same. 

* This is not quite correct, for Hassé has recently (Phil. Mag., 1, 139, 1926) 
computed the positive and negative mobilities, assuming that the former 
was a monomolecular layer about a positive molecule and the latter was a 
monomolecular layer about an electron using the Langevin theory. While 


the values obtained are of the proper order of magnitude, the electron 
attachment results speak against it as does Loeb’s work in HCl gas. 


factor in the attractive law of force assumed { 7.e., the 
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Finally, in HCl and in H.O and HS the negative ions are less 
mobile than the positive ions. Condon explains this on 
the fact that in HCl the electrons are chiefly about the Cl atom. 
The H atom with its positive charge is free, or at least near the 
surface of the molecule. In such an arrangement the orientation 
of an HCl moelcule in the radial field of a negative ion will be 
with the H atom toward the ion. The forces will be relatively 
intense in such a case. In the field of a positive ion the orienta- 
tion would be reversed, and while the outer electrons of the mole- 
cule would be displaced towards the positive ion the force would 
be less than on a molecule which had no free H atom with a posi- 
tive charge pulling the Cl electrons the other way. Thus in HCl 
the negative ion attracts the molecules more strongly than the 
positive ion does. Accordingly, the mobility of the negative ion 
is less than that of the positive ion. The case should be the same 
in water and H.§, where it is observed that water vapor depresses 
the negative-ion mobility more than it does the positive-ion 
mobility. Also, the recent theoretical work of Hund*! shows that 
the hydrogen nuclei in these molecules are so placed as to be on 
one side and near the surface. For vapors like alcohol, where the 
OH group can also show this effect, the result will be more or less 
of a compromise between the two types of action. The result will 
be that, in general, the negative and positive mobilities will be 
nearly equal. It is thus seen that, by a more minute consider- 
ation of the action between ions and molecules, the difference in 
the mobility of the ions of opposite sign can be qualitatively 
accounted for. Quantitatively, this is out of the question until 
the laws of force become established. Until then, therefore, 
very little further progress can be made towards a better ionic 
mobility equation. 

110. The Coefficient of Recombination of Ions.—If a gas be 
ionized and then left to itself, the forces between the positive and 
negative ions will cause them gradually to drift together. As 
they do this, they neutralize their charges and the ions disappear 
from the gas. If the ions are present in equal numbers and are 
distributed at random, it seems reasonable to write that on 
= —an*, where n is the number of positive or negative ions pres- 
ent per cm* and dn is the change in number of the ions in a cm 
in unit time. This equation, when integrated, has been tested 
experimentally and seems to hold for some cases of ionization. 
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For the case of ionization by a particles, where the ionization is 
restricted to regions close to the paths of the « particles, Bragg and 
Kleeman* have shown that the law does not hold. It is even 
questionable whether it holds for X-ray ionization, for, in general, 
the electrons liberated do not move far away from the parent 
molecules. That it effectively holds is, however, attested by the 
fact that deductions based on the assumption agree fairly well 
with experiment. As will be seen later, there may be reason to 
doubt its entire validity in later stages of recombination. This will 
be seen from a study of the mechanism of recombinations. Per- 
haps the time range over which the equation has been tested has 
been so relatively short that the results are not significant. 

The constant a is a characteristic of the gas and requires eval- 
uation on the basis of the kinetic theory. One treatment of 
the problem is given by Langevin.** This, with an added con- 
sideration by Richardson, *‘ leads to one of the interesting theories. 
More recently, J. J. Thomson*® has derived an expression for a 
which independently incorporates the idea of Richardson. While 
perhaps it is less rigorous than that of Langevin, the equation is 
in better agreement with facts. In this equation the loss of rigor 
is due to his failure to include the action of the attractive forces 
between the ions. As the change in a produced by these is small, 
the error is not great. 

Langevin proceeds as follows: Assuming that 10° or 10” ions 
are generated in a cm of gas, the average distance between them 
is about 10-2 cm. The field of one ion at the other is then 
about 1.4 < 10-‘ volts/cm (that is, it is very weak). When the 
ions are at 10-4 cm apart, or separated by about 10 free paths, 
the field is about 14 volts/em and the ions begin to approach 
each other with a greater speed. At the distance of a free path, 
the field is of the order of 1400 volts per cm and the ions rush 
towards each other. Now with these speeds superposed on 
their velocities of thermal agitations, it turns out that the relative 
kinetic energies are greater than their potential energies at 
closest approach. They will then describe hyperbolic orbits 
separating again. If the one ion should collide with a molecule 
in the immediate vicinity of the other ion, it might lose the excess 
kinetic energy to the molecule. Thus it would not be able to 
leave the vicinity of the ion attracting it, and the pair would 
describe closed orbits about their common center of gravity 
until the excess electron of the negative ion hopped across to the 


Li 
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positive ion, radiated its energy, and the two separated as neutral 
molecules. Accordingly, the process of recombination consists 
essentially of three periods: first, the period of coming to within 
a free path of each other; second, the period of describing orbits 
of the hyperbolic types until the excess kinetic energy derived 
from the potential energy of their attraction and separation is 
dissipated; and, third, the period of electron transfer, at which, 
while the ions would act outwardly neutral, they could be 
separated by the heat impact of a neutral molecule. For this 
discussion it will be assumed that the recombination is complete 
while the third step is taking place, although this may not be 
true. If the period of coming together is relatively great, this 
largely determines a. Under this condition, the alterations in 
distribution of ions with time would exert relatively little influ- 
ence on the recombination and one would expect a to follow 
laws which demand a random distribution of ions throughout. 
As will later be seen, the second period is not always insignificant, 
and with electrons it might be the controlling factor. Thus 
both periods are of importance and it is essential that the funda- 
mental equation defining a be tested to make sure that the distri- 
bution in later phases of the recombination does not materially 
alter the equation and hence influence a. 

To derive the meaning of a, Langevin uses an exceedingly 
ingenious concept to simplify the considerations. Imagine 
an ion fixed and the other ion moving towards it. The field 
acting on the moving ion is always towards the fixed ion as long 
as no other ion is in the neighborhood. Its intensity is, further- 


more, given by <n, where r is the distance between them. 
Since the relative velocity is the sum of the mobilities multiplied 
by the field strength, then the velocity of approach is 4a 


(K, + K_). If each charge that is fixed be surrounded by a 
spherical surface of varying radius r, then it is clear that the 
number of ions moving through each such surface towards the other 
ion under their forces of attraction is independent of the radius of 


the surface, that is, since the velocity is proportional to 4 


and the surface varies as r?, the number moving through the 
surface which depends only on a product of these two and the 
density of the ions is independent of r and hence of the size of 
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the surface. Thus if a surface be chosen small enough, the 
number of ions of one sign diffusing through such surfaces about 
ions of the other sign per unit time will give the rate of reeombina- 
tion of the ions. 

To carry on the rigorous analysis, Langevin chooses an element 
of volume about each ion so small, compared to the average 
distance between ions, that the chance of more than one ion of 
opposite sign moving through the surface at any one time is 


small. This insures that the field is proportional to _ From 


the considerations above, this could be a volume of radius one-tenth 
the average distance between ions. It is also necessary to show 
that the motions of the ions towards each other due to the charges 
is the predominating action. Otherwise the velocity again would 


not be = To do this Langevin believes that he shows that 


2 


recombination due to heat motion is a small fraction of the 
observed value. In this he may be incorrect, as Thomson’s 
equation shows. Each negative ion may then be considered 
surrounded by a surface S as above. It is required to find how 
many positive ions pass in a time dt into the interior of all these 
surfaces due to the attraction of the negativeions. As was shown 
before, this number will define the number of collisions between 
ions of opposite sign, in the time dt, which is the important phase 
of the first period in recombination. The ions move with veloci- 


2 
ties towards each other determined by the field f of the ions 


and their mobilities K, and K_. Let n, and n_ be the numbers 
of ions of opposite signs per cm’. In the volume dy of surface S 
there will be n_dv and n dv ions. The question then arises as 
to how many of these positive ions penetrate into the negative 
volumes through a surface dS during dt. This depends only on 
the relative velocity of the central ion and the positive ion 


near dS. The velocity of the negative ion is V_ = -K, and 


that of the positive ion is V4 = KS The relative velocity 


ete (a K_)5 The ions that pass through dS in dé are in 


a cylinder having dS for base and of length Vde parallel to V. 
If V, is the projection of V on the normal to dS, the volume is 
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V,dSdt. For all the n_dv surfaces in the volume dy the total 
volume of these cylinders swept out will be represented by 


> VndSde. 


For the n4 ions/cm? the number of positive ions lying in this 
volume is, therefore, 


na >, VndSdt. 
Integrating with respect to dS, 


nat if V.d8. 


Now the latter integral can be represented by 


{ (Ky + K_) (*) as, 


where =) is the normal flux through dS. Further, dS is part of 


the surface of the volume dy drawn about the negativeions. In 
polar coordinates dS = rdér cos éd¢. 


Thus, 
n dtd) ii V,dS 


“2 : 27.26 
n4dt >) (Ky + E_) { if <2 cos bdede, 
re 0 
2 


= nydt>ie(K, + K_)4n. 


After integrating, it is possible to replace the De(Ky + K_)4r 


by its equivalent n_dve(K, + K_)4x, for the n_dv negative 
ions in the volume considered, that is, the number of positive 
ions that enter the cells of the negative ions in the volume dy 
in dt is expressed by 


n4dt> if VidS = nyn_dt4r(K, + K_)edv. 


If dv be set equal to 1 em.?, this gives the number of positive ions 
that enter the cells (that is, recombine with the negative ions) 
in a cm® of volume in dé. This number is dn = —n,n_dt4r 
(K, + K_)e, where the — sign denotes that n decreases as ¢ 
increases. Since, by definition, 

dn 

dt = Oa boas 


then a = 4r(K, + K_)e. 
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Thus a is merely 47(K_ + K,)e. Evaluation of a and compari- 
son to experiment, however, showed that the value of a taken from 
K, and K_ was too large as given by this equation. The a 
observed for most ions lies around 3400e, where e is the electron, 
and the 3400 applies to a K in electrostatic units (that is, K in 
volt/em multiplied by 300). As e is 4.77 X 10-19, the observed 
a=1.6X10-*% The a computed for air from the above is 
6.9 X 10-®. Langevin, therefore, multiplied his value 41r(K_ 
K,.)e by a quantity ¢, which is a quantity less than unity, giving 
the fraction of collisions which end in recombination, for, instead 
of considering the second period mentioned in the Introduction, 
he assumed that, of the ions coming together, only a fraction 
recombine; the others separate and perhaps recombine with 
entirely different ions later. He devised methods of measuring e 
which enable a to be computed. This leads to values of ¢ from 
0.9 to 0.01, depending on the pressure of the gas and other 
factors. J. J. Thomson and O. W. Richardson independently 
calculate the value of « on the hypothesis that, in order to recom- 
bine, one of the ions must strike a molecule and lose the energy 
gained in coming together in order to stay together. This 
calculation involves the second period inrecombination. Accord- 
ing to Richardson and Thomson, this would be characterized by 
a probability of recombination or escape. Here, again, the frac- 
tion that does not recombine is supposed to lead to complete 
separation of the twoions. As pointed out by A. M. Cravath, ina 
discussion of this subject the assumptions made by Richardson 
and Thomson may not lead to such a complete separation. In 
fact, the ions must remain relatively near each other and ulti- 
mately recombine. Before proceeding to the calculation of the 
factor ¢, it is of interest to calculate the rate of recombination 
as Thomson does. This can be compared with Langevin’s 
computation and the value of « derived by Thomson may at once 
be applied to Langevin’s equation. 

Two ions separated by a distance r will separate to infinity 


1 M,M 
when left to themselves in empty space if 5 i, ir M, (V2 + V2? 


— 2V1V2 cos @) is greater than ae where M,and M;, are the masses 
of the ions 1 and 2, V; and V: are their velocities, @ is the angle 


between their velocities, and is is the force of attraction at r. 
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If the ions have a mean energy equal to their kinetic energy of 
agitation 144M,V2 = 16M.V.? = 346RT = BT, where B = 2.02 
x 10-16. If cos 6 has an average value of 0, the ions will separate 


u pl > 5 that is, two ions can recombine only when they have the 


energy of thermal agitation if they are within a distance r < ap of 


each other. The physical meaning of this is that, if the ions 
were initially infinitely far apart when left to themselves they 
would just escape from each other to infinity, that is, if one were 
fixed the other would describe a parabola about it returning to 
infinity. If, now, they had the velocity of thermal agitation super- 
imposed, this would convert the orbits to hyperbole. Accord- 
ingly if while falling freely from some point nearer than infinity, 
an ion starting from rest would describe a closed orbit about its 
partner and hence recombine this could no longer happen with 
an ion starting from the same place with the energy of thermal 
agitation. In fact, with the heat motions of the ions, the energy 
of thermal agitation at a given r would have to be less than the 
energy gained by a free fall from infinity in order that recombina- 
tion could occur. The distance r for this is, then, definitely the 
distance ar At 273° abs. this distance is 4.18 X 10-® cm, 
that is, about one-half a mean free path for air. Thus, 
for distances further than this from the ion, the thermal 
agitation is greater than the energy of free fall from infinity. 
Now in practice, the ions have the velocity of thermal agitation 
up to the point of their last collision with the molecules before 
coming together. Unless this last collision which causes them 
to lose the energy which they gained from the field over the last 
free path occurs within the sphere of radius an about the other 
ion, recombination at this approach will not occur. Thus recom- 
bination can only take place when the ions come together under 
conditions where one or the other has collided with a molecule 


within ap of its companion. To get the recombination pro- 
ceed as follows: Designate the ions of opposite sign as A and B 
particles. Describe about each A particle spheres of radii ar 
The number of recombinations due to B particles will then be 
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counted as the number of collisions made by the B particles with 
neutral molecules inside these A spheres. The number of such 
collisions in unit time will be the rate of recombination due to B 
particles. Again, the A particles will have impacts with neutral 
molecules inside of the spheres aT about the B particles, and 
the number of these per unit time give the rate of recombination 
due to A particles. The sum of these gives the rate of reeombina- 
tion of ions in the gas. Call d the radius of the spheres ar 
about A and B. If the directions of motions of A and B particles 
are equally probable, the number of B particles passing through 
the spheres per second is merely the relative velocity of A and 
B molecules {U,? + U;?}” times the area of the great circles 
of the spheres +d?, multiplied by the density p’ of the B particles, 
for md?{U,? + Uz} is the volume swept out per second, 
and p’ times this gives the number of B particles that would lie 
inthis volume. For the A particles passing though the B particle 
spheres, one has analogously 
md*p{ U4? + Uz?}% 

where p is the number of A particles per cm*. 

Now it becomes necessary to determine the number of colli- 
sions made by an ion in passing through such a sphere with the 
molecules in it. From the distribution of free paths (see Sec. 
21), one has that the chance of an ion going x without an impact 


x 
ise ™, where \’ is an ionic free path in the gas. Now assume that, 
as the ion goes through a sphere of radius d about another ion, its 
path is not curved. How correct this assumption is may be 
seen from the value of d at 273°, which is 4.18 X 10-* em. It 
was shown that when the ion was one mean free path away from 
the other ion the field was 1400 volts percm. Such a field would 
materially curve the path of the entering ion. This error must, 
therefore, be allowed for, but for simplicity the assumption 
may be made. If this straight path of the ion make an angle y 
with the normal to the surface of the sphere at the point where it 
enters, the length of the path is 2d cos y, as may be seen from Fig. 
71. Since the chance of an angle y is ASAIN nN = sinydy 
as seen in Fig. 71, the chance of crossing the sphere without 


an impact is 
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3 _# oi _2d cos y UV _ 2d 
{ e ’ sinydy = if e ™ sin pdy = x(a —e ”). 
0 0 


Thus the chance of an impact in the sphere is 


N’ ~) 
ys lh (a é } 


fon 


a 


Fre. 71. 


that is, out of a given number of encounters between ions the 
number recombining ise timesthis. Thus, as Langevin computed 
the number in a time dt in dy as 


dn, = n4n_4nr(K_ + K,)edtdv, 
only edn, of these recombine. Thus dn = edn, and 
dn = enyn_4r(K_ + K,)edtdy, 


which leads to the Langevin-Richardson value of a, as 


NG = 
a, = 4r(K_ + Kel 4 at x(t ata “) | 


In Thomson’s deduction, one must multiply the recombinations 
due to B ions with gas molecules by the factor e, which gives 


P _2d 
dns = p| tte U. + De4{1 Z x) ie ) fe 


where p is the number of A molecules per cm’ and 2’ is the free 
path of a Bion. Similarly for the A ions which collide with the 
p’ B ions in a em’, if the free path of the A ion is X, then 

2d 
dng = rd*op'| (Ua? Ff voys{1 ot (a - o)\ law 
As 


dn = —app'dt, 
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Thomson’s value of a, a7, becomes 


2d / 2d\ \ * 
ap = rd?(U4? + ult =F Ae = o*) et sins ae ani e*)t 


Now 


273 


M e° 
d = — = —) whence d = 41.8 X 10-° 


BT. FBT 
This d is constant with pressure but varies as x For compari- 


son, the Langevin equation for a with e as computed above is 


2d 
a, = 4r(Ky + Ke{1 - AC —€é a) 


where d has the value above, and 2 is the free path of the ion. 
The factor e therefore varies both with pressure and with tem- 
perature. The equations can be discussed in terms of two 
approximations of the function e«. This depends on the value of 
the ratio x d is comparable with \ for molecules at atmos- 
pheric pressure. For air molecules, \ at atmospheric prone 
is 1.02 X 10-°cm. Thus X = 2.5d. For ions ) is about 1, the 
value for air molecules, so that \ = 0.5d. For low pressures, 


¢ is small, and when this is so 


d 
r 76 ) d 
a Ma -« Ie: 


Hence at low pressures the ap and a, become 


ap = 2r(U4? + usyea( ae 4 


and a, = 4r(Ky + Ke. 


When a is large, 


*Jt should be pointed out here that this deduction assumes that p 
and p’, the molecular density about the ions, are the same as in the rest of 
the gas. For a cluster ion, and particularly for an ion of the type as given 
in Sec. 109, this is not so and the factor p is increased by this fact. This 
should be included in these considerations, : 
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whence a, and a, take on the values 


ap = 2n(U4? + Up?)”* d? 
a, = 4r(K_ + Kye. 


At low pressures, as \’ and } are inversely proportional to the 
pressure while d and U, and Uz are independent of it, ar should 


vary as the pressure p. The Langevin a, has the ratio = in it. 


Now K varies inversely with pressure and so does i, hence at low 
pressures Langevin’s equation would lead one to expect a; inde- 
pendent of pressure. Experimentally, at low pressures a varies 
with the pressure very rapidly according to Langevin. The 
quantity ¢ as measured by Langevin changes from 0.8 at 760 mm. 
to 0.01 at 152 mm. that is, much more rapidly than proportion- 
ally to p. As regards the value of a from Langevin’s measure- 


ments, e was computed from » which is assumed to 


Qa 
An(Ky + K_)e 
vary as p. Hence a decreased by a factor of 16.1 in a change of 
pressure from 760 to 152. ‘This is greater than that observed 
more recently by Thirkill,“® who found a to decrease by a factor 
of 3.8 for a change in p from 760 to 196 mm. and also greater than 
the value observed by Hendren,*” who found a to change by only 
3.3 in a pressure change from 760 to 10 mm. of air. According to 
the theory of J. J. Thomson, e, and accordingly a, should change 
in the ratio of ae = 3.04 for change in pressure from 760 
to 152 mm. if \ is assumed for an ion to be one-fifth that for an air 
molecule. The discrepancy of experimental results makes a more 
accurate comparison of theory and experiment impossible. The 
Thomson equation is, therefore, unquestionably better off in this 
respect than the Langevin equation as modified by Richardson, 
for the latter makes a; independent of pressure. At high pres- 
sures the value of a7 should be nearly independent of pressure 
and ¢ should be near 1. Langevin and McClung also found that 
a was nearly constant at 5 atmospheres, and the values of « 
computed lay above 0.9. The modified Langevin theory 
demands that a, vary inversely as the pressure when e is near unity. 
This is again in disagreement with facts. Thus, again, the Thom- 
son theory which places the value of a on a velocity of thermal 
agitation instead of a recombination due to attraction appears to 
be more satisfactory. Again as regards the change in a with 
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temperature, « is dependent on temperature to a small extent, 
for d is proportional to 2 If density is constant, \ is independ- 
ent of 7, or nearly so. Also U, and Us, are proportional to 
Ts and K is nearly independent of 7. Thus for low pressures ap 
should vary as T~% and at high pressures it should vary as T-%4. 
The az, should vary as T—' at low pressures, while at high pressures 
az, should be independent of T. As the temperature increases at 
constant density, Erikson‘ finds that a rapidly decreases. These 
measurements were made about 760 mm. In the range from 94 
to 428° abs. Erikson found a to increase more than sixfold, while 
the T-*2 law demands a change in a by about a factor of 9. In 
this respect the Thomson theory again seems to have the advan- 
tage for it is only at low pressures that a; should vary as T-!. 

The magnitude of ay may be computed very easily. This 
depends on the velocities U, and Uz, which depend on the mass of 
the ions, and it also depends on their mean free paths \ and 2X’. 
If U, = Uz; and \ = XN’, and if these are the same as for mole- 
cules of air, U, = 4.25 X 104 em/sec., and \ = 1.02 X 10-* cm, 
then one obtains for a7 the value 1.96 * 10~-* at 1 atmosphere, 
and at 5 atmospheres a; = 6.5 X 10-°. These values are in 
good agreement with those observed for air, which is 1.7 X 10-6 
at 760-mm pressure. The Langevin expression a; gave 2.1 X 10-5. 
If this be multiplied by e for air, assuming \ = 14, the d for mole- 
cules in aire = 0.75 anda, = 1.6 X 10-°. The calculation for az 
as given by Thomson on the basis of air molecules is hardly correct, 
for the mass of the ion is certainly greater than that of the mole- 
cule. If the mass were four times as great, U, would be one- 
half as great, and if \ were taken as 14 the \ for molecules of air 
the « factor in Thomson’s equation would be 0.75 instead of 0.33, 
so that a7 = 2.2 X 10-°, on this assumption. The change is, 


therefore, not very great, so that in this regard the theory of 


Thomson gives better values than does that of Langevin 
as modified by Richardson. 

To overcome the latter discrepancy of the Langevin theory, 
Richardson suspected (probably correctly) that the velocity of 
the ion was not reduced to that of thermal agitation at one 
impact and decided that several impacts were needed to reduce 
the velocity. The probability of two, three, and more impacts 
inside the sphere of radius d were computed by Richardson and 
he then tested which value of e1, 2, €3, ete., computed for different 
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numbers of impacts, gave the best results. The value of e which 
agreed well was given for the case of about three impacts, where 
2d 


are d 
€= ( +o : (1—e »)*. This, however, did not fit CO: 


nN 
except at low values for . While the idea is perhaps correct, it 
does not materially improve Langevin’s equation. The neglect of 
the curvature of paths and of the cluster nature of the ion makes 
further speculations about ¢ of this nature rather futile. While 
the Thomson value for a seems to fulfil theoretical expectations 
fairly well, it is a fact that even this equation fails in another 
respect, as does the Langevin equation. The values of a in 
the gases, air, CO2, and Hz from the data of Townsend*® are 
approximately 1.63 < 10-°, 1.67 X 10~®, and 1.49 X 10-& The 
values by other workers for these gases, while slightly different, 
are all in agreement in not assigning to ions in these gases radi- 
cally different values of a. Now according to Thomson, a7 from 
these gases depends on U4, = Uz, and one. The values of Ux, 
for Hy» relative to air, and for air relative to COs, are 3.8 and 


1.24. The values of \ in these gases are in the ratio of 4 and 


1 
x The quantity « in these two cases is then changed in the 
; 0.56 0.9 
ratio of 0.75 and 075° Thus the value of a, for He should 


be 6 X 10-® and for CO2 should be 2 X 10-*. The observed 
values do not vary nearly as much with the change in gas, as 
the theory demands. The Langevin theory would require the 
same general variation, for the value of K in He bears the ratio 
of about ae or : to that in air, as was computed from the value 
of Uy. The insensitivity of the equations to the changes in U 
or K is caused by the fact that ¢ varies in the opposite sense with 
U and e, for a larger U or K and a larger ) go together. Still the 
discrepancy of H, and air is striking enough.* It is possible that 
Townsend’s values for @ in Hy» are in error, so that the equation 
is correct. The theory needs a redetermination of a in Ho, in 

*Recent work!! shows that ions in impure H, may be made of heavier 
molecules. This would make U4 and Us less and explain the result on 
Thomson’s theory but not on Langevin’s. 


—— 
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very pure gases, and with modern methods to test this point, for 
no other values of a in H, are extant. 

If the discrepancy is a real one it requires explanation. One 
which has forced itself onto the stage in recent years is a suspicion 
first mentioned by Riimelin®® that free electrons having a large 
K or U and a small \ may play aréle. This becomes more prob- 
able in the light of the work of Loeb!” and Wahlin®! (to which 
reference will later be made), that electrons remain free in a gas 
for considerable periods of time. Thus witha K oraU athousand 
times greater than for ions, the recombination may be largely an 
electron recombination with ions and not one of ions with ions. 
The value of U or K for the positive ion would not then enter in, 
and only the value of U for the electron would count. In pure 
N. or Hz: this chance is relatively great, as the electrons 
remain free for as long as 179 sec. or more. To study this ques- 
tion theoretically, inquiry may be made as to the length of time 
taken for an electron to recombine, or, rather, electron recom- 
bination should be discussed. 

Before taking up this subject perhaps another point must be 
brought up. This concerns the applicability of the Thomson con- 
sideration as well. It was tacitly assumed in the Richardson 
and Thomson calculations that those ions which did not lose 
energy in the sphere d separated to infinity and had to begin their 
reunion over again, or with some other ion. Now, actually, if 
recombination does not occur, the ions may separate a mean free 
path or two, where, after collisions with molecules, they must 
lose the kinetic energies due to their attractions. They will then 
again drift together, but this time a relatively small distance. 
Thus the recombination for these ions which do not suffer a molec- 
ular impact on first coming together is no longer conditioned by 
the random distribution of the ions, and should take place more 
rapidly, that is, the factor e may not be correct in its application 
and may have to be increased by an amount which determines 
the greater probability of recombination of those ions which 
missed a first encounter. Just how this could be done for the 
factor ¢ is difficult to see. It is perhaps true that the effect of the 
fields of the ions are limited to such small distances that the action 


outlined above is negligible. This would be more apt to be the 


case if the effect of the charges can be neglected as is the case with 
the Thomson theory. However, as even 10 free paths away the 
field is 14 volts/cm, the possibility cannot be entirely ruled out. 
The question becomes more acute for an electron recombination. 
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In this case the elasticity of electron impact requires that the 
electron make thousands of impacts in the neighborhood of the 
ion to lose its kinetic energy. This it may do in the neighborhood 
of the ion, owing to the intense field of the ion and its small mass 
curving its path continually, so that it cannot escape very far. 
From this point of view the problem had best be considered 
from the standpoint of two time periods, the first being the one 
required for the ion or electron to come to within a free path or 
two of the ion of opposite sign, the other the time for the ion or 
electron to lose its energy and thus to be captured. Just how 
this can be done is difficult to say at present. A brief analysis 
of the question may, however, not be out of place. From the 


definition of a, one has a = —an?. Integration of dn from 
n. to = and for dé from 0 to TJ. leads to the expression 
Tae 


that is, a is dimensionally volume divided by time, for n. = =f 


where a is a number, V is a volume, and T is a time. Thus 
3 


= - dimensionally. Regarding both the Langevin and 


the Thomson equations for a, in both cases € is a pure number. 
In Thomson’s equation then there is left 

ar = 1d?(U4? + Up?)*, 
and from Langevin’s equation 

a, = 4r(K, + K_)e. 


In the first case d is a length and ~/U,? + U;? is a velocity. 
Hence Thomson’s a, is dimensionally correct. Langevin’s a, 
is a velocity in unit field divided by a field strength, and multi- 
plied by a charge. This dimensionally yields L?7-—, and hence 
this equation is also dimensionally correct. In both cases a 
gives the em® per second swept out by the recombination area of 
the ion. The time element sought would then be the time taken 
‘to sweep out a volume which would contain another ion so as to 
capture it. In Thomson’s equation it would be the average ~ 
length of a cylinder swept out which would contain one ion of the 
opposite sign. Since the capture is effected in a cylinder of 


base Pee time characterizing it would be UrF a when 
md*l = ~» V being the volume in which a ions of opposite sign 
i a: 
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occur. Accordingly, the time t, characterizing recombination 
will vary with the ion density. In Langevin’s theory, it would 


d 
= i otn(K. + K_) Sar 
ey | Ne 


i 
be the time defined by tz = of = , ) 
fe dr 
3 17 


and so it also would depend on the ion density. Experiment has 
shown that a was too large, and hence the times characteristic of 
this phase of recombination, are too small, that is, a was multiplied 


bt | 


by a factor «, or tz must be multiplied by - to give the correct 


value for these quantities. The e was computed on the assump- 
tion that two ions that did not recombine returned to their 
status quo. This, it was stated, might be incorrect. In the sense 


of this discussion : must be replaced by an expression in terms 
it whee | 


Wdaaome 
Here t, is the time of recombination when they get within d of 
each other and ¢, is time to reach a distance d. Now while ta 


must be estimated as a function of ion density, it can be discussed 
* 
for a given — It may or may not be afunction of pressure. In 


of the time factors. It might be represented by 


the Thomson theory it is not, while in the Langevin theory it is. 
On the other hand, ¢, is a function of the gas pressure. It is 
difficult to estimate ¢, alone for gas molecules. It would depend 
on the number of times that it left the proximity d of the ion 
and the distances which it covered before it lost its energy. The 
values of e observed give the relative values of t, and tq at different 
pressures, if constant ion density is assumed. At high pressures 
in air, € = 0.9, thus tg = 9t,. At about 100 mm, e may become 0.2 
and 8t, = 2t,.. This may indicate that at low pressures the ion goes 
so far from the companion ion that the time taken to lose its energy 
is four times the initial time of approach.* It is quite probable 

*As ta varies with the concentration increasing as time increases it is seen | 
that unless ¢, increases in the same ratio with concentration, values of a 
for low concentrations will depend entirely on ta. How t, varies with con- 
centration one cannot say. If it varies little then «and hence the a deduced 
from experiment will be a function of concentration and of time. 
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that here the assumptions of the Richardson-Thomson calcula- 
tion of @ are fulfilled. Thus the analysis in this case has proved 
of little avail. There is, however, a case where ¢, has such a 
value that it must be considered in connection with ¢z. In order 
to decide whether the electron plays a réle in ion recombina- 
tion or not, a must be calculated for the electron. In this case, 
ta can be easily computed for a given 7 but it is much less than 
t, for ions, while ¢, may not be so. Before calculating ¢, for elec- 
trons, tg could be calculated for ions and electrons, taking 10° 
ions per em,’ a possible number in experimental work. Taking 
this and calling « = 1, tg from Thomson’s equation for Ne gas 
is obtained as 0.26 sec. for ions and 0.0016 sec. for electrons. 
From the Langevin theory, tq for ions is 0.18 sec. and ¢, for elec- 
trons is about 2.0 X 10~®, using the value for electron mobilities 
found in Nz by Loeb. In gases like Nz and Hz: the electrons can 
remain permanently free. In O, they attach to form ions, on 
the average, after some hundred thousand impacts with mole- 
cules. The question then arises whether it is possible that 
electrons combining with molecules can materially influence a. 
To see this, ¢, for electrons must be computed. J.J. Thomson has 
computed a for electrons in the article cited above. His caleula- 
tion is in error, as he replaces the electron mean free path in the 
ion equation for low pressures by what he terms an energy free 
path for the electron. This is not legitimate, as the mean-free- 


1 se cus 
path factor x of the equation is deduced on the probability of 


one impact inside of d and assumes a straight path. The energy 
free path is in no sense straight, and it is doubtful if the concepts 
can be interchanged. Also he uses a very high value for energy 
loss on impact that is not warranted by experiment. The analy- 
sis may then be resorted to, considering the times tz and ¢,, to 
test a for electrons. The values for tg have already been com- 
puted for electrons and set at 1.6 X 10-4or2 X 10-®sec., depend- 
ing on the equation used for the computation. According to 
quantum theory, it is probable that the electron in impacts with 
gas molecules such as Ne loses only a small fraction of its energy 
at each impact. This fraction may be as low as 0.000088 of its 
energy for No. The time ¢, may be computed from the time 
rate of energy loss or impact. If P is the number of impacts of 
electrons with molecules per unit time, f the fractional loss of 
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i 


energy at an impact, then -7 


the rate of loss of energy, is 


2 dE : 
given by an Pf E, where E is the energy. Now for an elec- 


tron P is a function of E, for the greater the energy the faster 
the electron moves. If P. be the number of impacts per second at 
N.T.P. and EL, be the energy of the electron under those conditions, 


= 

ee 
dena Ee 
OS IT 5B 
Integrating # from E to E,, and ¢ from 0 to ¢, 

+VWE eg 4 V Eo 1, 
= = ate 
VE : 

Now } for an electron is 4\/2 for Nz molecules, or 5.34 X 10-5 


em, and U, for the electron is about 1.15 X 107cem/sec. Whence 
P, is 2.15 X 104, f = 3.8 X 10-°, and E, = 5.6 X 10-™ ergs. 


The radius of the orbit of the electron about the ion might be set 
as 4 X 10-* cm when captured. Then £, the energy to be 


Whence, E’, 


2 
dissipated, would be 5“ if the orbit is circular, that is, H = 


2.85 < 10-2 ergs. From this ¢, may be calculated as ¢, = 
UWE — VE) _ 91 5 10-7 s00. 
PfWE 
from these calculations. It is, however, doubtful whether the 
electron recombination may be calculated in this fashion at all. 
It may be governed by quantum conditions and the probabilities 
of capture of the electron and of radiation may be the deter- 
mining factor. Thus ¢ may be a much longer process than 
here computed. It seems, however, on the whole, reasonable 
to assume that the electrons recombine with positive ions faster 
than negative ions do. It is even probable that a for elec- 
trons is some 60 times as great as a for ions. In this case it 
is extremely probable that the initial recombination rate of car- 
riers in gases should give a different value of a than the later 
periods in gases where the electrons have attached to form ions. 
But all accurate experimental data are lacking. What is required 
at present is more careful measurement of a by a direct method, 
over large ranges of time and pressure, in carefully purified gases 


In any case ¢, is less than tz 


496 THE KINETIC THEORY OF GASES — 


of two classes, those in which electrons do not attach and those 
in which they attach. Until this is done, further theoretical 
discussion is useless. 

111. The Mobilities of Electrons.—According to the elastic 
collision theory of Langevin for the mobility of a charged carrier, 
derived in Sec. 105, the mobility of such a carrier is given by 


K, = 0.9152 foe +m, 
mC, M 
where m is the mass of the carrier, C; the square root of its mean 
squared velocity, M the mass of the gas molecule, \,; the free 
path of the carrier, and e its charge. This equation should be 
theoretically applicable to the case of the electron where m is 
the mass of the electron, C; the square root of its mean squared 
velocity of agitation, and \; its free path. For ordinary cases, 


\, is 41/2 times the mean free path for the uncharged gas 
molecules (see Sec. 24). Under certain conditions, electrons in 
gases have abnormally long mean free paths (see Sec. 25), and 
where such occur the equation must be modified to include this 
fact. The mean free path of the electron, due to its much higher 
velocity, does, however, not appear to be reduced by the presence 
of its charge, in the same way in which this holds for the ions. 
At any rate, it may, for the general case, be assumed that the 


value of \; for an electron is 4/2 that of the molecules. It 
might then be expected that the mobility of the electron.could 
be computed by assuming C, a constant given by the velocity 
of thermal agitation of the gas. Now this is not the case. 
Franck and Hertz*? were among the first to show that the electron 
in monatomic gases makes almost completely elastic impacts 
with the atoms. The many investigations on resonance and 
ionization potentials have shown that this is largely true, for 
all gases, unless the electron has an energy 14mC?, which is great 
enough to excite one of the electrons of the atom or molecule to 
emit light, or to remove that electron, that is, there seems to be . 
no or little loss of energy on impact between electrons or mole- 
cules unless the electron has an energy 14mC? = hv, where yr is 
the frequency of the light emitted and h is the Planck constant. 
For most gases hy leads to an energy equivalent to a fall of 
potential of several volts, that is, to an energy of 10- ergs. 
The reason for this is quite clear. Unless on an impact the 
energy of the electron goes to deform the atom or molecule, 


— 
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that is, to displace one of its electrons, its energy loss must obey 
the laws of elastic impact. The quantum theory says that the 
deformation cannot take place unless the electron has the 
quantum of energy to move one of the molecular electrons to 
one of the outer orbits. This it cannot do except under the 
conditions above. Now in an elastic impact the electron trans- 
fers an energy to the molecules which depends on the relative 
masses. It is given by the relation 


m Mw? 
4G a8) 
2 

where =e and ed 
and electrons, m is the mass of the electron, M that of the mole- 
cule, and f the fraction of the energy lost at animpact. For the 
case where C,; >>, f = QF 
electron, f = 0.0000384, and for the helium atom, it is 0.00027. 
Thus the loss of the energy is very small. An analogous mechani- 
cal example would be the loss of energy of a perfectly elastic 
tennis ball thrown against the side of a small boat, where, owing 
to the great mass of the boat, the loss of energy of the tennis ball 
to setting the boat in motion would be very small indeed. The 
very small energy transfer to a molecule by an electron explains 
why the electron only loses larger amounts of energy to electrons. 
The value of v2, the frequencies of rotations of the molecules, 
and 1, the frequencies of atomic vibration, are much lower than 
the values of v2 for electrons. Thus the rotation quanta hy, and 
the vibration quanta hv; are much smaller than the value of hv 
for the emission of visible light. Since, however, the electron is 
not able to impart energy to the massive atoms of the molecules, 
because of its small mass, the losses of the electron. energy to 
these sources are also negligible,* so that, apparently, electrons 
below 2 volts’ energy in such gases should rebound elastically 


are the average kinetic energies of molecules 


For a Nez molecule and an 


with energy losses of the order of f = a only. This is held 


by some to be the case. It is observedly true for the case of 
electrons and He atoms, according to Compton’s** measurements. 

*It appears, however, that in some molecules the initial levels of the 
electrons in the normal molecules have several equilibrium positions sepa- 
rated by small amounts of energy. If transitions can be caused between 
these in the unexcited state, then smaller energy losses are possible. 
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It is possible that the impacting electron might strike one of the 
valence electrons holding the molecules together. This could 
cause a disturbance in the binding forces of the atoms in the 
molecule, and if the energy loss were greater than hv, vibration 
would result. The probability of this is, however, very small. 
In other gases, greater losses appear to have been observed of as 
much as several per cent. If these are correct, the loss seems in 
contradiction to the general experience of the application of the 
dynamical equations to this type of electron impact. There 
seems to be a legitimate doubt about the correctness of the con- 
clusions from the experiments, owing to their complexity and the 
presence of disturbing factors, so that at present the question is an 
open one. For the sake of simplicity, one can assume that up 
to real resonance potentials in all gases f is given by the above 
expression. 

With the low rate of energy loss, one can turn to the behavior 
of an electron in a gas where an electrical field of low value exists. 
Here between impacts the electron gains an energy Xed from the 
field X, where ¢ is the electron and d the component of the electron 
free path in the direction of the field. This energy plus the 
energy of thermal agitation it retains at its impact, except for 
the fraction f, which it loses. As f is small, the energy will be 
practically that gained in the field. As this goes on over several 
free paths, the energy of the electron mounts higher and higher. 
The energy gained, however, results in an increased velocity, 
which, owing to the electron’s small mass, is not directed along 
the field, but takes on all directions which the random motions 
of the electron, as a result of the collisions, demand. Thus what 
really happens is that the electron gains in energy and velocity, 
but the velocity is not in the direction of the field but a randomly 
directed velocity, or a heat motion. The temperature of the 
electron in virtue of the external field increases above that of 
the surrounding gas molecules. This process will go on until the 
fractional energy loss multiplied by the average energy of the 
electron equals the average rate of gain of energy by the electron 
from the field. The electron then reaches a steady state when it 
loses energy at impacts as fast as it gains it from the field. « It has 
then gained its terminal velocity in the field, and it has a terminal 
energy well above that of the gas molecules about it. If the field 
is cut off it loses this gradually, eventually attaining equipartition. 
If the field is high, the electron may gain resonance energy before 


———— 


a 


—_. 


wen 
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it reaches the terminal state. It will then collide ‘inelastically 
and again start from rest. In the mobility measurements the 
fields are such that this never occurs, so that it will be overlooked. 

Accordingly, in the mobility measurements where the electron 
gains its terminal speed very soon, the factor mC is not the 
energy of agitation of the molecules of the gas, but a much larger 
quantity. To Townsend" belongs the credit of having seen this 
first. He represents the value of C; as ~W/kC = C2, where k is 
the ratio of the energy of the electron in the field to the energy of 
the agitation of the molecules. This k he succeeded in evaluating 
from measurements which he made of the diffusion of electrons 
at low pressures. Thus he found for electrons in air the values 
given in the table below: 


p in mm X in volts/em 4 k 
18.5 40 2.16 24.0 
12.0 30 2.5 26.0 
1S 4 2.2 24.0 
Bie 40 10.8 46.0 
1.8 20 iba 46.5 
0.95 10 10.5 45.5 


These show that k is considerable and that it depends on the ratio 
of field strength X to pressure p. In the latter case the value by 
which C would have to be multiplied to give the true value would 
be about 6.8. It is obvious that the terminal energy and hence 
the factor k must vary with the field strength, the free path, and 
the value of the quantity f. The first attempt at a theory of this 
was made by Loeb? in 1921. Later Compton’ took up the com- 
putation from the standpoint of his measurements on f and arrived 
at an interesting theory, which, in the absence of more definite 
information about some of the quantities entering into the equa- 
tion (notably 1), leads to satisfactory agreement with Town- 
send’s* results for electron mobility. In whatfollows, Compton’s 
treatment of the problem will be given. Compton starts, as was 
done above, from the Langevin equation for electron mobility 


hia er, 
K = 0.8157 ee MEAG a 0.75 ia 


as mis small compared to M. In a field X the average distance 
which an electron advances in a second in the direction of the field 
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is KX. But oh is the average number of impacts made in 1 
at 


sec. Thus S, the average advance of the electron in the field 
between successive collisions, is 


2 
Siena 
é1 mé 
At 
Converting 
é: = V0.849C1 
; AVX 
and calling eU = = 5 mC? , then S = 0.441 ar sae 


U is thus the energy of the electron in equivalent potential drop. 
As was stated before, the fraction of the energy lost at each impact 
of an electron with a molecule follows from simple dynamics.* 
It is given by 


t= 25r— g) 2a ae 


where Qis w inequivalent volts. The terminal speed may at once 
be computed, for in going a distance dz in a field the electron gains 
an energy eXdz, and it loses an average of feU at each of the os 


intervening collisions. The net gain in energy is 
edU = eXdz — feu. 


Putting in the values of f and S from above, 


To get the terminal speed, it need only be remembered that when 


this is arrived at sad = 0. Thus, 


yl | \eMX? 
eos V3 + 4536m. 
in equivalent potential drop. If this be transformed to terms of 
es mC,’ = Ue, and the mean energy of the molecules is given as 
=aT = Hue and, if Ce = 1.086, then 
4 APM X%e?\ 22 178 
— 272 
(Ca)e L Sane Jace i (« tor 134m ) 


i f i. : 


a eo 
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For many cases e2 or aT is so small that it can be neglected, so 
that 


2 WY\it 
(G2), = o.so1( Xe, 
m m 
Accepting \; = 4+/2i, U; may be computed as a function of ~ 


the field strength in volts per em divided by the pressure in mm 
of Hg. The results of such a computation for several gases 
are given below: 


a 
Gas | ate d1(in em) U, (volts) 
«HER Shes ooo) Beene nee eee 85.9 0.1313 5.305 
Shy ta: a ee ee eee 271.5 0.0461 5.86% 
Bel a esr ala yi riycte a fs\siaksho elses! ex.s 60.8 0.0842 2.40 = 
Te RN esti )y2,0).s fee ae viele ale 4's #1 50 227.4 0.0435 4.65 
ONDE i owen 6 08 ty o RIEaee eee 285.0 0.0290 3.88 * 
IN 6. 2 tht bees gee 608 .0 0.0135 3.85 x 


This table holds for = of such a value that U, is considerably 
greater than a value of 2 = 0.0372 volt, the mean velocity of 
thermal agitation. It also holds only below values of = 


where U;, is less than a critical potential for resonance. When an 
electron has the terminal speed under the conditions specified 
above, the average number of impacts per cm advance in the 


gas is given as 
1 _ 1.065 [M 
S = AL m 


It is of advantage to know how rapidly the electrons acquire 
their terminal speeds, that is to say, how far from the cathode 
they get before they acquire them. This is obtained from the 
value of 


im (U — 0) 
E : m _ 4.536p?m nee, 
Designating the constant 4.536 ia at and inte 
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grating from U = Oat x = Oto U = Uat x = 2, then U at xem 
from the cathode, is 


at jl. 2% 
Tore Ce PY || 


= 52 xf54 ———— eee 
a2 ot 4X Pra ait axe i 


If X = 0, U = Q, and if the field is so large that @ may be 
neglected 


Ag) 
U a “a ezat ao ate 
‘ xX 
When z is large U approaches U; = ha 


The distance d that an electron has to go so that its energy is 
reduced to a fraction ¢ of its terminal energy can be obtained by 


setting a = ¢ and solving for the particular value of « =d 
t . 
required. It comes out that 


i ah 
—¢ 


The average number of collisions u made in going « while getting 
their terminal speed is 


| Ss Ue 
= (- (oe 


nee Vee 
S.. 0.4417% 


From the equation for U, this is 


d= 5 log 


for 


1 (*) to (2-2 | ¢ Se log 4j.2r: 


Thus the average number of collisions » made in acquiri 
obtained by putting d for : x in the above = 


= 4 
A ae M og emer 
These results are summed up in the table on: p: 


are of use where the question of the terminal veloci 
enters in. ; 
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p, in mm ¢ He, din cm Ne, din em Hg, d in cm 
760 0.1 0.00064 0.00057 0.00047 
0.2 0.00131 0.00115 0.00096 
0.5 0.00356 0.00313 0.00262 
0.9 0.00953 0.00840 0.00708 
0.99 0.01710 0.01507 0.01260 
10 0.1 0.049 0.043 0.036 
0.9 0.724 0.638 0.533 
1 0.1 0.49 0.043 0.360 
0.9 (alae 6.38 5.33 


From the value for U; and thus é», the electron mobility can be 
at once obtained, for it is merely necessary to replace the C2 
of the Langevin equation for electron mobility by this factor to 
get K. the electron mobility. Thus K. becomes 


oe 0.815eX ; 
Vn| a 4 (wr: 4 fe a 


1.1384m 


When the terminal velocity is large compared with the molecular 
velocities, the equation reduces to the form 


envz errv/f 
dio = 0.842 SS oT = 0.707 hy 
: XV Mm J Xm 


The complete mobility equation in terms of a is then 
K, 0.815 er 1 
202 


7. ae 
vn ater (er? #5 170.2") | 


It is seen here that the mobility is not a constant but is 


ce Se : 
a function of = for X?);? is ts) X*)d219, where 19 is the mean 


free path at one mm. As a increases, it is obvious that K, will 


decrease. Thus the velocity of the electron in a gas in an 
electric field increases more slowly than proportionally to the 
field strength. It is obvious that the greater the inelasticity of 
impact (i.e., the greater the fractional loss of energy at an 
impact f) the less the value of K, will depart from a true mobility, 


and the more slowly K. will vary with =. 
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The equation can be compared with experiment by remember- 


10 


ing that \1 = a3 Doing this the mobility constant (the mobility 


reduced to 760-mm pressure and 0°C.) K., is given by 
Jie 2.54 X 10dio 


x 3g 32 
E + (1 + 1.355 X 108ma4,(~) ) 


It remains, therefore, only to put in the values of M, dio, and 


*) 
— | to get K.,. 
(3 : 


The results for H2 are given in Fig. 72. The crosses represent 
Townsend and Bailey’s*‘ data, the points Loeb’s data, taken by a 


, 


10000 


Mobility incm./sec.per volt/cm. 


more direct but more fallible method. The mobility K., is 
plotted as ordinates in cm/sec. against x in volts/em per mm 


pressure. The smooth curves 1 and 2 represent the theory for io 

= 4/2 for He molecules, and \y9 = 0.58 (44/2)\o for He mole- 
cules. The former curve fits Townsend and Bailey’s data better 
than does the latter. 

The results in Ne are given in Fig. 73. The results of the dif- 
ferent workers are represented as before. In this case the one 
result of Townsend and Bailey in the region studied by Loeb 
agrees with his values fairly well. The smooth curve 1 is caleu- 
lated from theory, assuming that the mean free path for Ne has 
the value 4/2 for molecules = 0.0405 em at 1-mm pressure. 
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This does not fit the data. By choosing f = 0.05, instead of 
0.000038, the true value, curve 2, is obtained. This fits the data 
less well than curve 1. Finally, if f is taken as 0.000038 but A1o 
is taken as 4(41/2A0), or 0.1620 cm at I1-mm pressure, curve 3 is 
obtained. This conclusion that the mean free path in nitrogen 
is longer than the kinetic-theory value was drawn by Loeb from 
his original measurements. The existence of abnormally long 
mean free paths of electrons in some gases has been shown by 
Ramsauer, Mayer, and Brode (see Sec. 25). They were not 
found in N2 at the higher velocities worked at. It is possible that 


at the low terminal velocities at . = 0.1, where U; is less than 


Kin em./sec. per volt/em. 


0.4 volt, the Nz which is similar to argon also shows abnormal 
mean free paths. The points at higher values of = and of U; 


fall nearer the curve with the normal value of \,9._ Another strik- 
ing confirmation of the theory was made by Wahlin®’ in Nz at low 


values of A, that is, near 0.01, at the same time as Compton’s 


paper was in press. The peculiar intercept of the theoretical 
curve with the axis of ordinates was experimentally observed in 
Nz by Wahlin. The latter, however, treated his curve in a differ- 
ent manner theoretically. He finds that a X19 which varies with 
velocity is needed. He also employs a higher f to attempt to get 
agreement. This, in view of the theoretical considerations, is 
improbable. Curve 4 in Fig. 73 is the case for Nz when 
impacts are completely inelastic. It is seen that K is much 
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higher than the observed values. In F ig. 74 the values of Town- 


send and Bailey at high values of s are given. Up to = 


equal to about 5, the curves fit fairly well. Beyond this 
the observed values are distinctly higher than the theory 
demands. Compton concludes that this represents an increase 
in f due to inelastic impacts, for here U;, is 23 volts in magnitude, 
which lies well above the ionization potential for Ne. 

In Fig. 75 are given the results of Loeb in He. They are more 
in accord with the theoretical curve 2, for which Xj is 0.5, the 
kinetic-theory value, than with 1, for which \19 comes from the 
kinetic theory. The curve for O, (Fig. 76), represented by 


2500 


iat = 
Ih ers 
Wa VBS Bed Ee 
Rpt 


K in cm/sec. per volt/em. 


crosses, comes from the data of Townsend and Bailey. This is 
the worst failure of the theory, for using f and \io from the kinetic 
theory the computed curve is given by the full curve 1.. Measure- 
ments in this gas, however, are highly questionable, as the elec- 
trons, on the average, in 40,000 impacts attach to form ions. It 
is, however, quite possible that in this gas the electrons suffer 
less elastic impacts than in the other gases studied. A higher 
value of f would explain the result better than a higher io. It 
may be noted that the measurements in Oy» correspond to 
about 8 volts’ terminal velocity where inelastic impacts could be 
expected to begin. 

The conclusion which can be drawn from the applications of 
the kinetic theory to the problem of electron mobilities is that 
the theory, in spite of the complexity of the problem, is more than 
qualitatively successful. It is probable that when the alter- 


APPLICATION OF THE KINETIC THEORY 507 


nating-current method of measuring K, can be perfected by the 
use of a high-frequency alternating potential of square wave form 


the critical results at a low value of = will make it possible to 


get good estimates of f and dio in the gases considered. 

112. Attachment of Electrons to Neutral Molecules in Gases 
to Form Ions.—It was stated in Sec. 104 that the mobility of 
negative ions in gases was inversely proportional to the pressure 
down to very low pressures when ions that had been already 
formed were measured. Before the work of Wellisch*®** in 1915 
this was not believed to be the case. It was observed by many 
workers that the mobilities of photoelectrically generated ions, 
measured soon after liberation from a metal plate in the measur- 
ing field, began to become abnormally great at 100-mm pressure 
in air. This was ascribed by numerous observers to a breaking 
up of the negative ion cluster by impacts with gas molecules. To 
Wellisch is due the credit for having investigated the mobilities 
of negative ions when formed behind a gauze, at low air pressures, 
after they had come through the meshes of the gauze. He found 
two classes of carriers, one which he showed were normal ions of a 
mobility constant close to the value accepted for normal negative 
ions, the other which he asserted were free electrons. The 
effect of the gauze and the weak auxiliary field back of it was to 
delay the photoelectrically liberated electrons, or electrons which 
were caused by radium radiations, until they formed ions. This 
Wellisch did not know. In fact, as he did not compare his results 
with the results of workers who had used no gauze, he devised 
another explanation. He assumed that an electron, when liber- 
ated, must have the energy ¢) necessary to attach to a molecule to 
form an ion. If it has not this energy it will never attach and 
will remain permanently free. Thus one has either ions or per- 
manently free electrons. In 1920, Loeb® undertook the problem 
and repeated Wellisch’sexperiments. He completely corroborated 
the observations of Wellisch. But he further observed that the 
relative number of ions and free electrons depended on the pressure 
and auxiliary field strength which allowed of only one interpre- 
tation. It showed that the free electrons were not permanently 
free. In fact, it showed that ion formation was contingent on con- 
dition that the electrons spend a sufficient time in the auxiliary 
field before being studied. If the pressure and field strength were 
such that the time was short, only electrons were obtained; if 
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the time was long, only ions were obtained. By increasing the 
auxiliary field strength so that the electrons had a very 
high energy, no increase in the number of ions formed was 
observed by Wahlin,*! who was then working with Loeb. Thus the 
Wellisch theory was found to be wrong. 

The experimental work and viewpoint on this problem were 
very much aided by a theory of J. J. Thomson.'® Thomson 
attempted to explain the abnormal increase of mobility of photo- 
electrically liberated ions at low pressures in air as follows. The 
ultra-violet light used liberates electrons. These do not attach 
to molecules to form negative ions at their first impact. If it 
be assumed that the electron requires, on the average, n impacts 
before it can attach to form an ion, where n may be a large 
number, then it is possible to explain the phenomenon. This 
amounts to assuming that the attachment of an electron is a 
chance phenomenon, depending on where it strikes the molecule 
or under what energy conditions the impact takes place. For 
each chemically different gas this would be different, depending 
on its chemical nature. For simplicity, Thomson assumed n 
to be a constant, independent of velocity, characteristic of each 
gas. That this is probably incorrect in some measure will be 
seen later. As a first approximation, it is, however, sufficient. 

This constant n has other interests. Many discharge-tube 
phenomena had ‘indicated that in certain gases the electrons 
apparently did not remain free, or were not present. In others 
they appeared to be so. It was Franck*’ in 1910 who first 
found that in carefully purified He the negative carriers had 
a mobility of several hundred em/sec., while the positive carriers 
had the mobility of the normal ions to be expected in He. He 
interpreted these results as meaning that the negative carriers 
in He were free electrons. He found the same to be true in Ar 
and N2 gases. In the latter gas he gave the value of 200 cm/sec. 
observed for the negative carriers, as the electron mobility in Ne 
at atmospheric pressure. It was the observation by Loeb of 
mobilities of over 1000 cm/sec. in Nz on repeating Franck’s work 
which led to the electron-mobility investigations discussed in 
Sec. 111. Franck concluded from his investigations that the 
gases had electron affinities which varied with the chemical — 
nature of the gas. This term was also associated with the electri- — 
cal charge taken in polar compounds by the atoms. Thus, 
atoms like H, Na, Mg, or Al were called electropositive, while O 
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and Cl were electronegative. That He and Ar, which are inert 
gases, should leave the electrons free was not surprising. N in 
many cases, however, is chemically electronegative, while the 
N: molecule seemed to shun electrons as much as He. The more 
electronegative gases like O, and Cl, were, owing to their associa- 
tion with the electronegative atoms, considered to be admirable 
electron traps. This was borne out by their behavior in discharge 
tubes. It is, however, known today that the electropositive or 
electronegative character of an elementary atom is a property 
of the atom, due to the fact that the stable outer configuration 
of electrons in the atom seems to build around the number 8 in 
certain portions of the periodic table.*® This striving towards 
completion of an octet, however, is definitely applicable to the 
atomic state. It depends on the nature of the electronic con- 
figuration of the molecule* whether the addition of an electron 
to its configuration will increase its symmetry and therefore its 
stability or not. At the present time this is not predictable for 
molecules, and the association of electronegativity in the atomic 
sense with molecules is doubtful. 

That electrons do make negative ions in some gases and not in 
others is, however, an observed fact which need have no relation 
to the atomic behavior above. The term “electron affinity” 
may then be applied to describe the behavior of a molecule 
towards the electron. It is then necessary to find more than a 
qualitative measure of this property. Two roads to this are 
open. The one would be to find out what the ionizing potential 
of the extra electron of the negative ion is. This, of course, 
could be determined by the frequency of the shortest wave length 
of the light emitted when an electron is attached to a molecule 
to form anion. This multiplied by the Planck constant would 
give the energy necessary to remove the electron. Up tothe 
present, investigations of this nature have yielded no result and 
one cannot measure electron affinity in this manner. The 
second procedure would be to get a quantitative measurement of 
the average number of the impacts required by an electron with 
a given type of molecule before it could attach. This quantity 


*Recent work in band spectra by Birge and Mullikan indicates close | 
parallelism between molecular spectra and certain atomic spectra. If 


this is correct the electron affinity ‘of certain molecules can be predicted 


by a comparison with the atomic species showing similar spectroscopic 
behaviour. 


a " a ) 
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is precisely the quantity defined by J. J. Thomson as n, his 
constant of attachment. It is thus necessary to devise a means 
of determining this. If the number of impacts which an electron 
makes in going a given distance in a gas under an electrical field 
could be measured, and if the number of electrons, nz out of No, 
that transverse a distance x in the gas in the field without attach- 
ing could be measured, there would be a means of getting n, 
the constant of attachment. The number of electrons which go a 
distance x in a field without attaching must be derived from the 
assumptions as to » as related to the kinetic-theory constants 
before the value of n can be computed from any data. To 
deduce this expression, one may proceed as follows. Assume 
that it takes n impacts, on the average, for an electron to attach 
to a molecule, where n is a constant of the molecular type alone. 
If the average velocity of agitation of the electron is @ and its 
mean free path \i, it makes = impacts per second. If it is 
1 

in a field of X volts per cm it moves K,X cm per second in the 
field, where K, is the electron mobility. It therefore takes 
KX *: to move a cm in the direction of the field, if it has 
its terminal speed (see Sec. 111). In this time it makes aa KX 
AL 

io aes Thus in going x cm in the direction of the field it 


has impacts. If attachment is purely a chance phenome- 


MK 
non, taking, on the average, n impacts for an attachment, the 
number dy out y electrons attaching between x and x + da can 
be written as 
Coda 


DAS! ip as 


where the quantity eo is the quantity by which the dis- 
14le 


tance dz in the field must be multiplied in order to give the number 
of impacts in going dx em. In this equation a is a constant to be 
evaluated from the equation obtained. Thus 

dy Coa 


yy tee 


or 
pa Ca 
y = Ae MKeX ‘ 


If c= 0, y = N., the number of electrons starting and thus | 


APPLICATION OF THE KINETIC THEORY 511 


Plata 
y — N.e NM KeX ; 
that is, y, the number of electrons going x cm in the gas without 
attaching, is found by multiplying the number N, starting at 
y = 0 by e MEX" To get < the average distance the electrons 
go without attaching, one can write 


and 
dy = —N, MKX 1KeX dz 
acs 
Co A 
Call KX n 


i — — ze“ dz 
*. 0 an 1 
Ay; — 


* NG —a 2. 
{ tee de 
0 an 


But in going < cm the electron has < 7 impacts. Thus the aver- 
age number of impacts which the electron makes before attaching 


: 1 Lee F 
is Zn = = a Therefore 5 8 the average number of impacts 


which the electron makes before it attaches. This is n, the 
average number of impacts required to attach. Thusthe number 
of electrons out of N,, which go x cm without attaching in a gas is 
given by 
n c2 
y = Ne *” = Nye ™KX", 
It is often more convenient to use this in another form as \; and 
é, are not known. The equation for electron mobility says that 
femwiDi Sipe Bhes g.78.508 
m Ce M Cy 
where , is the electronic path and ¢2 is the average velocity of 
agitation of the electron in the field. Thus 


A _ mK. 
Ce A, 0.75e 
and one has 
’ 0.75ex 


y = Nie mn(Ko)*X. 
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ae 0.75e 
be given in cm/sec. per volt/cm to correspond with X, this must 
be multiplied by 300; the equation reads 
_ 1.35 X 1038¢ 

y=N,e “KRX . 
The equation holds wherever K, is known and nis constant. It 
must be pointed out that the value of K, is usually measured or 
computed for electrons where €; has reached a terminal value. 
In experimental attachment work where n is small this is not the 
case, and K, must either be measured directly or else computed 
for velocities é, that are not terminal velocities. 

The first attempts made to measure n were due to Loeb," and 
later to Loeb®? and Wahlin.*! The effect of the attachment 
and its consequent change of mobility of the carrier on the shape 
of the current-voltage curves obtained with a square wave form 
alternating current has been rigorously worked out by Mooney 
and Loeb. It is given, together with the attempt at experimental 
verification, in an article by Loeb.®® The paper shows that it is 
possible to get a fairly accurate quantitative agreement using 
the uncorrected electron mobilities taken in air. With the intro- 
duction of the corrections to the electron mobilities, agreement 
is no longer possible. It is probable that, while the electron 
mobilities as corrected are theoretically more correct, they are 
really not so correct as the uncorrected ones. The corrected 
mobilities are lowered in correction and the correction acts to 
increase the apparent value of C. entering into the mobility equa- 
tion K, = 0.815 % a Now in attachment not the K, measured 
with electrons having a terminal velocity C, should be chosen, 
but a K, should be used which corresponds to the earlier stages 
of the electron’s career, that is, a higher value of K, should have 
been used. This might correspond to the uncorrected value for 
the mobilities used. The value of n deduced for air from these 
measurements was about 2 X 10°. As electrons do not attach 
to No, these must all attach to O2 molecules, and n for O2 should 
be about 4 x 105. 

At an earlier date before the values for electron mobilities were 
known at higher pressures, Loeb,!”7 and Wahlin® had measured n 
for a large number of gases. Using doubtful values of K., they — 
arrived at the table of values for n given below. It is question- 
able whether the values are accurate in more than order of magni- — 


is 4.06 X 10!” in electrostatic units, and if K, is to 


APPLICATION OF THE KINETIC THEORY 513 


tude. They do differ, however, so widely in order of magnitude 
that even these crude early results give a good idea of n. In 
any case, they are the only estimates to date of this constant in 
different gases. Further measurements are in progress in several 
laboratories, using the later knowledge, and it is to be hoped 
that soon a superior set of values will be available. 


ATTACHMENT CONSTANT n 


Gas n Comment 
Ne SSAA, bs eC er eo 
H, Po RCo Sd 3) OCC) CECI BRORCRC MCHC HICH ETE OE tos] 
AOS 4 25203 ele One Se eee 126 108 
INUE Rye aS eee Loy Pisce i CO 
CCAnLE ic i IS One eee 4.7 X 10° 
(Cilla te: Wee eee 8 X 108 
(OBL oy a ae Zeb S105 
(Co 62 2a Ree eee 5x 107 Freshly prepared 
(OO Ly boos oes oe B50 LOS 4 hours old 
(Ob. aa: 5 ete 2a oc 105 22 hours old 
Sie Clone atngta atin Se 6.1 X 105 
(COME LOM oo eect Sree Loe 
MUP 2S, wed cs SOS apace ea 4.3 X 104* 
(MPs oN bs ot Ona cee eee 8.7 X 108 
(He So hoe See Less than 2.1 X 103 


* The value of n for air was later redetermined using more accurate values 
for K.. It is about 2 X 10°. The value for O2 was found to be one-fifth 
of this, in accord with the supposition that the electrons attached to the Oz 
inair. The value 2 X 10° is in agreement in order of magnitude with recent 
more reliable values of Bailey. : 


While these results are not of more than qualitative value, 
they are significant, inasmuch as they give a definite though 
rough order of magnitude of the electron affinity of some gas 
molecules. 

The difficulties in obtaining proper experimental values of n 
lie in the evaluation of K., which must be determined at the same 
time that n is measured. A further complication is introduced 
if n depends on é2. This is assumed to be the case by Bailey. 
Bailey'* tries to overcome the difficulty in measuring K, by obtain- 


‘ a . Cc 
ing measurements which determine the quantity aK = 


B as a function of 2S He does this by measuring the ratios of 
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the currents passing through holes in a series of plates separated 
by known distances. The ratios of these currents can, by 
theory, be related to 8, since the relative velocities of diffusion 
of electrons to the plates is greater than that for ions and can 
theoretically be computed. The measured ratios then give 


a factor 8 which measures the number of attachments per unit ~ 


per cm distance in the gas as a function of *. If 8 is known 


xX 1 
for a given ri then by using the relation = = 0.75 S K one can 
get 0. 75 aot = B, and hence n = oe From the 


n (K.)? n B (K.)® 
value of K or, better, K.X = W, the velocity of the electron for 
the same value of = taken from the measurements of Town- 


send and Tizard n can be evaluated. In this fashion Bailey 


: : xX 
gets : for air for certain values of a as 


|< 


Ne shuslavaitiate evant Meee Se 0.5 1.0 2.0 
mee 
oe 3.3 X 10° 2, << 1088 0.75 Ote 
Gaara erie ala oe ences = see 3.3 X 107 4.5 < 10? 6 lo? 


The corresponding values of Ce, (0.92C2 = é) for = are given 


below the values of * as taken from Townsend and Tizard’s results. 


They show that n has the values of 3 x 10°, 5 X 10°, and 1.4 x 
10° in air at increasing values of C2 of 3.3 X 107, 4.5 X 10’, 
and 6 X 107 em/sec. His results show that n increases as the 
velocity of thermal agitation increases. This means that n 
is not a constant of the chemical nature of the gas alone, but 
depends on the average energy of agitation of the electron. 
That n should increase as the energy increases is not surprising, 
for it is to be expected that, as the electron travels faster, a 
capture is more difficult to effect. This is in line with Wahlin’s 
results, who found that as the field increased the number of free 
electrons is not decreased as Wellisch’s theory leads one to 
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expect. The problem, however, requires a further study* by a 
more direct method for getting 8, for the complexity of Bailey’s 
method of finding 8 is such as to preclude accurate results. 
This problem is under investigation in the Physical Laboratory 
of the University of California. 

Thus in the domain of electron attachment to form ions one 
sees how again the kinetic-theory analysis aids in getting quanti- 
tative explanations of the processes at work. 

113. The Theory of Ionization by Impact by Electrons.—It was 
shown in the introduction to this chapter that if the photoelectric 
current in a given field at a pressure p be plotted against the field 
strength, the current at first reached a saturation value. At 
higher fields it increased exponentially. This increase was 
ascribed to the formation of new positive ions and electrons by 
the electrons initially generated. To Townsend,’ as was 
stated, belongs the credit for having worked out the theory of 
the increase. His experiments showed that, for an initial satura- 
tion current 7 at the surface of the plate x = 0, the current 7 at 
any distance x from the plate was given by 7 = iye**, where a is 
the number of ions generated per cm path by the electrons. 
This a was then shown by Townsend to be a function of the 
intensity of the field strength, the pressure p, and the energy 


required to produce an ion. This relation between ; and“ 


may be deduced as follows, according to Townsend. It can be 
assumed that the electron makes inelastic impacts with the 
molecules of the gas.t 

Thus at each impact the electron starts its free path anew, 
gaining the energy from the field that it can gain on a free path. 
As the fields are high, it can be shown that the free paths of the 
electrons will be so curved in the field that their length will be 
mainly in the direction of the field. In order to ionize, it was 
assumed that the electron must strike the molecule with an 
energy E> gained from the field, that is, the energy gained by 

* Another aspect of this may be seen in a recent paper by Mohler.®° 

+ This assumption was originally made when it was believed that the 
negative ions, not the electrons, generated new ions by impact. It must now 
be abandoned, as will later be shown. In spite of the electronic nature of 
the carriers Townsend maintained that the velocity of the electron at impact 
with a molecule was reduced to the velocity of thermal agitation so that 
his theory remains unchanged. (See Townsenp, “Electricity in Gases,” 
p. 291, Oxford University Press, Oxford, 1915.) 
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an electron that ionizes a molecule must be gained in the free 
fall of the electron through a distance \; in the direction of the 
field given by Hy = Xed, where }, is the mean free path, X the 
field strength, and e the electron. Thus the number of ions 
per cm path generated by an electron must depend on the 
number of times, in going 1 cm in the gas in the direction of the 
field, that its free path equals or exceeds a distance x, given 


by %:= ay Now out of no free paths the number of free 


paths exceeding a distance x is given by the kinetic theory as 


x 
noe ™, where \; is the mean free path. Thus if in going 1 emin 


the direction of the field the electron makes mo impacts with 
Eo 


molecules then a = me *™. The number of impacts per cm 
ae ba : : 
path no is simply if, as assumed, the paths are in the direc- 
1 


tion of the field. Thus 


Eo 
1 Xen 


As \i = Xo - where 7p is in mm, one could write 


_ Bo 


Led ally, 1 e 760e~ro. 
P 760 Ao P 


Thus, is a (7) For Hz and one or two other gases 


Townsend measured 3 and, knowing \, he was able to compute 


E, and test the theory. The agreement observed was quite 
satisfactory and the value of Ho deduced for several gases lay 
in the neighborhood of a free fall of an electron through a poten- 


tial of 26 volts, that is, at = V> volts, where Vo was about 26 


or more volts. This measurement of the ionizing potential 
Vo was the first estimate directly made. 

The situation produced by the satisfactory agreement of the 
curves with the theory, however, leads to an interesting paradox, 
for, in the first place, the assumption on which this theory is 
based, to wit, that of inelastic electron impacts, is wrong, Also, 
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the exact measurements of the ionization potentials at low 
pressures by such workers as Franck and Hertz and the countless 
other investigators in recent years'* show the values of Vo 
computed by Townsend to be in the neighborhood of 50 or 100 
per cent too high. It might be added in passing that the essential 
difference in Franck and Hertz’s®? and Townsend’s experiments 
hes in the fact that Townsend used far greater pressures. Thus 
his smooth curves are statistical over many free paths, while 
the low-pressure curves of Franck and Hertz show abrupt changes 
due to encounters over a single free path. In fact, as will be 
seen, the theory is far more complicated than it appeared to 
Townsend in the early days when his theory evolved. That the 


equation holds as well as it does merely shows that F is a func- 


YD 

tion represented sensibly by e *, in which the value of y was 
deduced from experiment by Townsend and interpreted in the 
light of his theory as giving values of V5 of the order of magnitude 
obtained, that is, Townsend had an exponential form of equation 
that fairly well suited the facts, and he suited his adjustable 
constant V> to fit the equation by comparison with experiment. 

In 1916, Compton*! introduced into the problem the new fact, 
discovered first by Franck and Hertz®? in 1913 and later carefully 
investigated for He by himself, that the electrons lost only a 
very small fraction of their energy on impact with neutral mole- 
cules. The considerations of the quantum theory show that 
there is no loss of energy in impact between electron and molecule 
unless the electron has the resonance or ionization energy except 


the fractional loss f = a (where M is the mass of the mole- 


cule and m that of the electron), which is demanded by simple 
dynamics. If this is the case, then, as shown in Townsend’s 
treatment of electron mobilities, the electron gains energy over 
several free paths, that is, its temperature goes up continually. 
Thus all electrons would gain the ionizing energy eventually. 
To carry the idea further quantitatively, Compton had to 
introduce another notion which was correct in theory. This is 
that the electron, while it could gain energy over several free 
paths, did not necessarily ionize on its first impact, but required 
perhaps many before it could ionize. As the probability of 
ionization by an electron with the energy > or greater was not 
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then known, Compton arbitrarily assumed that the probability 
of ionization P; had the form 
V—- Vo 

Vv 
where V was the volt equivalent of the energy of the electron 
and V» its minimum ionizing potential. The theory which he 
deduced on the basis of these assumptions fitted the data for 
He with remarkable accuracy. In fact, it gave a better quanti- 
tative agreement than the theory of Townsend. Compton, 
however, did not have the true form for the function P; as the 
later results of Hughes and Klein®?and Compton and Van Voorhis® 
have shown.* The curve of P; against V does rise from 0 at 
V, to higher values at values of V considerably above Vo, but 
it later falls to lower values as V increases. Also, Compton 
neglected another effect. This is that, while the electron may 
gain the ionizing energy over very many free paths, it reaches 
an energy corresponding to the resonance energy long before it 
gets to Vo for ionization, that is, if an electron gets an energy 
corresponding to 4.9 volts in mercury, it will suffer an inelastic 
impact sooner or later which does not cause ionization, but 
merely causes the mercury atom to emit light of wave length 
2537A. To ionize the mercury atom, the electron must have 
an equivalent energy of at least 10.6 volts. Thus if the electrons 
gain energy slowly, and if they make, on the average, 100 impacts 
in the region between 4.9 and 10.6 volts required to ionize, an 
appreciable fraction of these electrons may lose their energy to 
inelastic impacts of resonance. They will then have to start 
from rest again to ionize, that is, Compton failed to take account 
of the possibility of inelastic resonance impacts between reso- 
nance and ionizing voltages in his theory. The probability of a 
resonance impact with the requisite energy is not vanishingly 
small as shown by Sponer,® so that this must be taken into 
account. With He gas this chance is less than for any other gas, 
as its resonance potential is about 19.5 volts while its ionization 
potential is 24.5 volts. If the probability of resonance impacts 
in such a region were high, say, 0.5, Compton’s theory would be 

* Recently, Lawrence,* has made carefully controlled measurements of 
the probabilities of ionization and of ionization potentials with electrons 
of an accurately known speed. He finds that P; is highest right at the 


ionizing potential, falling off rapidly after that value. This, when carried 
over to other gases, will have a material influence on the theory above. 


P; = 
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untenable. The theory would then approach one of the original 
Townsend type. In this case, however, a would depend on 
the chance that an electron got the ionizing energy in a series 
of impacts so arranged that it had very few impacts in the 
resonance region. ‘The first term of the series of exponential 
terms deduced on such a theory would be the one deduced 
originally by Townsend. 

It is obvious, however, from the small values of P; and P,, the 
ionization and resonance probabilities at the ionization poten- 
tial (even though these may be the maximum values), that at 
fields where ionization by collision sets in the factor which deter- 
mines a is not so much the chance of getting the ionizing energy on 
one or more free paths but the chance of ionizing when it has that 
energy. The solution of the problem of the value for a, therefore, 
lies completely in the future and involves the introduction into 
the equation of the little known probabilities P; and P,, as well 
as the rate of gain of energy from the field. Why it is that the 
simple relation of Townsend so nearly fits the facts is still a 
mystery, although an exponential equation with an arbitrary 
constant in the exponent is quite a flexible equation and can be 
fitted within the experimental accuracy obtained in such measure- 
ments to a rather large group of curves. The deduction of the 
future correct equation is still as much in the domain of the 
kinetic theory as the original theory of Townsend. It is only 
more complicated and perhaps more intriguing because it involves 
so many more interesting kinetic-theory factors. 
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APPENDIX I 


DIAMETERS OF MOLECULES 


The term originates from the original picture of molecules as 
hard elastic spheres (see Sees. 13 and 14). If two such identical 
molecular spheres are placed so that they are in contact, the 
diameter would be defined as the distance between their centers. 
The contact between the spheres, on such a picture, is defined as 
the closest approach of the centers on an average impact. The 
diameter in a solid would be defined as the distance between the 
centers at equilibrium for molecules arranged in a solid space 
lattice. This picture, which was adequate until the discovery of 
the electron, still determines our mode of description in the kinetic 
theory because of its simplicity. 

Actually, molecules are known today to consist of nuclei of 
positive electricity surrounded by planetary electrons with orbital 
motions. It is obvious that such configurations of electrical 
charges cannot be considered hard elastic spheres in the old sense 
of the term. What really affect the motions of the molecules 
and atoms are the electrical fields of force between the electrons 
and nuclei of the atomic configurations. In general, such force 
fields, with the possible exception of those about the heavier 
inert gas atoms, are probably force fields with equipotential 
surfaces which are far from spherical, although perhaps sym- 
metrical about their axes. The force fields are, in general, 
composed of two sets of forces, forces of attraction of small 
magnitude varying slowly with the distance (the cohesive forces, 
or those responsible for Van der Waals’ a), and repulsive forces 
of considerable magnitude which fall off very much more rapidly 
with the distance (the elastic repulsive forces of the old kinetic- 
theory molecules). How such opposing forces can occur simul- 
_ taneously in the atoms is briefly discussed in Sec. 52. The rate 
at which the force varies with the distance from the atomic 
centers has been estimated from the crystal structure of sodium 
chloride by Born to be proportional to the inverse ninth power 
of the distance. The recent work of Lennard Jones, based on the 
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study of gases, gives the repulsive forces as lying between an 
inverse ninth power and an inverse fifteenth power, while the 
attractive forces lie between forces varying inversely as the 
fourth power and inversely as the sixth power. 

With atoms and molecules of such a nature, the meaning of 
the term “diameter” must be modified or at least one must under- 
stand the application of the term to such a picture. Measure- 
ments of molecular diameters are made in all cases on a very large 
number of individuals. In all cases for gases they are made for 
individuals oriented in all possible directions. Finally, in the case 
of gases, the conditions of impact due to velocity distribution will 
influence the distance of approach; and one must deal with an 
average value. It is possible, therefore, to couch the experimental 
conclusions in terms of the very simple picture of elastic spheres of 
agiven diameter, the diameter in such acase being the statistical average 
distance of approach of the molecules for the average velocity. An 
analysis expressed in terms of such a picture is entirely justified, 
as it influences the results but little, while it simplifies calculation | 
and interpretation greatly. When such pictures are used, 
however, one must remember that they are conveniences and 
that the actual molecules may be entirely different in appearance. 
Even in the case of crystal analysis, the investigators find it con- 
venient to express atomic diameters in terms of the elastic sphere.* 

On the other hand, it must be clear that the values of the 
average diameters which are obtained for atoms and molecules 
from different types of investigation will not necessarily agree 
accurately in value, though the measurements may, in general, 
agree in order of magnitude. That this must be so can be clearly 
seen, for in a crystal two atoms are bound together by forces of 
electrical attraction. The average distance at which these 
atoms are held in equilibrium is determined by the repulsive 
forces as well. On the other hand, in the gaseous state, where 
the attractive forces may be quite different owing to the absence 
of closely surrounding atoms and where the velocities of agitation 
may be very different, the average distance of approach on an 
impact will not be the same as the average distance between 
centers in the crystal. It is also clear that the more violent the 
impact because of higher temperatures, the smaller will be the 
apparent diameter. A particular case where the results would 
be expected to vary from other results obtained is in the case of 


*Bragg, W. L., Phil. Mag., 40, 169, 1920. 
f 
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the measurement of the diameter of a molecule by the impact 
with electrons. The average distance of approach for an impact 
will be determined by the ease with which the electron is deflected 
from its straight-line path. It. will depend on the action of the 
atomic field of force, on the motion of the electron. This depends 
on the time integral of the force and will obviously be less, the 
faster the electron is moving. Again, with such a minute body 
as the electron, the distance of approach before deflection will 
depend upon the portion of the atom struck. Finally, it seems 
probable that for electrons of a certain speed, there will be a 
possible interaction on the electron when its velocity in passing the 
atom is of the order of magnitude of the orbital velocities of elec- 
trons in the atom itself. Sucheffects have actually been observed. 
Finally, it has also been observed that electrons, moving with an 
extremely slow velocity in the case of certain atoms, can pass 
right through them without change of energy or direction (see 
Sec. 25). It is thus obvious that the molecular diameter, as 
measured by the electron, may vary through enormous ranges; 
and, in comparing results of measurements on atomic or molecular 
diameters, one must always bear in mind that they may represent 
really very different things. The conclusion is that the term 
“atomic or molecular diameter” has a meaning in more than 
order of magnitude, only when spoken of in terms of its method of 
measurement. The discussion which has preceded forms, there- 
fore, a fitting introduction to a comparative table of molecular 
diameters which is given below, together with the method of 
measurement yielding the results. 
The methods by which molecular dimensions have been obtained 
may be seen summarized below, as given by K. F. Herzfeld:* 
I. Measurements based on the equation of state. 
1. Calculation from critical data. 
2. From volumes below the critical. 
3. Calculation from gas isotherms. 
4, Crystal structure. 
a. Spherical packing. 
b. Permutite. 
c. True dimensions. 
II. Methods involving a dynamical study. 
1. In gases. 
a. Deflection of electrons. 
b. Direct measurement of free paths of atoms. 
c. Coefficient of viscosity. 


* Herzfeld, K. F., Jahrbuch der Radioaktivitat und Elektronik, 19, 259, 1922, 
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2. In liquids. 
a. From Stokes’ law. 
b. Viscosity in liquids. 
(1) Theory. of viscosity. 
(2) Increase of viscosity in solutions. 
c. Diffusion of neutral particles. 
d. Ionic mobilities. : 
III. Energy methods. 
1. Heat of hydration. 
2. Ionizing potential. 
3. Heat of vaporization 
4. Melting point. 
IV. Method of thin films. ; 
1. Determination of the number of molecules per unit area in a mono- 
molecular layer. 
2. Optical determination of thickness of films. 
3. Electrical determination of thickness of films. 
V. Optical methods. 
1. Determination of true ionic size with X-rays. 
2. Molecular refraction. 
VI. Determination of the size of electronic orbits in atoms. 
1. Diamagnetic properties. 
2. Calculation from atomic models. 

VII. Methods for determination of moments of inertia and electrical 
moments. (Such measurements give the distance between the nuclei 
in molecules and the distance between the apparent separation of 
positive and negative electricity considered as point charges necessary 
to produce the effects. They are not necessarily true measures of 
molecular diameter in the sense of the kinetic theory.) 


In recent papers, J. E. Lennard Jones* gives the following 
values of the attractive and repulsive forces in the following gases 
as most successfully fitting the data. In all cases, the attractive 
force seeming to be the most suitable 7s an inverse fifth power law. 
For the repulsive forces in the following gases, the law varies 
inversely with the power of the distance indicated under the letter 
n for the respective gas: 


Gas n 
He 9, 11, 14 
Ne 11 
Ar 9 
Kr 10 
Xe iT 
He 11 
N2 ‘ 9, 11, 14 


* Lennard Jones, J. E., Proc. Roy. Soc., A-106, 441, 463, 709, 1924; and — 
A-112, 214, 230, 1926. 


“PE /X Jo JOJOVy B Aq YBIY 004 Tw Iv aIBY S}[NSeI OY} JOIII UB 0} ONG x 


z0 ¢200°0 02070) al) eee ae eee a Go Gee seainadle sense  fecteceenscencnne souvysip avjodiq 
*6'0 +50 8.n et!  Cesveetsg I ed erate ghd fe) ecw are: re) see ee rs sjyuvysuoo [ 
SS -u0d [BROTUIEYD Woy souBz 
Yen) a Bagh ee) ¥26'0 } wee etasell cols 6s mia --eajaedspueg | “S$ P  FPIMOeTOI, 
zero. tte Site se wt =I ++ qstouseUreIq, 
Cert. | ows | Peer LIG‘T te i a Sees 6o8"T LE9'T trressssseessqomopayor IBMOIOPL 
Gest tere il eres yh iol rice Mie mectnedesd Mlle aleeae ans F0°% lez°z, Z0°% C3'T we-Sie ale ei svere-6.pmvela aisliainarere AYISOOSTA 
€8°T agar”? OU ‘eich em (08) catia JN Fara iia Jilevwaterene Qs cts “se eee nl Pease Siena esie'e sie Se EO IOOIS ZuTAOUI-MOTG 
erele. wes 00s elaie foil **-* SUIZadq OSI SBE) 
of + ‘dwoy|,¢¢— ‘dwuaey|,cog— ‘duray|,¢g9 — ‘dway|oes— ‘duey|,e1+ ‘duray|***** “c++ lop— ‘duray!,og— ‘dura, 
PLS go's Le o's Té'€ dss dn eo ia wb as 06°€ 89°€ “"**spmbiy ur wi es Terpeqesjey, 
ade 
OLT'T 606 °T Trestle Bis Boe % OGGOT> al. aaa SPOS Ease tea: | ee om Tre 'l sserss+(qgom) —— SF = 9 wo3g 
*zy t 
errr FI9'T DiGaGe MN Ghee tos OGG ST Ana ae ae S6S30)| sae ¥9°T (STeBM IOP ue A) ext = 9 Wore 
L 
O*H 200 09 1gaH IOH JH *(NO)| *I tg i (@) POFPIl 
~s ae ee ee ee eet 
a a a ae eee CSD GREET . 
= at ene pas aejodiq 
ce LXs 26°0X “OXS Ti Niet © al peers ya steer eth mer ekentas ore ***s}yueyst0o 
So ee ae oe [wero | most souep 
S 9¢'0%Z | occ 50 Cz0xz | Spies eie Ww | lilt cagsl op Ronn | umes vats ciety Mltee ners ores Baiqoadspurg tp Loeb 
ae ¢9°0 92°0 9F'T Goro, | eet ee se oie iemyss stay lame |I\as Gachiga alist metas wsouseMIBIC 
Ay 691 'T 06 'T 6260 5 eid 600° 999 °T SFT 6660 TrL'0 “Tees **HOTOBIJoL ILEMOI]OT[ 
= SFT Sel 880'T Zc CLT 6o'T SFT LUT ra te" se dicks Wetec sip lchs Ta ve AYISOD8T A 
8Z°T 
CLT BOP ee: ese tee | ei teraz LL'% CLZ'T TF'T “+++ *suoqj00]9 SuLAOUI-MOTY 
(0 ‘duay, |*-"°: 6&6 ‘dua, 
CZE'T 6F I OL Te i) gsi Mp routes men aemeytaiers Iz’ siete ZIT 
5 oO “dua, 
6e°T Boat ota oo SUIIOYIOSI SBD 
oLZZ — “dua, .Zos— “duel, .gez— “duel .6g— ‘duey, .zo1— “duay,'.g¢1— “duiey|,ggt— ‘dura |-***- of TZ3— ‘duay, 
80° se"s 9 So's To3e ses 0S Si fine LI€ SPP eee Terpoye.sza LT, x 
d 
8ZI'T 9L6°T 6IT'T 96°0 68°T 20°T SOL" Tes Silage TL0°T “"" (TOM) So ee 
SFT €L3°T O8e'T 98T-T (Zab 2o°T LEr°T es Iéé°T OS arate Sey eS (SPS Ane 
SFT de aie CLT Ya ¢ 
yop uvA) —— —= q wWolg 
Aza t : 


“W) g_-O[ Ul UAALD [[V OLY UpeYy spoyjey snoue,A Aq pouruie}oq 
SWINOWIOJY £0 avy 


APPENDIX II 


FUNDAMENTAL PuysicAL CoNnsTANTS* 
Units: C.G.S., °C. An Liter, Absolute Electric 


Quantity Value Uncertainty 

c Velocity of light. :.......10.« 2.9986 X 10 cm. sec.71. 0.0003 
G Gravitation constant........ 6.66 X 10-8 cm.3 gram™! sec.~? 0.01 
e Electronic charge........... 4.774 X 107% es. 0.005 
e Electronic charge........... 21,592 K 10-20 em. 
= Electronic ratio............- 5.305 X 1017 es. gram7t 0.010 

0 
= Electronic ratio..........»+. «1.769 X 107 emg.“ 

Hf) 
F Pavaday cs neccitae ware caicacwaers 9.6500 X 104 coulombs 0.0010 
F ATA AYs. vate 2 meniacs Lam aes 62.89365 X 1014 es. 


vo Volume 1 mole at 0°C.. 622.4115 & 103 cm.% mole7? 0.002 
h Planck’s constant... 


6.554 X 10-27 erg sec. 0.001 
To Ice point, absolute.......... 3. 1°C. 0.15 to —0.05 
O Atomic weight of oxygen..... 16.000 (by definition) (definition) 


R Gea constantng .cic once 8.315 X 107 erg deg.~! moel=! 
R Gas ednstante .o...1b a/c wg tec ers 0.08206 liter atm. deg.~! mole! 
R Gas Constanioocs ii. es dees 1.9869 cal.15 deg.-! mole! 
Na Avogadro’s number......... 6.061 1023 mole! 
No Loschmidt’s number......... 2.705 X 1019 cm.~3 (at 0°C. An) 
ko Molecular gas constant...... 1.372 * 107-16 erg deg.~1 
Ey ‘Translational energy of mole- 
Quiles} OPE oe 8 in aes ee 5.620 & 10714 erg 
ep.) Ratio Ol, Howton Ones see eae 2.058 XK 10716 erg deg.~1 
. my Mass of hydrogen atom...... 1.663 X 107*4 gram 
mo ‘lectronic mass............. 8.999 X 10728 gram 
TL Radius 1st Boh ring of 
ie hydrogens a. sc enes 0.5305 X 1078 cm. 
5 Photo-electric constant...... 1.373 X 10-1’ erg sec. es.~} 
Photo-electric constant...... 4.117 X 1071 volt sec. 
he Photo-electric constant...... 4.117 X 1077 erg cm. es.~1 
fe Photo-electric constant...... 1.2344 X 104 volt A. 
B Specific heat constant....... 4.778 X 10711 sec. deg. 
a Stefan’s constant........... 5.709 X 10-5 erg cm.~? sec.~! deg. ~4 
Ci Radiation constant, first..... 3.703 X 10-5 erg cm? sec,~! 
C, Radiation constant, second. . 1.433 cm. deg. 
w Wien’s displacement constant 0.2885 cm. deg. 
C; Intensity coefficient......... 1.301 X 10-4 erg cm.~3 sec.~! deg.~5 
vo Rydberg frequency.......... 3.2775 XK 1015 sec.—1 
co Rydberg wave number..... ; 1.0930 X 105 em.71 
An Normal atmosphere........ . 1.013250 * 106 dyne cm.~? 
A. Wave-length of red Cd line is |6438.4696 A. 
gs Standard gravity........... 980.665 cm. sec,~* 
Grating space in calcite.......... 3.028 A. 
{ Atomic weight of hydrogen. . 1.0077 
MDOP eatin ciods ext nner aaa Ce 1000.027 cm.’ e 
Gram, calorie (20°C)... «3. sane « 4.181 joule 
Gram ‘calorie \(lb°C.) see..e ee 4.185 joule 
Gram calorie (mean)............. 4.186 joule 


* These values of the fundamental constants have been taken from the International 
Critical Tables and will represent, therefore, the latest values. They are enclosed for the 
purposes of calculation for the convenience of ‘the readers. 

* This value is derived from the preceding one, which is the value actually accepted. 

6 Derived from -volume at 0°C., Aas = 234; 2 liters/gram-molecule on assumption logio 


ope = 0,000 0214; liter = 1000.027 cm. 
45 
528 


APPENDIX III 


For convenience in simple calculations, the following table of 
molecular velocities, free paths, and diameters is included. The 
values are not necessarily accurate and in view of Appendix I, 
which is much more recent, must be used with caution: 

Motecunar VeELocities, MEAN Free Patus, AND DIAMETERS* 


aeladityoat Maan ete Molecular diameter 


ges EKGs path, L : b 
em./sec. em. cm. ES ee cm. 

Hydrogen, He.. OO LOA ISS exe lOe 247 alors 2B 2c 10as 
Helium, He..... Poetic LOS 28.0, X 10-8) 2.18: x 1058)|' 2, 80x l0ne 
trogen. No.. 4.93 X 104} 9.44 X 10-8] 3.50 X 10-8} 3.53 X 1078 
Oxygen, Oz...... 4.61 X 104} 9.95 X 10-*| 3.39 X 1078 
Neon, Ne....... Db, 6l XK 10* 19.3 x 1056 
PATRON PAC ora nin,5 + 4.13 X 104| 10.0. XK 10-*| 3.36 X 10-8} 2.86 X 10 
Krypton, Kr....| 2.86 X 104| 9.49 x 10-*| ........... 3.14 X 10-8 
Xenon, Xe...... aL eta, Oke aL OPE i chy sane ona 3.42 X 1078 
Chlorine, Cl..... BOs are 102i) 4-50 108) 4.96 & 10;* 
Methane, CHy..| 6.48 X 104} 7.79 X 1075 
Ethylene, C.H4..| 4.88 X 104| 5.47 X 10-*| 4.55 X 10-8| 4.68 X 1078 
Carbon mon- 

oxide, CO}... « RO LOS Olean x 1LO0R8)(3..50)<, L078 
Carbon dioxide, 

(us Vy trae ae -92 < 10*} .6.29 K 10-5; 4.18 X 10-*| 8.40 X 1078 
Ammonia, NH3.. 528 x 104 6. 9br x10 
Nitrous oxide, 

ON Oiereype cl sas OZ O* 4.27 X 107-8 
Nitric oxide, NO.| 4.76 X 104 3.40 X 10-8 
Sulph. hydrogen, 

ETO ate eres 4.44 X 104 
Sulph. dioxide, 

‘3 (0: Aan eae 3.22 X 104 Ode KokOne 
Hydrochloric 

acid, HCl.....| 4.30 X 104} 6.86 X 107° 
Water, H,0O..... 7208 10%) 7322 K 105° 4.09 X 105° 


* These values are a proximate and are as given by G. C. Kaye and T. H. Labys 
“Physical and Chemic at Ganetaniny? ’ Longmans, Green & on ‘London, 1911. 
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APPENDIX IV 


For the purpose of facilitating computations involving mean 
free paths and problems such as ionization by collision, the 
following table of exponential functions is included: 

EXPONENTIAL FUNCTIONS 


id Ee hg x er ere 
0.0 1.0000 1.000000 5.0 148.41 0.006738 
Ort 1.1052 0.904837 5.1 164,02 0.006097 
0.2 1.2214 0.818731 Die oe 181.27 0.005517 
0.3 1.3499 0.740818 5.3 200. 34 0.004992 
0.4 1.4918 0.670320 5.4 221.41 0.004517 
0.5 1.6487 0.606531 5.5 244.69 0.004087 
0.6 1,8221 0.548812 5.6 270.43 0.003698 
Onda 2.0138 0.496585 5.7 298. 87 0.003346 
0.8 2.2255 0.449329 5.8 330.30 0.003028 
0.9 2.4596 0.406570 5.9 365.04 0.002739 
1.0 2.7183 0.367879 6.0 403.43 0.002479 
Lek 3.0042 0.332871 6.1 445.86 0.002243 
ier} 3.3201 0.301194 6.2 492.75 0.002029 
1.3 3.6693 0.272532 6.3 544.57 0.001836 
1.4 4,0552 0. 246597 6.4 601.85 0.001662 
1.5 4.4817 0.223130 6.5 665.14 0.001503 
1.6 4.9530 0.201897 6.6 735.10 0.001360 
ily) 5.4739 0.182684 Cink 812.41 0.001231 
1.8 6.0496 0.165299 6.8 897.85 0.001114 
1.9 6.6859 0.149569 6.9 992,27 0.001008 
2.0 7.3891 0.135335 7.0 1096.6 0.000912 
2.1 8.1662 0.122456 iho 1212.0 0.000825 
2.2 9.0250 0.110803 7.2 1339.4 0.000747 
2.3 9.9742 0.100259 7.3 1480.3 | 0.000676 
2.4 11.023 0.090718 7.4 1636.0 0.000611 
2.5 12.182 0.082085 hao 1808.0 0.000553 
2.6 13.464 0.074274 7.6 1998.2 0.000500 
7 Bee ( 14.880 0.067206 CG 2208.3 0.000453 
2.8 16.445 0.060810 7.8 2440.6 0.000410 
2.9 18.174 0.055023 7.9 2697.3 0.000371 
3.0 20.086 0.049787 8.0 2981.0 0.000335 
3.1 22.198 0.045049 8.1 3294.5 0.000304 
3.2 24.533 0.040762 8.2 3641.0 0.000275 
3.3 27.113 0.036883 8.3 4023.9 0.000249 
3.4 29.964 0.033373 8.4 4447.1 0.000225 
3.5 33.115 0.030197 8.5 4914.8 0.000203 
3.6 36.598 0.027324 8.6 5431.7 0.000184 
3.7 40.447 0.024724 ae 6002.9 0.000167 
3.8 44.701 0.022371 8.8 6634.2 0.000151 
3.9 49.402 0.020242 Sao 7332.0 0.000136 
4.0 54,598 0.018316 9.0 8103.1 0.000123 
4.1 60.340 0.016573 9.1 8955.3 0.000112 
4,2 66.686 0.014996 9.2 9897.1 
4.3 73.700 0.013569 9.3 10938 
4.4 81.451 0.012277 9.4 12088 
4.5 90.017 0.011109 9.5 13360 
4.6 99.484 0.010052 9.6 14765 
4.7 109.95 0.009095 9.7 16318 
4.8 121.51 0.008230 9.8 18034 
4.9 134,29 0.007447 9.9 19930 
5.0 148,41 0.006738 10.0 22026 Ps 

LL LLLLLLLLLLLLLL LLL ALLL LL 
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APPENDIX V 


For the purpose of facilitating computations, a table of values 
of the energy distribution function e~”, its integral, and the 
function ¥(2) have been included: 


TABLE or VALUES FoR e~*? AND ¥(z) 


£ ent? ‘ tS er —22] 
vad 6"dx (x) 

0.1 0.99905 0.11246 0.20066 
0.2 0.96080 0.22270 0.40531 
0.3 0.91393 0.32863 0.61784 
0.4 0.85214 0.42839 0.84200 
0.5 0.77880 0.52050 1.08132 
0.6 0.69768 0.60386 1.33907 
0.7 0.61263 0.67780 1.61819 
0.8 0.52729 0.74210 1.92132 
0.9 0.44486 0.79691 2.25072 
1.0 0.36788 0.84270 2.60835 
at. 0.29820 0.88021 2.99582 
1.2 0.23693 0.91031 3.41448 
ie 0.18452 0.93401 3.86538 
1.4 0.14086 0.95229 4.34939 
1.5 0.10540 0.96611 4.86713 
1.6 0.07730 0.97635 5.41911 
7 0.05558 0.98379 6.00570 
18 0.03916 0.98909 6.62715 
1.9 0.02705 0.99279 7.28366 
2.0 0.01832 0.99532 7.97536 
2.1 0.01215 0.99702 8.70234 
2.2 0.00791 0.99814 9.46467 
2.3 0.00504 0.99886 10 .26236 . 
2.4 0.00315 0.99931 11.09547 
2.5 0.00197 0.99959 11.96402 
2.6 0.00116 0.99976 12. 86798 
2.7 0.00068 0.99987 13.80734 
2.8 0.00039 0.99992 14.78225 
2.9 0.00022 0.99996 15.79255. 

273.0 0.00012 0.99998 16. 83830 

eT a 
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APPENDIX VI 


Values of definite integrals of the form it ure—*m*du, from 0 to 


eo for various values of n: 


; —hmwdy = ae 
{ é é 2N hm 


7 —hmu* d = oie 
é Uadu Shin 


—hmu* 4,2 Ps 
e wdu = —./—_— 
AN h3m3 


. —hmu? 3du = 1 
: i 4 2h?m? 


J 

( 

[ieee 
if * ech? ty = 3 eee 
iI “etm ysdy = 5 

it “eimai = i Ex 
J 


3 


ac 
—hmu*)7 = 
€ udu iim 
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from the Joule-Thomson effect, 


169 
Absorption of gases, 242 
Accommodation coefficient, and 


problem of atomic reflection by 
surfaces, 311 
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316 
values of, for different gases and 
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Accuracy of agreement between 
theory and experiment dis- 
cussed, 3, 121 
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tion of molecules, 316, 324 
Adsorption of gases, 242 
of molecules by surfaces, 
Affinity, electron, defined, 442 
of gases, 507 
theory of, 510 
values of, 513 
Alcohol, ethyl, dipole moments for, 
409 
Ammonia, dipole moment for, 404 
Apsidal distances and molecular 
collisions with ions, 461 
Atmospheres, electron, 105, 378 
law of, and Brownian movements, 
341 
deduction, 343 
in colloidal suspensions, test 
of, 345 
molecular, qualitative picture of, 
342 
Atomic diameters, Appendix I 
frequencies, and absolute melting 
points, 385 
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Atomic frequencies, and elastic 
constants, 385 
in solids from auantum theory 
and specific heats, 379 
observed and calculated from 
quantum theory, 386 
optical, from Reststrahlen, 385 
heats, and absolute temperature, 
361 
and Avogadro’s rule, 361 
and Du Long and Petit’s law, 
375 
classical derivation of, 380 
defined, 360 
derivation of, assuming quan- 
tum conditions, 383 
of monatomic gases, 368 
of solids, 375 
on quantum theory, value of, 384 
per degree of freedom on theory 
of equipartition, 367 
table of, 360 
variation of with temperature, 
377 
with temperature, interpreted 
by kinetic theory, 376 
number, and atomic diameters 
from viscosity, 199 
pairing, and condensation, 333 
radius, average computed from 
diamagnetic properties, 415 
Atoms, combined, work function of, 
on surfaces, 330 
condensation of, on surfaces of 
own species, 311 
isolated on surfaces, and effect 
of on condensation, 333 
metallic, jets of evaporating, 308 
on solid surfaces, forces between, 
310 
periods of oscillation on surfaces, 
329 


537 


538 


Atoms, probability of evaporation 
from surfaces, 332 
reflection of, according to Cosine 
law, 308 
transparency of, to slow electrons, 
53, 378, 505 
Attachment of electrons to mole- 
cules, 507 
Average displacement and _ the 
square root of the average 
square displacement in Brown- 
ian movements, 356 
velocity, 26, 79 
Averages, velocity, relation between 
the different, 80 ‘ 
Averaging, effect of different 
methods on kinetic theory con- 
stants, 94, 133, 187, 207, 271, 
278, 356 
Avogadro number, evaluation of, 
338 
from Brownian movements 
compared with other values, 
353 
from rotational Brownian move- 
ments and diffusion rate of 
Brownian movements, 354 
value of, Appendix II 
value of, from Brownian move- 
ments, 353 
value of, from law of atmos- 
pheres, 348 
Avogadro’s rule, 21 
and atomic heats, 361 
experimental verification of, 23 
history of, 21 


B 


Boltzmann’s constant, 85, 98, 188, 
367 
Boyle’s law, 10, 37, 122 
deviations from, 122 
Brownian displacement, equation for 
351 
pattern, picture of, 351 
time variation of, experimentally 
tested, 352 
Brownian motion, random nature 
of, 351 
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Brownian movements, 7, 388 
and law of atmospheres, 341 
and Loschmidt number, 339 
description of, 339 
Einstein theory of rotational, 
354 
eternal, 340 
influence of solvent on validity 
of theory of, 341 
law of Einstein and verification 
of, 348 
laws verified by oil-drop meas- 
urements, 354 
variation with temperature, 
experimental test of, 352 
viscosity and radius, experi- 
mental test of, 353 
particles, diffusion rate of, 354 


C 


Catalysis and adsorption, 242 
Chance of velocity having certain 
value, 77 
Clausius, pressure-volume relation, 
37, 122 
Clausius-Mosotti law, deduced, 395 
theory of dielectrics, 390 
Cluster ion, theory of, 452 
Coefficient of accommodation, de- 
fined, 274 
of diffusion, correction factor e, 
value of, 238 
defined, 218 
for ions, 439, 449 
of external friction, 245 
of heat conduction, as derived by 
Meyer, 209 
definition of, 201 
values of, 203 
of recombination, ionic, 440, 478 
of slip, 245 
for oil drops, 313 
in relation to atomic reflection, 
313 
of viscosity, defined, 179 
values of, 180 
Coefficients of accommodation and 
slip, evaluation of by Baule, 316 
test of Baule’s theory, 318 
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Collision frequency for molecules of 
given speed, 90 
value of, 93 
Collision frequency, of molecules, 30, 
33, 34, 36, 90 
Collision ionization by, 443 
surface and collision volume for 
molecules, 33, 130 
theory of ionization by, for elec- 
trons, 515 
Collisions, average number by elec- 
trons in getting fraction ¢ of 
terminal energy in field, 502 
between ion and molecule, defi- 
nition of, 458 
molecular, definition of, 192, Ap- 
pendix I . 
Compression, irreversible, 
interpretation of, 20 
reversible, kinetic interpretation 
of, 18 
Condensation and reevaporation, of 
atoms from surfaces dependent 
on stream density, 310 
theory of Frenkel, 325 
theory of Langmuir, 326 
Condensation, effect of isolated 
- atoms on surfaces on, 333 
Frenkel theory of, experimental 
tests, 334 
kinetic theory of, for liquids, 319 
mechanism of, on glass surfaces, 


kinetic 


326 
of atoms dependent on stream 
density, experimental  evi- 


dence for, 310 
of molecules on solid surfaces, 242 
quantitative theory of Frenkel, 327 
thickness of critical layer for, 333 
Conduction, heat, nature of, in 
solids, liquids, and gases, 202 
of electricity in gases, application 
of kinetic theory to, 439 
Conductivity, electrical, in gases, 
cause of, 439 
Constant, attachment, for electrons, 
441, 510 
Boltzmann’s, 85, 98, 188, 367 


539 


Constant, dielectric, in gases, 396, 
453 : 
Faraday, and Brownian move- 
ments of oil drops, 356 
and velocity of electrons from 
hot bodies, 108 
mobility, of ions, 439 
universal gas, 11 
value of, 13 
Constants of distribution law, 76 
Cosine law of reflection of atoms from 
surfaces, 308 
Critical constants, and reduced equa- 
tion of state, 170 
Critical data, evaluation of Van der 
Waals’ a and b from, 153 
numerical verification of “Van 
der Waals’ a and b from, 155 
phenomena in gases, early obser- 
vations of, 154 
pressure, defined, 152 
temperature, defined, 152 
for ferromagnetic state, values 
of, 425 
volume, defined, 152 
Crookes radiometer, 241, 280, 296, 
303, 307 
differentiated from Knudsen’s 
absolute manometer, 280 
Einstein equation for, 307 
experimental test of, 307 
Einstein theory of, 303 
Curie law, and zero-point energy, 432 
for paramagnetic temperature 
variation, 417, 419, 424 


D 


Dalton’s law of partial pressures, 24 
Debye theory of dielectrics, experi- 
mental verification of, 404 
Degrees of freedom, and equiparti- 

tion of energy, 364 
defined, 364 
“sleeping,” defined, 376 
Density, critical, for adsorbed layer, 
333 
gaseous, variation of ion mobility 
with, 469 


540 
Diamagnetism, and temperature, 
_ 416 
defined, 411, 413 
explanation of, 413 
theoretical equation for, 414 
Diameters, apparent value of, for 
ion and molecule on impact, 458 
of colloidal particles, determina- 
tion of, 347 
of molecules, 30, 158, 189, 199, 
338, Appendices I and III 
in mean free path, 34, 46, 
Appendix ITI 
Diatomic gases, molecular heat of, 
368 
Dielectric constant, and ionic forces, 
452 
Debye theory of, 399 
defined, 395, 453 
experimental variation of, with 
temperature, 404 
of molecules, 389 
temperature variation of, 399 
theory of variation with tem- 
perature of, 395 
Diffuse reflection of atoms from 
walls, 308 
Diffusion, 218 
and heat conduction, parallelism 
between, 221 
coefficient, and Tait’s free path, 231 
correction factor ¢, 231 
defined, 220 
dependence of, on composition 
of gas mixture, 235, 236, 238 
measurement of, method of 
Loschmidt, 232 
of Stefan, 234 
observed values of in different 
substances, 222 
of ions, 441, 450 
units expressed in, 221 
variation of, with mol fraction 
and mass motion of gas. 221 
with temperature and pres- 
sure, 236 
viscosity coefficient, 
between, 224 
criticism of theory of, 230 
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Diffusion, definition of, 218 
experimental observations on, 235 
inter, defined, 219 

fundamental equations for, 220 
measurement of, in gases, 231 
of gases, why slow when velocities 
are high, 27, 29 
of ions, derivation of theoretical 
expression for, 449 
of ions versus self-diffusion of mole- 
cules, 451 
self-, elementary theory of, 223 
taking into account distribution 
of velocities and free paths, 
224 
theory of interdiffusion, 226 
self-, 222 
Dipole moments, calculated from 
Debye theory, 404 
from quantum theory, 405 
Dipole moments, for molecules, 
table of, 408 
values of, compared with molecu- 
lar dimensions, 405 
Dipoles, electrical, existence of, in 
molecules, 393 
orientation of, in electrical field, 
401 
Displacement of Brownian particles, 
description of, 348 
with time and law of Einstein, 348 
Langevin deduction of, 349 
Distance for electron to gain fraction 
@ of terminal velocity in field, 
503 
Distribution law, and derivation of 
specific heats on classical the- 
ory, 380 
evaluation of constants of, 76 
Distribution of electron-free paths, 
49 : 
of energies, and paramagnetic 
susceptibilities, 418 
effect of, on concentrations of 
molecules about ions, 472 
on orientation of electrical 
dipoles, 401 
of energy among 
freedom, 363 


degrees of 


—&«“” 


SUBJECT INDEX 


Distribution of free paths, 41 
and velocities, applied to deri- 
vation of coefficient of heat 
conduction, 205 
plot of, 43 
of velocities, 56, 76, 78, 80, 86, 
90, 94, 97, 98, 99, 102, 105, 
110, 135, 182, 187, 205, 207, 
224, 226, 249, 252, 265, 269, 
287, 299, 319, 328, 380, 401, 
446, 472 
Boltzmann’s method, 57 
by rotating-plate method, 102 
conditions determining, 66 
from Doppler effect, 110 
from effusion of gases, 265 
from electrons from hot bodies, 
105 
Maxwell’s method, 71 
on escape from hot bodies, 99 
plot of law, 79 
reason for, 56 
unaffected by evaporation, 101, 


321 
- verification of Maxwell’s law, 
97 
Doppler effect, and molecular rota- 
tion, 365 


distribution of velocities from, 110 
Du Long and Petit’s law, 360 
absence of atomic rotations, 432 
correction to, for expansion of 
elements, 379 
deviations from, 361 
explanation of, 376 


E 


Edge effect in radiometric vanes, 307 
Effect of temperature on deviations 
from Van der Waals’ equation, 
159 
Effusion, of gases, 263 
test of theory of, 265 
theory, proof of Maxwell’s dis- 
tribution law by, 265 
Elastic impacts, effect of, on ions 
when forces act, 471, 474 
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Elastic impacts, of electrons, and 
ionization by collision, 517 
velocity exchanges in, 17, 61, 444 
Elasticity of molecular impact, 15, 
369, 371 
Electric moments of molecules, 404, 
408, 454 
Electrical polarization, value of, on 
quantum theory, 405 
Electron affinity, defined, 442 
means of investigation of, 509 
of gases, 507 
Electron atmospheres of metals, 105, 
378 
attachment, constant, crude val- 
ues of, 513 
equation of, 512 
experiments of Bailey, 514 
measurements of, 512 
probability of, 511 
theory of J. J. Thomson, 508, 
510 
values of, by Bailey, 514 
Electronic vibrations, equipartition 
and quantum restrictions, 371 
Electrons, abnormal free paths of, 
63, 378, 505 
free paths of, as deduced from 
mobilities, 505 
Electrons and electronegative and 
electropositive properties of mo- 
lecular gases, 509 
average velocities of, from hot 
bodies, 98 
coming from incandescent bodies, 
measurement of velocities for, 
107 
constant for ionization by colli- 
sion, by theory of Townsend, 
516 
distance necessary to get fraction 
@ of terminal energy from 
field, 503 
distribution of velocities among, 
from hot source, 105 
elastic impact of, and ionization 
by collision, 517 
elasticity of impact derived from 
mobilities, 505 
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Electrons, energy of, in field, 496, 499 
energy loss of, in a gas, 496 
equation for terminal velocities of, 

in field, 500 
free, and specific heats, 378 
in gases, 507 
in inert gases, 508» 
in metals, 105, 202, 378 
number of, from atomic heat 
data, 379 
numbers of, in metals, 378 
free paths of, 48 
and velocity, 53 
derived from mobilities, 505 
distribution of, 49 
in gases, 439 
ionization by collision of, 515 
loosely bound in metals, 379 
mobilities of, 496 
discussed, 442 
equation of, 503 
values of, theoretical and ob- 
served, 504 
non-radiating orbits of, 369, 413 
number of collisions of, in acquir- 
ing energy ¢ in field, 502 
orbits of, average radius of, 
from diamagnetic properties, 
415 
probability of ionization 
resonance by, 518 
role of, in recombination of 
ions, 491 
temperature of, in a gas in electric 
field, 498 
terminal velocity of, 498 
time of recombination of, with 
ions, 494 
values of terminal velocities in 
field, 501 
velocity of, in electric field, 442 
Energetics, school of, 6 
Energies, potential and_ kinetic, 
ratio of, for ions in a gas, 455 
Energy, distribution of, and con- 
centration of molecules about 
ions, 472 
equation for transfer of, between 
surfaces at low pressures, 272 


and 
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Energy, equipartition of, 28, 71, 80, 
363, 498 
and distribution law, 80 


deduced for translational 
energies, 83 
exchange between absolutely 


rough surfaces for transla- 
tional energy at low pressures, 
270 
solid and gas, mechanism of, 
266 
loss, rate of, in elastic impacts 
with no forces, 466 
of electrons in a gas, 496 
per degree of freedom, 367 
in vibration, 364 
potential, of ion and molecule at 
contact, 455 
rotational, transfer of through 
gas, 204, 270 
transfer of, at low pressure, com- 
parison between theory and 
experiment, 273 
between differently shaped sur- 
faces at low pressures, 274 
between surfaces for rotational 
and translational energies at 
low pressures, 271 
simple kinetic theory of, for 
gases, 203 
through gas, 201 
Entropy and kinetic theory, 71 
Equation of state, 11, 38, 120, 122, 
125, 170 
analysis of, by calculus methods, 
148 
definition of critical isotherm in, 
152 
development and accuracy, 121 
empirical, 171 
of Clausius, 171 
existence of imaginary roots of, 
149 
for ideal gas, 11 
graphical representation of, 147 
in terms of critical constants, 170 
of Dieterici, 172 
of Kamerlingh-Onnes, 170 
of Reinganum, 173 
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Equation of State, reduced, 170 
taking into account volumes of 
molecules, 37 
Van der Waals’ deduction of, 122 
Equations of state, other, 170 
Kquilibrium, and irreversible phe- 
nomena, 178 
and steady state in a gas, dif- 
ferentiated, 182 
for condensation and evaporation, 
kinetic theory of, 96, 319 
in a gas, assumed conditions for, 
72 
Equipartition applied to rotation 
and vibration, 366 
law, importance and origin of, 
80 
of energy, 23, 71, 80, 363, 498 
and Maxwell’s distribution law, 
80 
applied to special cases, 85 
criticisms of, 82, 85 
deduction of, for translational 
energy, 83 
extended to rotation and vibra- 
tion, 86, 364 
history of, 81 
Ether, ethyl, dipole moments for, 
406 
Evaporation, kinetic theory of, 319 
latent. heat of, accurate equation 
for, 324 
deduced by kinetic theory, 319 
rate of, and vapor pressure, 96 
Exclusion, overlapping of spheres 
of, 131 
sphere of, and volume }, 33, 130 
Expansion coefficient, ideal, abso- 
lute value of, 147 
of ideal gas, 143 
pressure, 144 
real, for different types of gases, 
146 
relations between, for real and 
ideal gases, 145 
volume, 144 
Expansion, early experiments on 
work involved in, 163 
work of, for non-ideal gas, 162 
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F 


Faraday constant, and evaluation 
of Loschmidt number, 339 
and ratio of mobility and diffusion 
coefficients of ions, 451 
and verification of the law of 
Brownian movements, 357 
from electron velocity distribu- 
tion, 108 
Ferromagnetism, and inner field, 421 
definition of, 412, 422 
explanation of high inner fields 
in, 430 
Weiss theory of, 422 
Field, high inner, in ferromagnetism, 
explained, 430 
inner, and ferromagnetism, 422 
constant of, 396 
magnetic values of, 422 
Flow in tubes for rarefied gases, 252 
Flow of gases through aperture 
and tube system at low pres- 
sure, calculation of, 264 
through tubes, deduced, 243 
Force, inverse fifth power law of, 
deduced, 453 
law of, assumed between ion an 
molecule, 453 ‘ 
between ions, 480 
between molecules, 123, 136, 
159, Appendix I 
Forces, attractive, effect on free path 
of ion, 456, 460 
in gases as influenced by tempera- 
ture, 160 
Forces between walls and molecules, 
311, 325, 327, 329, 335 
influence of, on Van der Waals’ 
equation, 124 
Forces, electrical, orientation of 
molecules by, 401 
intermolecular, effect of, on mole- 
cular motions, 191 
magnetic, orientation of molecules 
by, 418, 436 
of ions, effect of, on concentra- 
tion of molecules, 472 5 
radiometric in gases, 295 
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Forces, simultaneous, repulsive and 
attractive, explanation of, 161 
Free paths, concept of, 29 
distribution of, for electrons, 49 
for molecules, 46 
exceeding given length, probability 
of, 42 
importance of taking account of 
distribution of, 44 
of given length, probability of, 42 
of molecules, law of distribution, 41 
of silver atoms in a gas, 46 


G 


Gas constant, numerical value of, 13 
constant, of single molecule, 85, 
98, 188, 367 
universal, determined from dis- 
tribution of electronic veloci- 
ties, 109 
Gas electron affinity of, 442 
expansion coefficients of, and Van 
der Waals’ constants, 142 
internal pressure of, dependence 
on volume, 125 
irreversible compression of, 20 
law, ideal, 11, 120, 122 
laws, consideration of molecular 
volumes and forces, 120 
effect of repulsive forces on, 
treated by theorem of virial, 


138 
ideal, deviation of real gases 
from, 122 
treated by theorem of the 
virial, 135 


model of a perfect, 14 
pressure, derived by Joule, 17 
volume of, flowing out of tube at 
extremely low pressures, 255 
at high pressures, 245, 246 
work of compressing, 18 
Gaseous conductivity, cause of, 439 
Gaseous ion mobilities, analysis of, 
assuming forceless elastic 
ions, 443 
analysis of, when attractive 
forces act, 456, 460, 471 
simple kinetic theory of, 44 
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Gaseous ions, defined, 489 
recombination of, 478 
Gaseous pressure, kinetic interpreta- 
tion of, 17, 37, 122 
Gases, attractive forces in, treated 
by theorem of the virial, 136 
conductivity of, produced by X- 
rays, 439 
critical point of, meaning of, 150 
early observations, 154 
effusion of, 263 
test of theory of, 265 
flow of, through system, illustra- 
tion of calculation of, 264 
through tubes at all pressures, 
empirical experimental 
equation for, 258 
final theoretical equation for, 
262 
identification of empirical and 
theoretical constants of, 
259 
plot of, 257 
measurement of, diffusion in, 231 
viscosity in, 193 
Poisseuille’s law of flow of, 243 
radiometric forces in, 295 
rarefied, flow in tubes for, 262 
laws of, 240 
surface phenomena in, 240 
Gravitational forces, application of 
to molecules, 15 


H 


H function, the, 67 
application to distribution law, 
67 
H theorem, the, 67 
and the meaning of H, 70 
Heat conduction, at low pressures, 
265 
between differently shaped sur- 
faces, 274 
correction factor for different 
surfaces, experimental values 
of, 275 : 
critique of Knudsen’s theory of, 
by Smoluchowski, 278 _ 
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Heat conduction, experimental in- 
vestigation of, 275 
Knudsen’s theory of, 268 
Smoluchowski’s theory of, 277 
Heat-conduction coefficient, 201 
as analyzed by Jeans, 212 
comparison between theory and 
experiment, 215 
correction factor e¢ of, justification 
for, 216 
observed for different gases, 215 
Jeans’ value of, 214 
Knudsen’s value of, 276 
Meyer’s value of, 212 
variation of with pressure and 
temperature, 217 
viscosity coefficient, 
between, 204 
Heat conduction, conditions defining 
equilibrium for, 210 
deduction of coefficient of, using 
distribution of free paths and 
velocities, 205 
definition of, 201 
derivation of coefficient 
rected, 207, 208 
nature of in solids, liquids, and 
gases, 202 
results of Chapman and Enskog, 
215 
simple kinetic theory of, 203 
simple theory for  translatory 
energy of, at low pressures, 268 
theory of Knudsen for, using 
translational and rotational 
energies, 270 
Heat conductivity, values of coeffi- 
cient of, 203 
mechanical equivalent and kinetic 
hypothesis, 5, 10 
quantity, 358 
Heats, specific, interpretation of by 
kinetic theory, 358 
Hypothesis, the kinetic, birth of, 5 
established, 6 


relation 


cor- 


I 


Impacts, between ion and molecule, 
momentum exchanges in, 444 
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Impacts, elastic, 14, 17, 56, 61, 136, 
247, 316, 364, 369, 444, 462, 
470, 474 
solid type of, effect of neglect of, 
in Thomson theory, 462, 470 
Inner field, and ferromagnetism, 422 
constant of, 396 
magnetic values of, 421 
of ferromagnetic substances, high 
values of explained, 430 
“Tnsulating layer’ at solid gas 
interface, nature of, 266 
Interdiffusion, and mass motion, 
226, 229 
definition of, 219 
theoretical expression for, 229 
Interference fringes, and mean free 
paths, 111 
and molecular velocities, 111 
path difference over which they 
can be observed, 111 
visibility of, 114 
Intermolecular forces, value of work 
done against, 165 
Internal pressure, dependence of 
on volume, 125 
Inverse fifth power law of force, 
deduced, 453 
Inversion temperature of Joule- 
Thomson effect, 168 
Ion mobility, and pressure, 440 
assuming forceless elastic ions, 443 
complete theory of Langevin, 474 
computed values of, on different 
theories, 476 
constant of, defined, 440 
defined, 440 
difference of positive and negative, 
discussed, 477 
equation of Langevin, 468 
of Thomson and Loeb, 468 
for mono-molecular ion compared 
with observation, 451 
from rate of energy loss through 
forces, 460 
in mixtures, 471 
modified Wellisch theory of, 
comparison with experiment, 
460 
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Ion mobility, more complete equa- 
tions, of, 474 
on simple kinetic theory, 44 
theoretical expressions for, 44, 448, 
459, 468, 475, 
value of, Wellisch deduction, 459 
theories, weakness of, 477 
theory of J. J. Thomson and Loeb, 
460 
of Langevin, 443 
of Sutherland, 474 
of Wellisch, 456 
variation of, with density and mass 
of gas molecules, 468 
with dielectric constant, 469 
with mass of ion, 469 
with attractive forces, 456 
Ton, nature of, 471 
theories, Cluster-and Small-ion, 
452 
essential difference between, 453 
Tonic recombination theory, correc- 
tion factor of Richardson and 
Thomson, 483, 485 
Tonization by collision, 443 
constant of, 443 
experiments by Townsend, 515 
theory of, and probability of ion- 
ization, 518 
lonization, by impact, by electrons, 
515 
columnar, and recombination, 479 
potential, deduced by Town- 
send’s experiments, 516 
probability of, by electrons, 518 
Ions and molecules, definition of 
collision for, 458 
law of force between, 453 
orbit described, 456 
potential energy at contact, 455 
relative motion of, 456 
Ions, charge carried by, 441, 451 
calculated from observed ratio of 
mobility and diffusion coeffi- 
cients, 451 
Ions coefficient, of diffusion of, 441, 
450 
of recombination of, defined, 442 
478 


Ions, concentration of molecules 
about, 472 
diffusion of, 441, 449 
theoretical equation for, 449 
formation of from electrons, 507 
gaseous, defined, 439 
large, 440 
momentum exchanges with mole- 
cules on impact, 444 
motion of, in gas, 440 
observed values of mobility of, 
440, 451, 476 
one class of, of unique velocity, 440 
positive and negative, relative 
mobilities of, 440 
ratio of coefficient of mobility 
and diffusion, 450 
recombination of, 478 
comparison of theories and 
experiment, 488 
effect of free electrons, 491 
process, 480, 491 
theory of Langevin, 479, 481 
of J. J. Thomson, 483 
size of, 452, 455, 474 
small, theory of, 456 
stability of, 455 
velocity of and field strength, 
440 
theoretical expression for, under 
any force, 447 
Iron, a, 8, y, and 6 states of, 
429 
Irreversible phenomena, 177 
kinetic theory, and thermody- 
namics, 178 
Isotherms, definition, 148 


J 


Jacobean transformation, 381 
Joule-Thomson effect, comparison 
of theoretical equation with 
experiment, 168 
interpreted by Van der Waals’ 
equation, 162 
inversion temperature of, 168 _ 
more accurate equation for, 169 
theoretical equation for, 167 
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K 


Kinetic theory, apparent para- 
doxes in, 27, 284 
early speculations on, 5 
history of, 5 
simple, assumptions underlying, 
14 
Knudsen’s equation for flow of gases 
in tubes at all pressures, 252 
low-pressure work, 252, 263, 265, 
279, 283 


L 


Langevin function, 401, 418 
Langevin’s law for temperature vari- 
ation of paramagnetic sub- 
stances, 418 
La Place theory of surface tension 
applied to gases, 124, 154 
Latent heat of evaporation, deduc- 
tion of, by kinetic theory, 319 
of vaporization, rigorous equation 
for, deduced by kinetic the- 


ory, 323 
Lenz’s law and diamagnetism, 412 
Light pressure and _ radiometric 
forces, 296 


Lorenz-Lorentz law, 390, 397 
derived, 397 
Loschmidt number, evaluation of, 
338 
Low-pressure phenomena, 240 
flow of gases at, 252 
heat conduction at, 265 
Low-pressure and high-pressure phe- 
nomena, essential difference be- 
tween, 241 


M 


Magnetic behavior, and zero point 
energy, 432 
different types of, qualitatively 
explained, 412 
Magnetic, orientation in solids, 431 
permeability, and dia- and para- 
magnetism, 412 
properties of molecules, 411 
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Magnetism, criticism of kinetic 
treatment of, for solids, 431 
Magneton, defined, 434 
of Bohr, value of, 435 
of Weiss, value of, 434 
proof of existence of, 436 
Magnetons of Weiss and Bohr, 
relations between, 434, 435 
Manometer, absolute, 279 
equation for, 282 
experimental test of, 283 
kinetic theory of, 280 
Smoluchowski’s theory of, 283 
Mass motion in interdiffusion, 229 
Mass, transfer of, through a gas, 218 
Maxwell’s deduction of distribution 
law, 71 
Maxwell’s distribution law, 56,76, 78, 
80, 86, 90, 94, 97, 98, 99, 102, 
105, 110, 135, 182, 187, 205, 
207, 224, 226, 249, 252, 265, 
269, 287, 299, 319, 328, 380, 
401, 418, 446, 472 
and concentration of molecules 
about ions, 472 
and magnetic orientation, 418 
and molecular rotation, 365 
applied to ionic mobilities, 
446 
applied to orientation of elec- 
trical dipoles in electric field, 
401 
derivation of molecular heats 
from, 380 
direct proof of, 103 
other forms of, 85, 86, 100, 209, 
223, 401, 418, 446 
plot of, 79 
proof of, from breadth of 
spectral lines, 110 
proof of, from effusion theory, 
265 
proof of, from thermionic 
electrons, 105 
Maxwell’s distribution of velocities 
among evaporated molecules, 
101, 321 
verification of, 97 
Maxwell’s f defined, 248 
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Maxwell’s f, in gaseous reflection, 
values of, 250, 251, 277, 313, 
315, 318 

Maxwell’s free path, 49, 86, 90, 94, 
130, 185, 206, 225, 230, 448, 450 

Mean free path, 29, 34, 35, 41, 46, 48, 
49, 86, 88, 90, 94, 126, 130, 185, 
186, 198, 206, 208, 225, 230, 448, 
450 

approximate value, 34 

Clausius correction of, for volumes 
of molecules, 130 

discrepancies between values of, 
from transfer theory and 
equation of state, 177 

effect of on interference fringes, 
111 ; 

elementary deduction of, 35 

evaluation of, from transfer the- 
ory, 177 

for disc-like molecules, 127 

for molecules exerting forces on 
each other, 193 

for molecules of different sizes, 88 

in gaseous mixtures, 88 

including distribution of veloc- 
ities, 86 

of electrons, 48 

of ions, shortening of, due to 
attractive forces, 456 

of molecules, derivation of, 42 

of molecules of given speed, 94 

pressure variation of, 35 

relative velocity correction for, 35 

shortening of, for spherical mole- 
cules, 127 

usage of different expressions, 94 

Van der Waals’ correction of, for 
volumes of molecules, 127 

Mechanical equivalent of heat, 
and kinetic hypothesis, 10 

Mechanics, statistical, and equipar- 
tition of energy, 81 

Mechanistic analysis, value of, 2 

interpretation of nature inade- 
quate, 1, 120 

Mixtures, gaseous, ion mobilities in, 

471 
mean free paths in, 88 


Mixtures, liquid, dielectric constant 


in, 408 


Mobilities of electrons, 442, 496 


values of, theoretical and ob- 
served, 504 


Mobilities of ions, assuming forceless 


elastic ions, 443 
defined, 440 
elementary kinetic theory of, 44 
equations for, 44, 448, 459, 468, 
475 
in mixtures, 471 
more complete equations of, 474 
test of simple theory, 451 
values of, on different theories, 476 


Mobilities of positive and negative 


ions, difference in, 477 


Mobility and diffusion coefficients, 


ratio of, 450 
constant of ions, 440 
equation of Thomson and Loeb, 
462 


Model of a perfect gas, 14 
Molecular coltision, effect on path 


difference over which interfer- 
ence is obtained, 111 
constitution, effect on viscosity, 
198 
diameter, significance of values of, 
189, Appendix I 
dimensions and dipole moments, 
405 
free paths, distribution of, 41 _ 
experimental knowledge of, 46 
heats, and correction for work 
of expansion, 378 
and Neumann’s law, 376 
at constant pressure, kinetic 
‘interpretation of, 373 
at constant volume, and con- 
stant pressure for different 
gases, ratio of, observed 
values, 374 
deviation from theoretical 
values of, 362, 369 
volume, kinetic interpreta- 
tion of, 374 
of chemical compounds, table 
of, 362 
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Molecular heats, of diatomic gases, 


368 
of polyatomic gases, 368 
of solids, 375 
of types of gases, 361 
ratio of, interpreted by kinetic 
theory, 374 
impacts, “chain of,’”? mechanism 
applied to latent heat of 
evaporation, 323 
energy losses in, 14, 17, 56, 
61, 136, 247, 316, 364, 369 
mean free paths, including distri- 
bution of velocities, 86 
motions, 16, 29, 56, 61, 90, 102, 
190, 338, 339, 364 
necessity of, proof of, 338 
reality of, 338 
polarizability, temperature varia- 
tion of, 392 
radius and Avogadro number, 338 
and thickness of soap films, 339 
and Van der Waals’ b, 338, 
Appendix I 
as affected by temperature, 159 
roughness, defined, 273 
velocities, and slow diffusion, 27, 29 
distribution of, 56 
by Boltzmann’s method, 57 
velocity averages, relation 
between, 80 


Molecules, adsorption of, by surfaces, 


308 
and ions, law of force between, 453 
potential energy of, at contact, 
455 
application of Newton’s laws to, 
14, 61 
average distance of approach on 
impact, 128, 161, Appendix I 
average velocities of, from hot 
bodies, 98 
collision frequency of, 30, 90 
concentration of, about ions, 472 
correction for volume of, on 
_ mean free path in gas, 126 
Debye theory ot dielectric con- 
stant of, 399 


Molecules, deformation of, by im- 


pacts at ordinary temperatures, 
369 
diameter of, 30, 161, Appendices 
I and III 
as influenced by velocities, 162, 
Appendix I 
in mean free path, 34, 46 
dielectric constant of, 389 
electric moments of, 404, 408, 454 
electron affinity of, 442 
existence of electrical dipoles in, 
393 
free paths of, in gaseous mixtures, 
88 
magnetic properties of, 411 
mean collision frequency of, for 
given speed, 93 
mean free path of, 29, 34, 365, 
41, 46, 48, 49, 86, 88, 90, 94, 
126, 130, 185, 193, 206, 208, 
225, 230, 448, 450 
for given speed, 94 
mechanism of condensation of, 
on glass surfaces, 326 
nature of impacts of, with solid 
surfaces, 242 
with surfaces, summarized, 324, 
330 
number of, having components 
along given axis, 76 
having given velocity, 77 
striking surface at given angle, 
96 
striking unit surface per second, 
40, 94, 226, 253, 263, 269, 
281 
deduced from self-diffusion, 
226 
elementary deduction, 40 
using Maxwell’s law, 94 
with calculation of vapor 
pressures, 96 
pairs of, importance in condensa- 
tion on foreign surfaces, 326 
polarizability of, 390 
rate of escape of, from hot surface, 
99 
reflection of, from surfaces, 308 


550 


Molecules, self-diffusion of, 222 
speed of, 25, Appendix III 
surfaces and volumes of, in gases 

relative to containing vessels, 
33, 34 
“time of lingering’? on surfaces, 
defined, 325 
velocities of, by rotating plate, 102 
volume of, and dielectric constant, 
389 
computed from polarizability 
and critical data, 392 
Moments, electrical dipole, calcu- 
lated from Debye theory, 404 
magnetic, quantization of, 436 
parallelism of electric and mag- 
netic in ferromagnetism, 431 
Momentum transfer, mechanism of, 
in gas, 181 
transfer, through gas, 176 
Monatomic gases, atomic heat of, 
368 
explanation of absence of rotation 
in, 368 


N 


Neumann’s law, 362, 375 
Number of molecules in gram mole- 
cule, 26, 28, 347, 353, 354, 
Appendix II 
in unit volume and mean free 
path, 34, 46 
striking unit surface per second, 
40, 94, 226, 253, 268, 269, 281 
elementary deductions of, 40 
using Maxwell’s law, 94 


O 


Oil-drop measurements and Brown- 
ian movement, 354 

Optical effects and free electrons in 
metals, 378 

Orientation, magnetic, in solids, 431 

Oscillation, period of, of atoms on 
surfaces, 329 | 

- Oscillator, linear, defined, 380 

energy of, on quantum theory, 383 
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Pp 


Paramagnetic susceptibility, tem- 
perature variation of, deduced, 
418 

Paramagnetism, as related to kinetic 
theory, 417 ; 

definition of, 411, 417 
temperature variation of, 417 

Partial pressure, law of, deduced by 
kinetic theory, 24 

Peltier effect, and free electrons, 378 

Permeability, magnetic, and various 
types of magnetic behavior, 412 

Philosophy of Greeks, and ‘kinetic 
theory, 5 

Photoelectric effect, and quantum 
theory, 378 

Photophoresis, theory of, 297 

Poisseuille’s law, 193, 240, 248, 252 

and pressure, 240 

corrected for slip, 252 

of flow of gases through tubes, 
deduced, 243 

Polarizability, and chemical con- 

stitution, 392 
in mixtures of liquids, 408 
magnetic, for diamagnetic sub- 
stances, 414 
of molecules, 390, 397 
variation of, with temperature, 
392 

Polarization, electrical, for infra- 
red frequencies, 410 

Polyatomic gases, molecular heat of, 
368 

Porous plug experiment, and Van 
der Waals’ equation, 162 

comparison of theoretical equa- 
tion with experiment, 168 
Pressure, coefficient of expansion, 
for ideal gas, 10, 143 
for real gas, 144 
critical defined, 152 
differences, caused by tempera- 
ture differences in connected 
vessels at low pressures, 285 
gradient at low pressures, values 
of, 285 ‘* 
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Pressure, effect of variation of, on 
temperature drop at solid sur- 
face, 267 

gaseous, derived by Joule, 17 
on kinetic theory, 17, 37, 122 
internal, in a gas, derivation of 
expression for, 123 
low, phenomena of, differentiated 
from high pressure, 241 
partial, Dalton’s law, 24 
variation of coefficient of diffusion, 
236 
of heat conduction for gases, 217 
of ion mobility with, 440, 469 


of recombination coefficient 
with, 488 
of viscosity with, 176, 187, 
240 


Probability of a free path of given. 


length, 42 
of a given component of velocity 
along an axis, 75 
of electron attachment, 511 
of free paths exceeding given 
length, 42 
of impact at given angle at 
impact, 32, 445, 485 
within given distance of a 
molecule, 485 
of molecular collision, 31 
thermodynamie, 71 
Probable velocity, the most, 78 
Pumps, low-pressure, effect of 
development on kinetic theory, 
241 


Q 


Quantization of magneti¢ moments 
proof of, 436 
of rotations and vibrations, 365 
Quantum theory, and specific heats, 
379 
atomic frequencies from, com- 
pared to observed values, 386 
brief statement of, 369 
limitations imposed on _ equi- 
partition, 366, 370 
value of electrical polarization on, 
405 


R 


Radiometer, Crookes, 241, 280, 296, 
303, 307 
experimental test 
equation for, 307 
theory of, 296 
Radiometer, function in logarithmic 
presentation, symmetry of, 303 
repulsion, theory of, 301 
Radiometers, mechanism of differ- 
ent types, 301 
Radiometric forces, comparison of 
Knudsen’s equation and that of 
Hettner and Czerny, 300 
differentiated from forces on 
absolute manometer, 280 
due to edge effects, 297 
in gases, 295 
history of, 296 
related to thermal transpiration, 
298 
theory of Hettner and Czerny, 299 
Rarefied gases, laws of, 240 
Recombination coefficient, correc- 
tion factor of Richardson for, 
485 
of ions, 478 
defined, 442, 478 
variation with pressure and tem- 
perature of, 488 
Recombination of ions, nature of 
process of, 480 
theory of J. J. Thomson, 485 
theory of Langevin, 481 
Reduced equation of state, 170 
Reflection, diffuse, differentiated 
from condensation and reevap- 
oration, 309 
of molecules, deduced from rate of 
chemical reactions, 315 
effect of adsorbed gases on, 
316, 324 
from surfaces, 242, 308 
from walls, diffuse, 308 
theory of Frenkel, 325 
reverse specular, 312, 315 
Refractive index, and chemical 
constitution, 389 


of Einstein 
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Refractive index, and molecular 
polarization, 390 


molecular, additive nature of, 
394 
Relative velocity correction for 


mean free path of molecules of 
same speed, 35 
Resonance by electron impact, prob- 
ability of, 518 
Reststrahlen and atomic frequencies, 
385 
Root-mean-square velocity, 26, 80 
Rotation, molecular, and equipar- 
tition, 364 
disappearance of in H» at low 
temperatures, 367, 372 
proven, 364 
Rotational energy, effect of, in heat 
transfer at low pressures, 271 
Rotations, absence of in mona- 
tomic gases, 367 
atomic, in solids, and magnetic 
behavior, 432 
molecular, quantum theory, and 
equipartition, 371 


Ss 


Saturation, electrical, 396 
magnetic, observation of, 420 
Self-diffusion, theory of, 222 
Slip coefficient, and problem of 
reflection of molecules from 
solid surfaces, 312, 318, 325, 
327 
deduced, 245 
from oil drops, 313 
defined, 246 
high values of, for certain surfaces, 
313 
interpreted by Baule, 250 
measurement of, 251 
nature of, according to Maxwell, 


247 

theoretical evaluation of, by 
Baule, 317 

value of, in terms of Maxwell’s f, 
250, 251 


' Slip measurements in oil drops, 
Epstein’s theory of, 313 
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Small-ion theory, 452, 456 
Solutions, extension of concept of 
atmospheres to, 341 
Sorption of gases, 242 
Specific heat, and density, 360 
at constant pressure, 359, 372 
kinetic interpretation of, 372 
at constant volume, calculated from 
equipartition, 367 
defined, 359 
definition of, 358 


interpretation of by kinetic 
theory, 358 

ratio of, interpreted by kinetic 
theory, 372 


temperature variation of, inter- 
preted by quantum theory, 
379 
values of, 359 
Spectral lines, width of, 110 
State, equations of, 170 
reduced equation of, 170 
Statistical mechanics and equiparti- 
tion of energy, 81 
Steady state and equilibrium dif- 
ferentiated, 182 
Stokes’ law and Brownian move- 
ments, 346, 349, 354 
Surface, absolute roughness of, 268 
molecular roughness of, 273 
of molecules, relative to surface 
of container, 33 
phenomena, in gases, 240 
tension, analogy to, applied to 
internal pressure in gases, 124 
Surfaces, incompletely rough, cor- 
rection factor for, 273 
reflection of molecules by, 308 
Susceptibility, mass, for diamag- 
netic substances, 415 
paramagnetic, and absolute tem- 
perature, 417 


iP 
Tait’s free path, 94, 187, 209, 230 
Temperature, absolute zero of, 11, 
147, 169, 361, 432 
evaluated, 147 
Temperature and diamagnetism, 416 
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Temperature, coefficient of para- 
magnetic-susceptibility, 417 
concept of, 12 
critical, 152, 155, 425 
defined, 152 
for ferromagnetic state, values 
of, 425 
difference, and pressure relations 
in connected vessels, 284 
effect of, in connected vessels 
at different pressures, 284 
at gas-solid surface, 266 
effect of, on deviation from Van 
der Waals’ equation, 159 
equilibrium of molecules rebound- 
ing from surface, 267, 273, 
275, 277, 312, 317 
gradient along radiometer vane, 
301 
of electron in gas in electric 
field, 498 
variation, of coefficient, of dif- 
fusion, 236 
of heat conduction, 217 
of recombination, 489 
of viscosity, 188 
Temperature variation, of dielectric 
constants, 393, 399, 403, 404 
of magnetic susceptibilities, experi- 
mental values for, 419 
of mobility constant, 469 
of molecular and atomic heats, 
361, 372, 379, 385 
of polarizability, 392 
of viscosity, theory of, 192 
Terminal velocity of electron in 
field, 498 


Theorem of Virial, 133, 135, 136, 138 


applied to attractive forces in 
gases, 136 
applied to ideal gas, 135 
applied to repulsive forces in 
molecules, 138 
Theories, limitations of and future 
development, 1, 121 
Theory, kinetic, establishment by 
Perrin, 7 
history of, 5 
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Theory, kinetic, new advances of, 7 
Thermal transpiration, 283 
Thermodynamics and _ irreversible 
phenomena, 178 
Transfer of energy from gas to solid, 
mechanism of, 266 
of various quantities through 
gases on kinetic theory, in- 
troduction to, 176 
theory, uncertainty in constants 
of, 177, 187, 212, 215, 231 
Transpiration, thermal, 283 
comparison of theory with obser- 
vation, 293 
complete equation for, 295 
simple theory of, for low pressures, 
286 
theory of, for all pressures, 288 


U 


Universal gas constant, 11, 13 
determined from distribution of 
electronic velocities, 109 


vi 


Van der Waals’ a and b, evaluated 
from critical data, 153 
b, 39, 122, 126, 142, 146, 154, 158, 
168, 391, 404 
attempted deductions of, 39, 
126, 142 
compared to molecular polariz- 
ability, 391 
deduced from theorem of virial, 
142 
constants and expansion coeffi- 
cients of a gas, 142 
equation, 120 
a second order approximation, 
121 
analysis of, by 
methods, 148 
application of, to case of a real 
gas, 155 
to calculation of isotherms, 
155 ; 
applied to Joule-Thomson effect, 
162 


calculus 
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Van der Waals’ equation, causes for 
deviations from, between 
theory and observation, 157 

compared with  Andrew’s 
results for COs, 157 
deduction of, from theorem of 
virial, 133 
deviations from, due to tem- 
perature, 159 
early tests of, 154 
effect of nature of attractive 
forces in, 160 
graphical representation of, 147 
history of, 154 
observation and calculation of, 
plotted for COs, 151 
simple deduction of, 122 
unstable state in, 157 
Vane radiometer, Einstein theory of, 
303 
Vapor pressure, from rate of evap- 
oration, 96 
law of, from kinetic theory, 319 
Velocities, averages of, relations 
between, 80 
distribution of, 56, 76, 78, 80, 
86, 90, 94, 97, 98, 99, 102, 
105, 110, 135, 182, 187, 205, 
207, 224, 226, 249, 252, 265, 
269, 287, 299, 319, 328, 380, 
401, 418, 446, 472 
among evaporated molecules, 
99, 321 
Boltzmann’s method, 57 
deduced from equilibrium, 69 
effect, on, caused by streaming 
motion in gas, 181 
experimental verification, 97 
for electrons from hot source, 
105 
from Doppler effect, 110 
Maxwells’ method, 71 
law of distribution of, proof from 
effusion theory, 265 
molecular, by rotating plate, 102 
reason for distribution of, 56 
of electrons, in electric field, 442 
in gases, 496 
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Velocities, of molecules, and abso- 
lute temperature, 12, 26, 28 
and average velocity, 26, 79 
and electrons, from hot bodies, 
98 
values of, 25, 529 
persistence of, 183, 189, 238 
and viscosity, 189 
Velocity, average, 26, 79 
changes in elastic impacts, 61 
critical, and Poisseuille’s law, 194 
distribution, effect of on inter- 
ference fringes, 111 
distribution law, form of, 79 
other forms of, 85, 86, 
209, 223, 401, 418, 446 
equation for terminal of electrons 
in field, 500 
most probable, 78 
of escape of molecules, 26, 28 
of flow of gas from eylindrical 
tube at low pressures, 256 
of ions, 440 
of sound compared to molecular 
velocities, 27 
relative, correction of mean free 


100, 


path for, 37 

square root of mean square, 26, 
80 

terminal, of electrons in field, 


498, 501 
“Verweilzeit”’ of molecules on sur- 
face, defined, 325 
Vibrations, molecular, and devia- 
tions of molecular heats from 
theoretical value, 369 
and equipartition, 364 
quantum theory and equipar- 
tition, 371 
Virial, theorem of, 133, 135, 136, 188 
applied to Van der Waals’ equa- 
tion, 133 , 
Viscosity, agreement between ele- 
mentary theory of, and observa- 
tion, 187 
and heat conduction, 
between, 204 
coefficient, 176 
and pressure, 240 


relation 
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Viscosity, coefficient, and tempera- 
ture, 188, 193, 198 
calculated from theory, 189 


diffusion coefficient, relation 
between, 224 
heat-conduction coefficient, 


relation between, 204, 207 
Maxwell’s derivation, 182 
of Tait and Maxwell, 187 
criticism of simple theory, 189 , 
derivation of coefficient of, using 
Tait’s free path, 186 
difference in nature of, for liquids 
and gases, 180 
elementary kinetic analysis of, 181 
experimental, definition of, 179 
results, 196 


variation with temperature, 198 _ 


measurement of, 193 
by rotating-cylinder 
194 
Reinganum’s theory of tempera- 
ture variation, 193 
relation to molecular constitution, 
198 
Sutherland’s theory of tempera- 
ture variation, 190 
thickness of layer over which 
action takes place in gases, 
190 
values of coefficients of, 180 
variation of coefficient of, with 
temperature, pressure, and 
mass of molecules, 187 
with density at high densities, 
196 
with temperature for liquids 
and gases, 180 
Visibility, limiting, of Rayleigh and 
Fabry and Buisson, 115, 116 
of interference fringes, 114 
comparison of theory and obser- 
vation, 117 


method, 


555 


Visibility of interference fringes, 
effect of temperature of source 
on, 117 
Volume coefficient of expansion for 
ideal gas, 11, 143 
correction to equation of state, 
value of, 39, 126, 141 
critical, defined, 152 
effect of, on deviations from Van 
der Waals’ equation, 157, 159 
expansion coefficient, 144 
of gas flowing out of tube at 
extremely low pressures, 255 
equation for, 251 
Volumes of molecules relative to 
volumes of gas, 34 


W 


Weiss law, experimental test of, 428 
for temperature variation of ferro- 
magnetic substances, 424 
with negative temperature con- 
stant, 428, 433 
Wiedemann-Franz law, 202, 377 
and heat conduction, 202 
Work function, at surface, effect 
on distribution of molecules 
passing through surfaces, 101, 
320 
molecular, in passing through 
surface, 101, 321 
of combined atoms on surface, 330 


x 


X-rays, discovery of, influence on 
physics, 1 
result of discovery of, 439 


Z 


Zero point energy and Curie law, 
432 
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